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Abstract

In this paper, the discrete Adomian decomposition method (DADM) is applied to obtain the
approximate solution of fuzzy convection-diffusion equation (FCDE). The numerical results are
compared with the exact solution. It is shown that this method is accurate and effective for FCDE.
Also, the analytical-approximate solution of this equation by Adomian decomposition method (ADM)
is offered.
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1 Introduction

The Adomian decomposition method is a powerful method to solve the linear or nonlinear differential
or integral equations (3; 20). The discrete Adomian decomposition method was first proposed by
Bratsos et al.(10) applied to discrete nonlinear Schrodinger equations. Zhu et al.(22) have developed
the DADM to 2D Burgers difference equations, Abdulghafor M. Al-Rozbayani et al.(7) applied this
method to nonlinear difference scheme of generalized Burgers-Huxley equation. In this work, we
apply this method for fuzzy convection-diffusion equation and obtain the numerical solution of this
equation. Also the analytical-approximate solution of FCDE by Adomian decomposition method is
offered.

Convection diffusion equation (CDE) is a combination of the diffusion and convection equations, and
describes physical phenomena where particles, energy, or other physical quantities are transferred
inside a physical system due to two processes. This equation is solved by many methods such as
finite difference method and Alternating Group lterative Method (15; 23).
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In recent years, some numerical and analytical methods were proposed in order to solve fuzzy
differential equations such as (1; 2; 4; 5; 6; 8; 11; 16; 17). In this work, we consider the following
fuzzy case of convection-diffusion equation and apply the ADM and DADM to solve it.
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=y <zr< > 1.1
ot or ' oxz2 Oses<lt=0, (1.1)

with the initial condition, _
u(x,0) = f(t), 0<z<lI, (1.2)

where u(z,t) is unknown fuzzy function, f(z) is known fuzzy function, and «,~ are known crisp
constants.

In section 2, we remind some fuzzy concepts briefly, then in section 3, we apply the ADM for FCDE,
in section 4, we present the DADM for FCDE, and in section 5, we solve two examples and offer the
analytical- approximate and numerical solutions of them by ADM and DADM respectively.

2 Preliminaries

In this section, we recall some basic definitions of fuzzy sets theory mentioned in (9; 12; 13; 14; 18;
19; 21).

Definition 2.1. A fuzzy parametric number « is a pair (u(r),u(r)) , 0 < r < 1, which satisfy the
following requirements :

1. u(r) is a bounded left continuous non-decreasing function over [0, 1].

2. u(r) is a bound left continuous non-increasing function over [0, 1].

3.u(r) <a(r), 0 <r <1,

The set of all these fuzzy numbers is denoted by E'. For u = (u,@),v = (v,7) € E' |, k € R the
addition, multiplication and the scaler multiplication of fuzzy numbers are defined by

(utv)(r) =u(r) +u(r),

(u+v)(r) =1u(r) +o(r),

(w.v)(r) =
min{u(r).v(r), w(r).v(r),a(r).o(r), w(r).o(r)},
(wo)(r) =
max{u(r).v(r),u(r).v(r),ulr).o(r),a(r).o(r)},

Definition 2.2. For arbitrary fuzzy numbers w = (u,w),v = (v, v) the quantity

D(u,v) = sup {max[|u(r) —u(r)|, [u(r) —o(r)[]}

0<r<1

is the Hausdorff distance between @ and v.
It is shown that E*, D is a complete metric space (18).

Definition 2.3. A function f : R' — E! is called a fuzzy function. If for arbitrary fixed to € E! and
e > 0suchthat, |t —to] < d = D(f(t), f(to)) < € exists, f is said to be continuous.

Definition 2.4. Let u,v € E!. If there exists w € E' such that u = v + w, then w is called the
H-difference of u, v and it is denoted u © v.
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Definition 2.5. Leta,b ¢ Rand f : (a,b) — E'. Fix to € (a,b). We say F is strongly generalized
differentiable at to, if there exists f’(to) € E' such that
(i) for all » > 0 sufficiently close to 0, there exist f(to + h) © f(to), f(to) © f(to — h) and the limits

i, fto + h})l © f(to) _ lim, f(to) © i(to =M _ o),

or
(ii) for all b > 0 sufficiently close to 0, there exist f(to — h) © f(t0), f(to) © f(to + h) and the limits

lim f(tO _ h’) =) f(t()) — lim f(to) =) f(tO + h) _ f/(t0)7
h—0t —h h—0t —h

or
(iii) for all h > 0 sufficiently close to 0, there exist f(to +h) & f(to), f(to —h) & f(to) and the limits

. fto+h)O flto) . flto—h)O flto)
o T = i TR = )
or
(iv) for all h > 0 sufficiently close to 0, there exist f(to) © f(to + h), f(to) © f(to — h) and the
limits
— lim fto) © f(to — h) _ f/(to)-

lim
h—0t h

h—0t

fto) © f(to+ h)
—h
(h and (—h) at denominators mean % and f%. respectively)(9).

