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V4 Magic Labelings of some graphs

ABSTRACT. Let Vj be the Klein 4 group {0, a,b,c}, where a? =
P=c2=0,ab=ba=c, ac=ca=Db, bc=cb=a and 0 is the
identity. A graph G = (V, E), with vertex set V' and edge set E, is
said to be V; magic if there exists a labeling ¢ : E(G) — V, \ {0}
such that the induced vertex labeling ¢+ : V(G) — V4 \ {0}
defined by
0 (u) = Z{é(uv) cuv € E(G)}

is a constant map. If this constant is equal to a, we say that ¢ is an
a-sum Vy magic labeling of G. Any graph that admits an a-sum
V, magic labeling is called an a-sum V4 magic graph. When this
constant is 0, we call G a zero-sum V magic graph. In this paper,
we investigate a class of graphs in the following categories:

(i) Ya, the class of a-sum Vj; magic graphs,

(ii) %o, the class of zero-sum V; magic graphs,and

(iii) 74,0, the class of graphs which are both a-sum and zero -sum

V4 magic.

1. INTRODUCTION

In this paper all graphs are connected,finite,simple and undirected.
For graph theoretic notations and terminology not directly defined in
this paper, we refer to readers [2]. For an abelian group A, written
additively, any mapping ¢ : E(G) — A\ {0} is called a labeling,
where 0 denote the identity element in A.

For any abelian group A, a graph G = (V, F) is said to be A-magic
if there exists a labeling ¢ : E(G) — A\ {0} such that the induced

2000 Mathematics Subject Classification. 05C78, 05C25.
Key words and phrases. V4 magic grah, a-sum Vj magic graph, zero-sum Vj

magic graph.


user
Typewritten text
Original Research Article


UNDER PEER REVI EW

2

vertex set labeling ¢* : V(G) — A defined by

0 (u) = Z{E(uv) cww € E(G)}

is a constant map [3]. Observe that A-magic labeling of a graph need
not be unique. The V,; magic graphs was first introduced by S. M. Lee
et al. in 2002 [3]. There has been an increasing interest in the study
of V; magic graphs since the publication of [3].

We follow the following definitions and notations described in our
earlier publications [1, 9. A V; magic graph G is called a-sum Vj
magic labeling of G, if there exits a labeling ¢ : E — V;\ {0} such that
(T (v) = a for all v € V. Any graph that admits an a-sum V; magic
labeling is called an a-sum V,; magic graph. When a = 0, we call G a
zero-sum V), magic graph.

(i) 7, the class of a-sum Vj magic graphs,
(ii) %o, the class of zero-sum Vj magic graphs,and
(ili) #40, the class of graphs which are both a-sum and zero -sum
V4 magic.
In this paper, we follow the same notations in [1, 9] and investigate a
class of graphs that belongs to the above categories.

2. MAIN THEOREMS

Definition 2.1. The Jahangir graph J, ., for m > 3 is a graph consist-
g of a cycle C,,, with one additional vertex called the central vertex

which is adjacent to m vertices of C,y, at distance n to each other on

Crm.-

Observe that J, ,,, has nm + 1 vertices. The Jahangir graph J(2, 8)

is shown in Figure 1.

Lemma 2.1. If (: E(J,,;m) — Vi \ {0} is an a-sum Vy magic labeling

of Jum, then
m m n—1
D 0 w) + )Y (vy) + 05 (w) =0
i=1 i=1 j=1
where uy, Us, « - - Uy, are the m vertices of C,,, which is adjacent to the

central vertex w and vi1, Vig,  * + Vi(n—1) are the (n — 1) vertices between
u; and uir1,% = 1,2,---m where Upy1 = uq.
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Proof. We have

Fori=1,2,---m, we have
uiw) + £(uivi) + L(uivi-1)m-1)); (2)
Uijij 1)) + ﬁ(vz-(j_l)vij),j =23,--n=2 (3

From equations (2),(4),(5) we get

ZE‘*‘ (ui)—}-Zﬁ"’ (Uﬂ)—i—ZE"' (Ui(nfl)) = (" (w)—}-Zﬁ(Uﬂvig)—i—ZE(UZ-(n,l)Ui(n,Q)). (6)

i=1 i=1
From equation (3) we get,

m n—2 n—2 m n—2
ZZEJF U” ZZK(UU-UZ-(J-H)) + ZZE(’UZ'(J',UUU'). (7)
=1 j=2 =1 j=2 =1 j=2

Adding the equations (6) and (7) we obtain,

m n—1
Zw ;) + 0 (vgg) = (7 (w).
=1 j=1
This implies that,
m m n—1
D ) + 30> (vy) + 0 (w) = 0.
i=1 i=1 j=1
This completes the proof of the lemma. U

Theorem 2.1. J, ,,, € 7, if and only if both n and m are odd.

