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ABSTRACT

In the present paper a new ‘useful’ R-norm information measure of type @ and degree [ is

defined and characterized axiomatically. A new generalized ‘useful’ mean codeword length
is introduced and its bounds in terms of ‘useful’ R-norm information measure of type & and

degree [ are studied. Properties of new generalized measure of information have also been
studied.

Keywords: R-norm information; Mean codeword length; Kraft's inequality; Code Alphabets and Holder’s inequality.

1. INTRODUCTION

We consider the set of positive real numbers, not equal to 1 and denote this by R’ defined as
R" ={R :R >()¢1}. Let A with  n>2 be the set of all probability  distributions

n

P:{(Pl,Pz,--~,Pn),pi ZOandei :1}

i=1

Boekee and Lubbe [3] considered R-norm information of distribution P defined for R€ R™ by
1

R " R
(=S| (1.1

i=1

The R-norm information measure (1.1) is a real function A — R" defined on A, where n>2and R"is the set of

n?

positive real numbers. This measure is different from entropies of Shannon [14], Renyi [13], Havrda and Charvat [6], and
Daroczy [4]. The most interesting property is that when R — 1, R-norm information measure approaches to Shannon’s

entropy and when R — o, HR(P)—>1—maXpi,wherei=1,2,...,n.

The measure (1.1) can be generalized in so many ways; Hooda and Ram [7] proposed and characterized the following
parametric generalization of (1.1):
25

n L R
Hﬁ(P):ﬁ;_z 1—(2195%] ,0<B<1, R(>0)#1. (1.2)
i=1

The above measure (1.2) was called generalized R-norm information measure of degree £ and it reduces to (1.1) when

B=1.
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Hooda and Sharma [8] proposed and studied parametric generalization of (1.2) as given below:

20—

R
H?(P)=—— ,a>1,0<B<1, R(>0)#L0<R+B#2
)= s3] ;p, BSL RG-0)%10<R+f#2a

(1.3)
They called (1.3) as the generalized R-norm information measure of type ¢ and degree 3. (1.3) reduces to (1.2) when

@ =1, which further reduces to (1.1) when S =1.
Belis and Guiasu [2] attached a utility distribution U :{(ul,uz,...,un),ui >O} with the probability distribution P such
that u; is the utility of an event having probability p,.They characterized a ‘qualitative-quantitative’ measure which was

called ‘useful’ information by Longo [12] of the experiment E and is given as:
H(P;U):H(pl,pz,...,pn;ul,uz,...,u ) (1.4)

n

==>u,p,logp, . u; >0, 0<p, <l Y p,=I.
i=l i=1
Hooda and Bhaker [10] characterized the following measure of ‘useful’ information:

Zuipi log p,
H(P;U)=—i=1n— . (1.5)

zuipi
i=1

Hooda et al. [9] characterized the following ‘useful’ R-norm information measure:

n R R
R ;uip,»

1

k-1 D up,
i=1

Analogous to (1.3) we consider a new measure of ‘useful’ R-norm information by attaching utility distribution as given
below:

H,(P;U)= ,R(>0)=1. (1.6)

20—

n L R
p2ap
HOP (P-U) = R ;ulpl
“P(PU) = 1-

R(>0)#1,0<B<1,R+ [ #2«, 1.7
RiB 20 Sur (>0) B B (17)

where U is the utility distribution corresponding to probability distribution P . This we may call (1.7) as the generalized
‘useful’ R-norm information measure of type & and degree 5. In case @ =1and f# =1 measure (1.7) reduces to (1.6) and

if R — lit reduces to (1.5).
In the present paper we characterize the ‘useful’ R-norm information measure type @ and degree [ axiomatically. In

section 3 we give the properties of ‘useful’ R-norm information measure of type @ and degree . In section 4 we give a
brief account of mean codeword length and their bounds. We derive the lower and upper bounds of generalized ‘useful’

mean codeword length of type (0{,,3) in terms of ‘useful’ R-norm information measure of type & and degree 3 in section
5.

2. AXIOMATIC CHARACTERIZATION
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Let S =A XA >R, n=23,......... and G, be a sequence of functions of pi's and ui's ,

i=12,......... ,n, defined over Sn satisfying the following axioms:

Axiom2.1 G,(P:U)= q, +azzn:h(pi,u[), where g, and a, are non zero constants and
i=1

poue J ={(0,)x (0,00} {0, y}0 < y < Tfloe,37): 0< y < oo}

This axiom is also called sum property.