Theorem 2.1. Let f : (a,b) — E' be strongly generalized differentiable on each pointt € (a,b) in the
sense of Definition 2.5, (3) or (4). Then f'(z) € R for allt € (a,b) (see(9)).

Theorem 2.2. Let f : R' — E' be a function and denote f(t) = (f(t,r), f(t,r)), foreachr € [0, 1].
Then
(1) If f is differentiable in the first form (i), then f(t,r) and f(t,r) are differentiable functions and

f/(t) = (f/(tv T):f,(t7 T))i

(2) If f is differentiable in the second form (ii), then f(t,r) and f(t,r) are differentiable functions and

ft) = (f't,r), f'(t,r)) (see(12)).

Definition 2.6. Leta,b € Rand f : (a,b) — E' and to € (a,b). We define the n-th order differential
of f as follows: We say that f is strongly generalized differentiable of n-th order at ¢y, if there exists
an element £ (to) € E! Vs =1,...,n such that

(i) for all h > 0 sufficiently close to 0, there exist f©&~V (to+h)S fCV (t0), FEV (L) fE D (to—
h) and the limits

i LT o+ W) e fOT () ST () & fC T (o —h) _ £ (t0),
h—0+ h h—0*t h
or
(i) for all . > 0 sufficiently close to 0, there exist £~ (to—h)S fEV (to), FCV(to)o "~V (to+
h) and the limits

(o —h) e UV (ko) STt 0 fC TV b+ h)
=1 = ¢
hli}gr —h hiI(TJIJr —h 17 (),
or
(iii) for all h > 0 sufficiently close to 0, there exist fC~ (to + h) © fEV(to), f* VY (to — h) ©

eV (t0) and the limits
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i Tt R e fC T (o) . [T (0 — k) © fUT D (t)
h—0t h h—0t —h

= f(é> (t0)7

or
(iv) for all h > 0 sufficiently close to 0, there exist f©V(tg) & fCV(tg + h), fE (ko) &
£V (to — h) and the limits

i TPt O T (ot h) [T () 6 FC TV (ko — h)
h—0t —h h—0t h

= 9 (to).

(h and (—h) at denominators mean ;. and —+. respectively Vs = 1,...,n).

Remark 2.1. Note that by the above definition a fuzzy function is i-differentiable or ii-differentiable
of order n if f*) for s = 1,...,n is i-differentiable or ii-differentiable. It is possible that the different
orders have different kind i or ii differentiability.

For a given fuzzy function f ,we have two possibilities according to the definition 2.5 to obtain the
derivative of f att: D1(f (%)), D2(f(¢)).

Then for each of these two derivatives, we have again two possibilities:

D1(D1(f(1)) = Dia(f(8)) , D2(Di(f(1) = D31 (f (1)

and
Di(Da(f(t)) = DI2(f(1)), Da(D2(f(t)) = Dia(f(1).

In similar we consider the n-order differential of f. For example

D21 (f(t)) = Di(D2(D1(f(1))))-

3 The Adomian decomposition method for FCDE

In this case, we apply ADM to solve the Eq.(1.1)(20). According to the definition 2.1 with assumption
that w is i-differentiable in terms of z, ¢, we rewrite the Eq.(1.1) in the following form,

(wg, ) + Uy, Ua) = V(Uypys Uz ), (8.1)
with the initial condition, -
u(z,0) = (f(x), f(z)). (3.2)
We consider the following cases, by attention to the signs of « and ~:
1. lfaand v > 0,
{ Ut + QUy = YUga (33)

2. fa>0and~v <0,
U, + au, = VUzz
Ut + QU = YUy, (34

3. fa<0and~ >0,

ur + au, = ’Vﬁzz

4. Ifaand v <0,

{ U + Qs = YUy, (3.5)

Uy + oy = Vﬂzz
Ut + Oy = YUy - @.8)
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And initial conditions, B
u(z,0) = f(z), u(z,0) = f(z). (3.7)

According to the description of the ADM, we consider u = >,/ u,, and @ = 3" @m. Then, we

solve the given systems of partial differential equations (3.3)-(3.6).
Hence, we consider,

=f mw=F (3.8)
Form > 1,
in case.1:
82 - Ty 2
= fo (o™ by dn, = [i(—a®gR by Stdr, (B9)
in case.2:
= [H—ame  (PTmayg g, = (o Zimet gy Py (3.10)
in case.3:
. 9%u _ 24
= [H—aPmot f T ygr gy, = [H(—a et 4y Pty (3.11)
in case.4:
T 2%
= et g Pty g, = [Pt gy Doty (3.12)

In other case of differentiability of @ in terms of = or ¢, we can construct other four cases, similar to
the (3.9)-(3.12).

4 The discrete Adomian decomposition method for FCDE

To apply the DADM to Eq.(1.1), we denote the discrete approximation of u(x,t) at the grid point
(¢h,nk) by ui (: = 0,1,2,...,N;k = 0,1,2,...), where h = % is the special step size and k
represent time increment (7; 10).