Proof. Let the vertices of J,,, be as in the proof of Lemma 2.1. Also
let Ui = Uitmodm) aNd Vij = Vi(modm)j(modn)- First assume that J,, ,,, € 7.
Then we have (nm + 1)a = 0. This implies that nm + 1 is even which
in turn implies that both n and m are odd. Conversely, assume that n
and m are odd. Define a labeling ¢ : E(J,,,,) — Vi \ {0} as follows.

Fori=1,2,---mdo:

l(uw) = a,
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FIGURE 1. The Jahangir graph Jyg

l(u;p) = b,
end for
(U1 Vp(n—1)) = b,
(UVG-1)(n—1)) = b0 =2,3,---m
Fori=1,2,---mdo:
U(vijvij4y) = ¢, =1,3,---n—2,
U(vijvii41y) = b, = 2,4,---n — 3.
end for
With this labeling we get
(*(w) = ma = a,
(Y(u)=b+b+a=a,
(" (vij) =b+c=a.

Obviously, ¢ is an a-sum Vj; magic labeling of J,, ,,. O

Theorem 2.2. J, ,, € % for all n and m.

Proof. Let the vertices of J,, ,, be as in the proof of Theorem 2.1. We
consider the following cases.
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Case 1: m even
Define a labeling ¢ : E(.J,, ) — Vi \ {0} as follows.
luw) =c,fori=1,2,---m,
Forj=1,2,---n—2do:
U(vijvig+1) = a,i=1,3,---m — 1,
0(vijvij+1)) = b1 = 2,4,---m.
end for
l(uwy) =a,fori=1,3,---m—1,
l(uy) = bfor i =2.4,---m,
e E
Obviously, ¢ is a 0-sum Vj magic labeling of J, ,,.
Case 2: m odd
Define a labeling ¢ : E(J,, ) — Vi \ {0} as follows.
l(uw) = a,for i =1,4,5,---m,
l(ugw) = b,
l(uzw) = ¢,
Forj=1,2,---n—2do:
l(v25(j41)) = @,
0(vijvi(j+1)) = b,for i = 3,5,---m,
U(vijvij+1)) = ¢, for i =4,6,---m —1,m+ 1.
end for

U(ugva1) = L(ugvam—-1)) = a,

U(uv;1) = L(UG41)Vign—1y) = b, for ¢ = 3,5, --m,

C(uvn) = U(u(iy1)Vign—1y) = ¢, for i =4,6,---m —1,m + 1.
Obviously, ¢ is a 0-sum V; magic labeling of J,, .. O
Theorem 2.3. If both m and n are odd, Jpm € Vao-

Proof. The proof follows from Theorems 2.1 and 2.2. O

Definition 2.2. The windmill graph D,(lm) 15 the graph obtained by
taking m copies of the complete graph K, with a vertex in common.
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The windmill graph D§4) is shown in Figure 2. The graph Dém) is
called the Dutch windmill graph or the friendship graph, F,,.

Lemma 2.2. If(: E(Dflm)) — Vi \ {0} is an a-sum Vy magic labeling
of D,,(lm), then

—_

n—

S5 e -

i=1 j=1

(m)

where ul, ub, - - -ul('nfl) are the vertices of it" copy of K, in Dy and v
1 the common vertez.
Proof. The proof is similar to Lemma 2.1 . O

Theorem 2.4. The windmill graph D™ e Y, if and only if m is odd
and n s even.

Proof. Suppose DY € #,. Then by Lemma 2.2, [m(n —1) + 1]a = 0.
This implies that m(n — 1) is odd. This holds only when m is odd
and n is even. Conversely suppose that m is odd and n is even. Let

the vertices of DY™ be as in the Lemma 2.2. Define a labeling ¢ :
E(D;") — Vi \ {0} by
Fori=1,2,---mdo:
E(ui-v) =a,j7=1,2,--n
((ululy) =a,j=1,2,---n

end for

Obviously £ is an a-sum V; magic labeling of D{™. O

Theorem 2.5. D™ € ¥, for alln and m.