Axiom2.2 For Pe A ,Ue A ,P'eA, ,and U'e A

G, (PP":UU')=G, (P:U)+G, (P : U’)—iGn (P:U)G,(P:U).

a,

G, satisfies the following property

m?

Axiom 2.3 h(p,u) is a continuous function of its arguments p and u.

’ ’

Axiom 2.4 Let all p; s and u; sare equiprobable and of equal utility of events respectively, then

-pB+2a-R
Gn(l,...,l;u,...,usz 1-n R ,
n n R+ -2«

where n=23,...,anda >1 0<,BS1,R(>0)¢1,0<R+,[)’¢20{.

First of all we prove the three lemmas to facilitate the proof of the main theorem.
Lemma 2.1 From axiom 2.1 and 2.2, it is very easy to arrive at the following functional equation:

LI , N[ —ay |} C ;o
zzh(pipj’uiuj)_( a, j;h(pi’ui);h(pj’uj)’

i=1 j=1

Where(pi,ui),(p;,u;)ef fori=12,..ccccc..... o oand j=12,............ ,m.

Lemma 2.2 The continuous solution that satisfies (2.1) is the same as that of the functional equation:

hpp’suu’) = [_—%Jh(p,u)h(lﬂ', w),

a,

Proof: Let a,b,c,d and a’,b’,c’,d’ be positive integers such that
1<a’<a1<b’'<h1<c<c’, andl<d <d’.
Setting n=a—-a’'+1=c'—c+land m=b-b"+1=d’—d +1,

1, : a
pi=—(i=12.a=a) p =",

a a
ui:l(i:1,2,...,c'—0), uchJrl:C_’

C
, 1, Ny Y
pj:z(]zl’z,...,b_b)’ pb—b'+l=;’
’ 1 . 4 ’ d,
I/lj ZE(.] :172"'~’d _d)’ ud/fd“ :;’

From equation (2.1) we have

, , 1 1 ~(a ¢ (Db d ab’ cd
—a \b-b)h —,— |+ b-b ) —,— [+la—a' )| —,— |+h
(a-a )[ab dj( )[abcdj (a a)[b j ( j

c ab’ed

B R | (e oLy

Taking a’=b"=c¢"=d’ =1in (2.3), we get

(2.1)
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110
111

112
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114
115
116

117

118

119

120

h(i,ij:[—_%jh(l,ljh(l,lj 24
ab cd a, a c b d

Taking a’ = ¢’ =1 in (2.3) and using (2.4), we have

3)a
¥V d\ (-a,) (1 1) (¥ d
h—,—:—zh—’_h_,_
(ab cdj (alj (a cj (b dj (2.5)

Again taking " =d’ =1 in (2.3) and using (2.4), we get

(o) eals) »

Now (2. 3) together with (2.4),

S IQ\,\ &I

2.5) and (2.6) reduces to
a’b’ —-a c b d
h 2 |h — |h| —,
( ab’ [ ( c b d j (2.7)
a' ¢’ b
Puttmg — =D B = ; =p ’; =u" i (2.7), we get the required results (2.2).

Next we obtam the general continuous solution of (2.2).
Lemma2.3 One of the general continuous solutions of equation (2.2) is given by

_ v\
h(p,u) = (ﬂ](M] ,where £ #0, v #0 (2.8)

a, pu
and
h(p,u) =0 (2.9)
Proof: Taking g(p,u) = (_ % jh(p,u) in (2.2), we have

a,

g(pp’uu’)= g(p,u)g(p’u’) (2.10)
The most general continuous solution of (2.10) (refer to Aczel [1]) is given by

i Vi
g(p.u)= L #0andv # 0 (2.11)

pu

and
glp,u)=0 (2.12)

—-a
On substituting g(p,u) :( 2 ]h(p,u) in (2.11) and (2.12) we get (2.8) and (2.9) respectively. This proves the lemma
a,

2.3 for all rationals p € ]0,1[ andu > (0, However, by continuity it holds for all reals p € ]0,1[ andu > 0.