We can rewrite the discrete operator form of us, w., u.. in the form of D ul, Dpu?, Diul respectively,
where that

n+1 n n n n n n
w; " — n Uipl — Ui n Wir1 — 2w +ui
Diu} = T Dyuj = 7”12}1 il DRy = L h; Ut 3
The inverse discrete operator (D;)~" is given by,
n—1
(DH) "l =k > (4.1)
m=0

Thus (D,j)_lDljuZ-L =ul — u?
We consider u' = 321 w7, and @ e Wl By rewriting the discrete operator form of the
system of equatlons (3.9), (3 10) (3. 11) and (3.12), we obtain four new systems by initial conditions
ud = =f, andu . = f;, where f; = f(ih).
Then by applying the inverse operator (D7) ~" to the discrete operator form of the system of equations
(3.9), (3.10), (3.11) and (3.12), we construct the following relations to obtain the discrete solution of
the Eq.(1.1).
At first, we consider, _

wo=f,  Wo=1To (4.2)
Form > 1,
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in case.1:

up, = (D) (—aDuf s + DRy, 1), U = (D) (=D oy + VDR 1),

(4.3)
in case.2:
yf:m = (D:)il(iaDhyszl + ’yDiﬂmel)a ﬂ7L,7’n = (D:)il(iaDhﬂ?;mfl + WDiQmel)a
(4.4)
in case.3:
ul, = (D) H=aDhUl oy +¥Diul 1), Ui = (D) " H(—aDpud,, | + yDRus 1),
(4.5)
in case.4:
ul', = (D) (=D} ey + YDA 1), Ui = (D) (—aDpud,,_y + vDiul,, ).

Zi,m—1
(4.6)
Also in other cases of differentiability of o in terms of « or ¢, we can construct other four cases, similar
to the (4.3)-(4.6).

5 Numerical examples

In this case, we solve two sample fuzzy convection-diffusion equations by ADM and DADM.

Example 5.1. We consider Eq.(1.1) with o = 0.0001,~ = 1.0001 and f(z) = ((2r? —1)e®, (2 —r)e%),
also we suppose u(z,t) is i-differentiable in terms of x,t, and consider Eq.(3.9). By applying ADM
and choosing iy = ((2r* — 1)e”, (2 — r)e®), we have,

= ((2r° —1)et, (2 — r)e”t),

1

= (2 = Ve (58, (2 = n)e” (51)
o = (2" = e (G 2= ) (1)

In general i = Tio+u1 +u2+- - -, that it converges to the exact solutionw = ((2r* —1)e™*, (2—r)e®t?).

Now, we apply DADM, by choosing ity = ((2r* — 1)e™, (2 — r)e'), h = 0.1,k = 0.001 and Eq.(4.3).
The results are shown in table 1 with 5 iterations.

Table 1
t x T  Upaipm Uepact UDADM Uezact
1 027185 0.27182 0.2785 0.27182
0.5 0.5 % -1.35928 -1.35914 4.07784 4.07742
1 -2.37874 -2.37849 4.75748 4.75699

Example 5.2. In this example we consider Eq.(1.1) witha = 0,7 = —1 and f(z) = ((4r — 3)e”, (2 —
r?)e”), also we suppose u(x,t) is ii-differentiable in terms of t and i-differentiable in terms of x.
Therefore,

Ut = —Uge

Uy = —u

-z’

(5.1)
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By applying ADM and DADM, we construct following formulas,

3 u,
U = m=L)dr, o (= *"’ L )dT7
u;, - ( fg) 1( Quznm 1 U - (D‘/-“—) rz ﬂyD —1 m— 1) (52)

Ui,m Ui m

Therefore, by choosing o = ((4r — 3)e®, (2 — r?)e®), the ADM gives us the following results,
u; = (4r = 3)e"(—t), W= (2—17)e" (1),

= (4r — 3)em(%t2), T = (2 —1)e" (5t7),

— (4r— 3)&(-%5’), s = (2 — r2)e’"(—ét3),

Ingeneralu = uy+u, +u,+--- , andu = wo+u1 +u2 +- - -. That it converges to the exact solution
0= ((4r —3)e" ", (2 —rHe” ).

Now, by applying DADM and choosing @}y = ((4r — 3)e™", (2 — r?)e'") and also h = 0.1,k = 0.001.
The results are shown in table 2 with 5 iterations.

Table 2
14 x T UpAapm Uerget UDADM Uezact
1 1.3493 1.3498 1.3493 1.3498
0.3 0.6 % -0.4498 -0.4499 2.0989 2.0998
L -2.6986 -2.6997 2.6143 26153

6 Conclusion
In this work, we presented the discrete Adomian decomposition method and applied the Adomian
decomposition method to obtain the numerical and analytical-approximate solutions of fuzzy convection-

diffusion equation, and we compared the results with the exact solutions to show the efficiency of
these methods.
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