Proof. We consider the following cases.

Case 1: n is odd.
Label all the edges by a. Then we have ¢*(v) = 0 for all v €
V(DY™).

Case 2: n is even.
Define a labeling ¢ : E(DY™) —s V3 \ {0} by

Fori=1,2,---mdo:
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FIGURE 2. Windmill graph D"

E(uéui):c,j,kzl,l---n, k+#j+1.

end for

Thus we get £*+(v) = 0 for all v € V(D{™). Obviously ¢ is a

)

zero-sum Vj magic labeling of DU™. This completes the proof

of the theorem.

O
Theorem 2.6. D,(zm) € Va0 if and only if m is odd and n is even.
Proof. The proof follows from theorems 2.4 and 2.5. |
Theorem 2.7. F,, ¢ ¥, for any m.
Proof. Obvious. O
Theorem 2.8. F,, € ¥, for all m.
Proof. Obvious. O
Theorem 2.9. F,,, ¢ ¥, for any m.
Proof. The proof follows from theorems 2.7 and 2.8. ]

Definition 2.3. [8] The graph Py X P, is called a ladder. It is denoted
by L,.
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Theorem 2.10. Ladders L, are a-sum V; magic for all n.

Proof. Let wuy,us,---u, and vy,v9,---v, be the vertices of a ladder
L, such that E(G) = {wuus)/i = 1,2,---n — 1} U {vjugen/i =
1,2,---n—1} U{ww;/i =1,2,---n}. Define a labeling ¢ : E(L,) —
Vi\ {0} by

(ugvy) = L(upvy,) = b,
l(uw;) =a,fori=2,3,---n—1,
C(uugny) = L(vvepny) = ¢, fori=1,2,---n — 1.
Then clearly ¢ is an a-sum V,; magic labeling of L,,. U
Theorem 2.11. [8] L,, € ¥, for all n.
Theorem 2.12. L,, € ¥, for all n.
Proof. The proof follows from theorems 2.10 and 2.11. U

Definition 2.4. [8] The graph G with the vertex set {ug, w1, - -+ Upy1, Vo, V1, " * * Upy1 )
and the edge set {uu;p1,v;vi41 0 0 <@ < n}pHwwv/i =1,2,---n} is
called ladder Ly 5.

Theorem 2.13. [8] L, € ¥, for all n.
Theorem 2.14. L5 & % for any n.
Proof. Obvious. O

Definition 2.5. [8] The graph G with the vertex set {uy, ug, - - - Uy, V1, V2, + - Uy }
and edge set {uugit1), Viviit1), Vit - 1 <@ <n—1FU{ww 0 1 <
i < n} is called a semiladder of length n.

Theorem 2.15. Semiladders are a-sum Vy magic for all n.

Proof. Let G be a semiladder of length n. We consider two cases.

Case 1: n odd
Define a labeling ¢ : E(G) — V4 \ {0} by

(Ul?)l

C(uv;

(unvn

Jfori=2,3,---n—1,

)=
Vi)
)
) =

l(viugyr)) = a,fori=1,2,- — 1.
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For:=1,3,---n—2do:
(uugsny) = ¢,
{(v;vi41)) = D.
end for
Fori=2,4,---n—1do:
g(uiu(iﬂ)) =D,
l(vvG41)) = C.
end for

Thus ¢ is an a-sum V; magic labeling of G.

Case 2: n even
Define a labeling ¢ : E(G) — V, \ {0} by

(Ulvl

C(uiv;

(unvn

a,fort=23,---n—1,

) =
vi)
)
)=a,fori=1,2,---n—1,

Fori=1,3,---n—1do:

(Uzu(erl

g(uiu(iﬂ)) =,
l(v;vis1y) = D.
end for
Fori=2,4,---n—2do:
C(uiv(irr)) = b,
((viv(it1)) = c.

end for

Thus ¢ is an a-sum V4 magic labeling of G. O
Theorem 2.16. [8] Semiladders are zero-sum Vy magic for all n.
Theorem 2.17. If G is a semiladder, then G € V4.