Theorem2.1 The measure (1.7) can be determined from the axioms 2.1 to 2.4.
Proof: Substituting the solution (2.8) in axiom 2.1, we have

p” v A
G,(P;U)=aq, 1—2 S uv 20 (2.13)
piui

1
Taking p, =— and u; =u foreachiin (2.13), we get
n

11 o
Gn(—,...,—,u,...,uj:al I-n*u* |, n=23,..., (2.14)

n n

Axiom 2.4 together with (2.14) gives



p vl R -p+2a-R
121 a, l—nﬂu" :m|:l—l’l R :|
+0-2a

122 itimplies
R R

a, = » M= Vv
R+ -2 20—
124 Putting these values in (2.13) we have

123

B kR
. >,
125 G, (PU)= 1-| =
R+ (-2« <

zuipi

i=1
126 =H>*(P,U)
127  Hence this completes the proof of theorem 2.1.
128

129 3. PROPERTIES OF ‘USEFUL’ R-NORM INFORMATION MEASURE OF TYPE « AND DEGREE f
130

131  The generalized ‘useful’ R-norm information measure H,ﬁ"ﬁ (P;U) satisfies the following properties:

132 Property 3.1 H,'f’ﬁ (P;U) is a symmetric function of their arguments provided that permutation of p;and u; are taken
133 together.
134 Hgﬁ(pppz’---’pn—lapn;”n”z’---”n—n”n)=H1?ﬁ(pn’p1’pz’---’pn—1;”n’”1’”2’---’”n-1)-

135 Property 3.2 H,f’ﬁ (é,é;l,lj =1 ,when a=f=1and R=2.

_ c
n 20-8 \2a-p
R zu[p[ R
136  Proot: H*’(P,U)=———[1—-| = —
R+ -2« 2
D uD,
i=1
137 fori=1,2
20—
R R R
R 2a-p 20-p
138 Hg"g(P;U): 1— U p +M2p2
R+ -2« u,p, Uy P,
139
140
141  Setting
1 1
142 p=—,p,=—,u;=l,u,=1,a=1,f=1and R=2

8 8
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A

Property 3.3 Addition of two events whose probability of occurrence is zero or utility is zero has no effect on ‘useful’

information, i.e.

Hgﬁ(pl’pz""’p"’O;ul’MZ""’unH):Hg'ﬂ(pupzv-wpn;ulauzwnaun)
:Hg,ﬁ(pl7p27""pn+l;ul,u2,...,un,0)

Proof: Let us consider

Hg'ﬁ(pl,pz,...,pn,O;ul,uz,.,.,unH)

20—
R R R R
= R 1—-”“’?12%/j +u2p§a“/j +“.+El22ii~+“.+0
R+p-2a U, p, u,p, u,p,
=Hi" (P.U)

Property 3.4 H;”'B (P;U) satisfies the non additivity of the following form:

HYP (P*QiU*V) = H;”'B(P;U)+H,‘§"ﬂ(Q;V)——R+ﬂ_2a

P*Q=(D\q1s s Prdys Palise-os Poos Pullis o> Pud)

UV =V, s iV, Uy Ve Uy V, UVl V)
Proof: R.H.S. = H*#(P;U)+ Hg’ﬂ(Q;V)—M—_mHg’ﬂ(P;U)Hg’ﬂ(Q;V)
r 20—
n R R
R Zuivj (piqj )2”’"3
— 1_ i=1
R+ f-2c c
IB zuivjpiqj
i=1

=HX(P:Q:U:V)
=L.H.S.

Property 3.5 Let Ai,Aj be two events having probabilities p; , p;and utilities u;,u; respectively, then define the utility

u of compound event A, N A as

HEP (P;U)HE? (Q;V), where
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174

175

176

177

178
179

u.p. +u.p.
u(a, n )= PP 3.1)
pitp;

Theorem 3.1 under the composition law (3.1) following holds:

ﬂ ’ ”, ’ ”
w1 Hy (pl’pZ""’pn+1’p s D sUp Uy s U U U )

@, . 4 ” a, p, P” A 4
:n HRﬁ(pl’p2""’pn+l’ul’u2""’un+l)+(p +p )HR'B( ’ ”? ’ ”’u’uJ
p+p p+p
Proof: . H%”( Py, u”)
n+l R pl’pZ’ ’pn+1’p’P s Uoo s W™ o
2a-f
R R )k
R u’p/2a—ﬁ u”p”2a—ﬂ
= H*(p.,p,,..., UG Uy U ) - — + -
n AR (pl P P Uy Uy n+1) R+ f-2a wp Wp’
_ ras _
_RrR R R
, ’ 2a-f ” 7 20-
a R , » p+p ptp , »
=, Hi? +————|(p"+p")- ; + > (p"+p")
R+ -2« y_P P
p+p p'+p
=n ngﬁ+(p,+p”)Hgﬂ|: ,p PR ,p ,,;u,su”:|
pt+p p+tp