Proof. The proof follows from theorems 2.15 and 2.16. ]

Definition 2.6. [8] Composition of two graphs G[H| has V(G)x V (H)
as vertex set in which (g1, h1) is adjacent to (g2, he) whenever g1gs €
E(G) or g1 = g2 and hihy € E(H).
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FIGURE 3. Py[KS]

The graph P,[K5] is shown in Figure 3.
Theorem 2.18. The composition P,[KS] is a-sum Vy magic for all n.

Proof. Let vq,v9, - - - v, be the vertices of P, and x,y be that of K. Let
u; denote the vertices (v;, x) and w; denote (v;,y) of P,[K§],1 < i < n.
Define a labeling ¢ : E(P,[K§]) — V4 \ {0} by

l(uuqry) = b for e =1,2,---n—1,

((uwiyry) = b,for i =2,3,---n—1,

U(ugrnyw;) = c,fori=1,2,---n—1.

Thus ¢ is an a-sum V; magic labeling of P,[K§]. O

Theorem 2.19. [8] P,[KS] € ¥ for all n.
Theorem 2.20. P,[KS| € ¥, for all n.

Proof. The proof follows from theorems 2.18 and 2.19. O
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Definition 2.7. [8] One point union of any number of connected graphs
1s obtained by identifying one vertex from each graph. One point union
of t cycles each of length n is denoted by cW.

Lemma 2.3. If/: oY — Vi\{0} is an a-sum magic labeling of cW

then
n—1 t
P RACHEA
i=1 j=1
where uyj, Ugj, - - - Um—1); are the vertices of j-th copy of C,, and v is the

common vertez.
Proof. The proof is similar to Lemma 2.1. 0
Theorem 2.21. C\¥ ¢ Y, if and only if n is even and t is odd.

Proof. First assume that C\” € V,. Then by Lemma 2.3, [(n— 1)t +
lla = 0. This equation holds if and only if n is even and ¢ is odd.

Conversely suppose that n is even and ¢ is odd. Define a labeling
0:cP — v, \ {0} as follows

For j=1,2,---tdo:
E(U@JU(1+1)]) = b7 fOI‘ 7/ = ]_7 37 ceem — 17
C(uijuginy;) = ¢, fori=2,4,---n.

end for
Obviously (*(u;;) = a, {T(v) = a. O
Theorem 2.22. [8] C\) € ¥ for all n and t.
Theorem 2.23. CV) ¢ Yoo if and only if n is even and t is odd.
Proof. The proof follows from theorems 2.21 and 2.22. O

Definition 2.8. [8] A snake graph is formed by taking n-copies of a
cycle C,, and identifying exactly one edge of each copy to a distinct
edge of the path Py, 11y, which is called as the backbone of the snake. It
1s denoted by .

The graph T,,Sm) is shown in Figure 4.

Theorem 2.24. T,™ ¢ Y, if and only if m is even and n is odd.
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FIGURE 4. Snake Ladder T\

Proof. Suppose that T,&’”) € V,. Let w;,i =1,2,---n,5 =1,2,---m
be the vertices in the graph. Without loss of generality assume that
U(n+1); = U1;. Then we have

SO 0 (uyg) + Y 0 (ug) =0

i=2 j=2 j=1
This implies that [(m — 1)n + 1] is even which again implies that m is
even and n is odd. Conversely assume that m is even and n is odd.
Define a labeling ¢ : E(T\™) — Vi \ {0} by

For:=1,3,---ndo:
b, 7=1,3,---m—1
E y ) — ) )y
(uiju(41) { ¢, j=24,--n

end for
Fort:=2,4,---n—1do:

c, ]=2,3,---m—2
Uuijuginy) = { )

end for

j=1m—-1m

Clearly (+(v) = a for all v € V(T™). O
Theorem 2.25. [8] T\™ € ¥ for all n and m.
Theorem 2.26. T,™ ¢ Yoo if and only if m is even and n is odd.

Proof. The proof follows from theorems 2.24 and 2.25. O
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Definition 2.9. [8] The graph P,, X P, is called a planar grid.
The planar grid Ps x Py is shown in Figure 5.

Theorem 2.27. The planar grid P,, x P, is a-sum V; magic if and

only if mn s even.

Proof. Suppose that P, x P, € ¥,. Let (i,7),i = 0,1,---m — 1,5 =
0,1,---n—1 denote the vertices of Py, x P,. We have > " Zn L0t ((i,5) =
0. Thus we have mn is even. For the converse consider the following

cases.

Case 1: Both m and n are even.
Define a labeling ¢ : E(P,, x P,) — V; \ 0 as follows.

Fori=0,1,---m—2do:
(G, )i+ 1,5)) = b,j =0,n—1

end for

For 7=0,1,---n—2do:
0((i,5)(@,j + 1) =c,i=0,m—1

end for

For:=1,2,---m—2do:

o a, 7=0,2,---n—2
E((Z,J)(Z,jJrl)):{c j=1.3,-n—3

end for
Forj=1,2---n—2do:

a, 1=0,2,---m—2

end for

With this labeling P,, X P, is a-sum Vj magic.
Case 2: m is even and n is odd.
Define a labeling ¢ : E(P,, x P,) — V, \ {0} as follows.

. . b, 1207277”_2
g((7,7n—1)(7,+1,n—1)):{ a. i=1.3.---m—3

For j=0,1,---n—2do:
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FI1GURE 5. Planar grid Ps X Py

(i, )@, j+1)=¢c,i=0,m—1
end for

Forj=1,2,---n—2do:

)

C N . a
5((%3)(@+1J))={

end for

Fori=1,2,---m—2do:

o a, j=0,2,--n—3
6((%])(17]—’_1)):{ b ]:1 3...n—2

end for

Obviously P,, x P, is a-sum Vj magic.
Case 3: m is odd and n is even.
By interchanging the roles of m and n in Case 2, we get {*(v) =
a for all v € V(P,, x P,).
This completes the proof.
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Theorem 2.28. [8] P, x P, € %, for all m and n.
Theorem 2.29. P, x P, € 7, if and only if mn is even.
Proof. The proof follows from theorems 2.27 and 2.28. O

Theorem 2.30. For m,n > 2, the complete bipartite graph K(m,n)

1s a-sum Vy magic if and only if m + n is even.

Proof. First assume that K(m,n) is a-sum Vj magic. Let {u;,i =
1,2,---m} U{v;,7 = 1,2,---n} be the vertices of the graph with
E(G)={uw;:i=1,2,---m,j =1,2,---n}. Then we have > ", (*(u;)+
>y *(vj) = 0. This implies that m +n is even. Conversely suppose
that m + n is even. Then we have the following cases.

Case 1: m and n are odd.
Define a labeling ¢ : E(K(m,n)) — V4 \ {0} by

Fori=1,2,---mdo:
l(uw;) =a, j=1,2,---n.
end for

Thus (*(v) = a.
Case 2: m and n are even.

luwe) =c,i=1,3,4,---m,
l(ugv) = ¢,7=1,3,4,---n,
g(UQ/UQ) = b,
Fori=1,3,4,---m do:
l(uv;) =b,7=1,3,4,---n.
end for
Obviously, K(m,n) is a-sum V, magic. O
Theorem 2.31. [3] K(m,n) is zero-sum Vy magic for all m and n.
Theorem 2.32. K(m,n) € ¥, if and only if m +n is even.
Proof. The proof follows from theorems 2.30 and 2.31. O

Definition 2.10. [3] When k copies of C,, share a common edge it will
form the n-gon book of k pages and is denoted by B(n, k).

The graph B(n, k) is shown in Figure 6.
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FIGURE 6. The graph B(6,4)

Lemma 2.4. If { is an a-sum Vy magic labeling of B(n, k), then

[\

n— k
D e ul) + () + 0 (v) =0

=1 j5=1

where u and v are the common vertices and uj, ub, - - - ul,_o are the other
vertices of the j"page.

Proof. The proof is similar to Lemma 2.1. U

Theorem 2.33. For anyn >3 and k > 1, B(n, k) € V,, if and only if
(n —2)k is even.

Proof. First assume that B(n, k) € V,. Then [(n — 2)k + 2]a = 0.This
implies that (n — 2)k is even. Conversely assume that (n — 2)k is even.
We consider the following cases.