This completes the proof of theorem 3.1.
4. MEAN CODEWORD LENGTH AND ITS BOUNDS
Let a finite set of n input symbols X ={xl,x2,...,x”} be encoded using D size alphabets with Probability

distribution P:{(pl,pz,...,pn),pi >0, Zpi :1}. It was shown by Kraft [11] that there is a unique decipherable
i=1

code with code words lengths /, (i =1,2,..., n) satisfying the following inequality:

> Dt <1, (4.1)
i=1
which is Known as Kraft’s inequality
Let L= p,l logD (4.2)
i=1
be the mean codeword length associated with input symbols {xl,xz,...,xn} then under the Kraft's inequality Shannon

[14] proved the following result for a noiseless channel:
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197

198

199
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201
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203

H(P)SL<H(P)+logD,D22, (4.3)

with equality if and only if [, =—log,, p,.
Guiasu and Picard [5] considered the problem of encoding by means of a single letter prefix code whose code words

Wy, W,,...,w, areoflengths [,,1,,...,1 respectively and satisfy the Kraft's inequality (4.1)

n

They introduced the following ‘useful’ mean codeword length:

iuipili
L=—— .
zuipi
i=1

Later on Longo [12] interpreted as the average transmission cost of letters x; and obtained the following bounds for the

(4.4)

cost measure (4.4):
H(P,U)SL<H(P;U)+1. (4.5)

Hooda et al. [9] considered following generalization of (4.4)

o)
i ;uipiD

L, (P;U)= 1 4.6
R( ) R—l n ( )
D up,
i=1
and proved
H, (P.U)<L,(P.U)<H, (P;U)+1 (4.7)

under the condition

Zn:uiD_" Siu[pi . (4.8)
i=1 i=1

Here we introduce a new generalized ‘useful’ mean code word length as given below:

n _%M)
R > u,p,D K
L(];;,ﬁ (P;U) _ _ =l ’ (4.9)
R+p-2x C
2P,
i=1
Incase @ =1and =1, then (4.9) reduces to (4.6) and again if utilities are ignored for all i =1,2,..., n it reduces to
R-1
R n - | ==
LR(P):E 1_ZplD ( j , (410)

i=1

which is average codeword length due to Boekee and Lubbe [3]. Thus (4.9) is a valid non-additive ‘useful’ mean codeword

length.

5. A CODING THEOREM



204 In this section we study the lower and upper bounds of Lﬁ’ﬁ (P;U) given by (4.9) in terms of ‘useful’ R-norm

205 information measure of type & and degree [ given by (1.7).

206 Theorem 5.11f [, ,i=L12,...,n is length of codeword x; satisfying (4.1) then

207 HYP (PU)< L (PU)R(#1)>0,a>1,0< B<1. (5.1)
208  under the condition

209 Zn:uiD_" Siuipi. (5.2)
i=1 i=1

210  Proof: By Holder’s inequality we have

il '
211 (z xi"]p(z yqu <> xy,, (5.3)
i=1 i=1 i=1

1 1
212 where x,,y, 20 foreach i and —+—=1
P 4
20—
R+p-2a R 2a-f-R
2a-p
u.p. _ Uu.p.
213 setting x; = n’# D", v, = ;p,—
Zuzpt zuipi
i=l i=1
R+ -2« 20— —R
214 p= R+p-2a q= 20-p-R
R 20—
215 Put all these values in (5.3) we have
R 2a-f
n -l [M) R+p-2a R N2g-B-R
z u,p,D k z up®”’ z uD™"
216 i=1 i=1 S i=1 Sl
Zuipi Zuipi Zuipi
i=1 i=1 i=1
217 It implies
20— R
n _R_\oa-p-r n 4 (MJ 2a-f-R
Zuip,‘w_ﬁ ZuipiD *
218 i=1 . <| =t . (5.4)
zuipi zu[pi
i=1 i=1
219
220
221
222
223
224

225
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229

230

231

232

233

234

235

236

237

238

239

Case1 Let R+ <2« Raising Power > 0 both sides of (5.4),

2a—- B —-R
R
we have

2a-4
R

, R , i (R+ﬁ—2a)
2 up 2upD - f
i=1 < izl

n n
Z u;p; Z u;p;
i=1 i=1

Subtracting both sides from 1, we get

20-f
R R R+,6—20:)