Case 1: Both n and k are even.
Define a labeling ¢ : E(B(n,k)) — V4 \ {0} by

l(uv) = a,
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For j=1,2,---k do:
Uwy) = L(vuf,_p) = b,
((ubaid,, ) = by fori =12, = 47
O, uld) = e fori=1,2,-+ ; 4
end for
Then ¢ is an a-sum V, magic labeling of B(n, k).
Case: 2 n is odd and k is even,
Define a labeling ¢ : E(B(n,k)) — V; \ {0} by
) = a,
For j=1,2,---k do:
((uul) = b,
f(vu?n_m) =G
((ubaid,, ) = by fori =12, 37
O, uld) = cfori=1,2,-- g 3
end for
Case 3: n is even and k is odd
Define a labeling ¢ : E(B(n,k)) — V, \ {0} by
f(uv) = <.
For j =1,2,---k do:
U(urf) = Lo, _y) =,
g(ugiu%prl) =bfori=1,2,--- n—- 47
é(uéi_lugi) =cfori=1,2,--- n g 2.
end for
Thus ¢ is an a-sum V; magic labeling of B(n, k). 0

Theorem 2.34. [3] For anyn > 3 and k > 1, B(n, k) is zero-sum V,
magic.

Theorem 2.35. For anyn > 3 and k > 1, B(n, k) € Y, if and only
if (n—2)k is even.
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Proof. The proof follows from theorems 2.33 and 2.34.

g

Definition 2.11. [8] The book B, is the graph S,, x P, where S, is the

star with n + 1 wvertices.

Theorem 2.36. The book B, is a-sum V; magic for all n.

Proof. Let wy, wy be the vertices of the common edge. Let {uy, ug, - -

{v1,v9, - v, } be the vertices of B,,.
Case 1: n is odd.
l(wiwg) = ¢,
Fori=1,2,---ndo:
O(wyu;) = L(wavy) = b,
U(uv;) = c.
end for
Case 2: n is even.
l(wwe) = a,
Fori=1,2,---ndo:
U(wqu;) = L(wav;) = b,
(uv;) = c.
end for

Clearly ¢ is an a-sum V; magic labeling of B,,.

Theorem 2.37. B,, € ¥ for all n.

Proof. We consider the following cases:
Case 1: n is odd.

U JU

Label all the edges by a. Then we get T (v) = 0 for all v €

V(G).
Case 2: n is even.
Define a labeling ¢ : E(B,) — V4 \ {0} by
U we) = a,

€(u1w1
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F1GURE 7. Book graph By
With this labeling we get ¢+ (v) = 0 for all v € V(G).
O

Definition 2.12. [3] Given a cycle C,, construct a cycle C,, on each
edge of this cycle. The resulting graph is called flower graph and is
denoted by C,,QC,.

Theorem 2.38. For all m,n > 3, the flower graph C,,QC, € ¥, if

and only if n(m — 1) is even.

Proof. Suppose that C,,,QC,, € #,. Then [n(m—1)]a = 0. This implies
that n(m — 1) is even. Now let uy, ug, - - - u,, be the vertices of C,, and
V14, V2j, * * * Uim—2); be the vertices of C,j =1,2,---n. We consider the
following cases.

Case 1: nis even and m is odd.

For j=1,2,---ndo:

E(Uijvi(j—f—l) = 7fi:]_73’...771_47

E(”ij”i(j-}—l) =c 1=2,4,---m— 3.



UNDER PEER REVI EW

20
end for
Case 2: Both n and m are even.
U(ujun) =a, j=1,2,---n,
Forj=1,3,---n—1do:
U(vivijsny) = ¢, 1 =1,3,---m — 3,
(v;jvij+1y) = b, 1 =2,4,---m — 4.
end for
For j =2,4,---n do:
l(vivi41y) = b, 1 =1,3,---m — 3,

g(vijvi(jJrl)) =c 1=2,4,---m—4.

For j=1,2,---ndo:

~
—~
~
Ny
i~
.
o
+
=
I
o
~
Il

end for

Thus ¢ is an a-sum V; magic labeling of C,,QC,,. This completes the
proof. O

Theorem 2.39. [3] For all m,n > 3, the flower graph C.,,QC,, € ¥;.

Theorem 2.40. For all m,n > 3, the flower graph C,,QC,, € ¥, if
and only if n(m — 1) is even.

Proof. The proof follows from theorems 2.38 and 2.39. O

Definition 2.13. [3] Given k natural numbers ay, ag, - - - ag, if we con-
nect the two wvertices of No = {u,v} by k parallel paths of length
ai, a9, - - ag, the resulting graph is called the generalized Theta graph
and is denoted by ©(ay, ag, - - - ax).
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Note that in this graph, deg(u)= deg(v)= k and all the other vertices

are of degree two.

Theorem 2.41. If the generalized Theta graph ©(aqy,as, - - ay) is a-
sum Vy magic then either odd number of a;’s are odd or even number

of a;’s are even.

Proof. First suppose that ©(ay, as, - - - a) is a-sum Vj magic. Then we

L k
have {Z a; — k] a = 0. This implies that {Z ai] a = ka. This is if and
=1 =1

k
only if both >~ a; and k are odd or even simultaneously. This happens

=1
if and only if odd number of a;’s are odd or even number of a;’s are
even. |

Theorem 2.42. Let ©(ay,aq,---ag) be a generalized Theta graph. If
k and even number of a;’s are even then ©(ay,as,---ax) is a-sum Vj

magic.

Proof. Let v}, v}, ---v. _; be the vertices of the i"" path and let u,w be

the common vertices. Define a labeling ¢ : ©(ay, ag, - - - ax) — V3 \ {0}
by
Fori=1,2,---k—1do:
((uvt) =b
end for
((uvf) = ¢
Fori=1,2,---k do:

i ¢, j=1,3,---a; —2, if a; is odd
((vjvjg) = . e
j=1,3,---a; — 3, if a; is even

((vint,,) =

{b, 1=2,4,---a; — 2, if a; is even
JUi+1

j=2,4,---a; — 3, if q; is odd

Now label the edge v, _ w,i=1,2,---k in the following way.
If (v}, vl 1) = b, let £(v}, w) = c and viceversa. Thus £ is an
a-sum Vj magic labeling of ©(ay, ag, - - - a). O

Theorem 2.43. [3] O(ay, aq, - -ag) is zero-sum Vy magic for any se-

quence ay,as, - - Q.
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FIGURE 8. The graph BP(6)

Theorem 2.44. Let ©(ay,ay, - -ag) be a generalized Theta graph. If

k and even number of a;’s are even then ©O(ay, as,---ay) € Yao.
Proof. The proof follows from theorems 2.42 and 2.43. U

Definition 2.14. [3] Let Ny = {vi,v2} be the disconnected graph of
order two. The graph C,, V Ny is called the bypyramid based on C,, and
is denoted by BP(n).

The bypyramid graph based on Cg denoted as BP(6) is shown in
Figure 8.

Theorem 2.45. For any n > 4, the bipyramid graph BP(n) is a-sum

Vi magic if and only if n is even.

Proof. Suppose that BP(n) € ¥,. This implies that (n+2)a = 0. Thus

we have obtained n is even.Conversely assume that n is even.
Fori=1,2do:
l(vuy) = ¢,
l(vu;) =0, j=2,3,--n
end for

E(UjU(j_H)) = b, ] = 1,3, e — ]_,
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g(uju(jﬂ)) =c J=24--n

Obviously BP(n) € ¥,. O

Theorem 2.46. [3] For any n > 4, BP(n) is zero-sum Vy magic for
all n.

Theorem 2.47. For anyn > 4, BP(n) € ¥, if and only if n is even.
Proof. The proof follows from theorems 2.45 and 2.46. O

Definition 2.15. [3] Given a graph G, we can define the bypyramid
based on G to be GV Ny. This graph will be denoted by BP(Q).

Theorem 2.48. Consider the bypyramid graph BP(G) based on G.
We have the following.

i) If G is a-sum Vy magic and number of vertices in G is odd, then
BP(G) is a-sum Vy magic.

i) If G is a-sum Vy magic and number of vertices in G is even,
then BP(G) is 0-sum Vy magic.

iii) If G is 0-sum Vy magic and number of vertices in G is even,
then BP(G) is both a-sum Vy magic and 0-sum Vy magic.

iv) If G is 0-sum V; magic and number of vertices in G is odd, then
BP(G) is 0-sum Vy magic.

Proof. Obvious. O

Corollary 2.1. We have the following.
i) If G is 0-sum Vy magic, then GV K,, € ¥40.
ii) If G is a-sum Vy magic, then GV K, € ¥,.
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