Zn:”ipiza_ﬂ iuip;D_ll ( *
i=1 i1

>1-

n n
Zuipi Zuipi
i=1 i=1

1—

R
Multiplying (5.5) by ——— < 0 throughout we get

R+ -2
_ e
n . R/z R " ) [R+ﬁR—2a)
p % p.D
R 2P _ R _;u,p,
R+[-2 - R+p-2 -
*—/3 (4 :EZLh]?i *‘[3 a :E:lh]%
i=l i=1
HZ?(P,U)< L% (P;U)
Case 2 Let R+ 3 > 2« . Raising power w < 0 both sides of (5.4).
20-f
n _R_ R n -, (R+ﬁ—20!]
2 up 2upD tf
i=1 2 i=1

n n
Zuipi Zuipi
i=1 i=1

Subtracting both sides from1, we get

- (=4
R [ R+A=

n L n
Zuipiz_ﬁ ZuipiD *
11— = <1—-=L

n n
Z”ipi Z”ipi
i=l i=1

R
Multiplying (5.7) by —————— > Othroughout we get:
R+ -2
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241

242
243

244

245

246

247

248

249

250

251

252

253
254
255
256
257

n _R sz_ﬁ n . £R+ﬂ—2aJ
R zuipiza_ﬁ R ZuipiD l .
1= 2= < _ =l
R+ -2« - R+ -2« c
d 2P, d 2P,
i=1 i=1
H?(PU)< LY (PU) (5.8)
Hence theorem 5.1 is proved in both cases.
In (5.1) equality holds if and only if
, R>0(%1).
or
n R
R ZLtipiZ“‘ﬁ
I, =—log, piza / +log, izln
zuipi
i=1
n R n _R
__R Z”ipiza_ﬂ __R zuipiza_ﬂ
log, p, *** | = <l <log, p, 7| == +1 (5.9)
2P, 2P,
i=1 i=l
It implies
n R n R
k| 2w e | 2 wp
12 -4 | _i=l < Dl’ < DP, -4 | _i=1 - (510)

Dup, Doup,
i=1 i=1

In the next theorem, we obtain an upper bound on L%?(P;U) in terms of H“* (P;U ).

Theorem 5.2 Let [, /,,...,[, be the codeword lengths satisfying (510), then following inequality holds:

2a-p-R R 2a-p-R
L’(p,Uu)sp * HYf(PU)+————|1-D * (5.11)
R+ (-2«
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267

268

269

270

271

272

273

274

275

276

Proof: From the right hand inequality of (5.10).

we have
n R
2a-p
N 2:—/3 Z i Pi
D" < Dp, s (5.12)
2P,
i=1
Here we two cases arise:
. : 2a—-f—-R
Case 1 LetO < R+ 3 < 2a. Raising both sides of (5.12) to the powerT >0,
we get
2a-p-R
n _R R
L (R+,b’—2a) 2a-p-R R+f-2a Zuipiz”’_ﬁ
D f J<p Kk prlefiE_ (5.13)
2P,
i=1
. . . ipi . .
Multiplying both sides of (5.13) by —————and summing overi, we have
DD,
i=1
2a—-p-R
n —1l (R-%—ﬁ—Z(Z] n R R n _R
Z u;p;D : 2a-B-R ”ipiza_ﬁ Z ”ipiza_ﬁ
i=1 < D R i=1 i=1
2P, 2P, 2P,
i=1 i=1 i=1
or
2a-p
n —1l (R+ﬁ_2a) n _R R
Z u,p,D . 2a-f-R ”ipiza_ﬁ
i=1 < D R i=1
2P, 2P,
i=1 i=1
, . . R
Subtracting both sides from1 and multiplying by — <0, we have
R+ [ -2«
2a-f-R R 2a-f-R
f(pUu)<p * HEf(PU)+————|1-D * (5.14)
R+ [ -2«

Similarly we can prove that (5.14) holds when R + 8 > 2¢ . Hence theorem 5.2 is proved
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287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311

Thus (5.1) and (5.11) together give

20-B-R R 20-p-R
Hy?(P:U)<Ly?(P,U)<D F H,‘;’ﬁ(P;U)+—(1—D g J
R+ [ -2a

which is analogous to Shannon’s coding theorem for noiseless channel.

CONCLUSION

In this paper we have defined a new generalized ‘useful’ R-norm information measure analogous to Hooda and
Sharma’s (2008) R-norm information measure and characterized axiomatically. Some important properties have also
been studied.

The new generalized measure has been applied in obtaining lower and upper bounds of the generalized ‘useful’

mean code word lengths. This can be generalized parametrically and applied in source coding.
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