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ABSTRACT  9 

In the present paper a new ‘useful’ R-norm information measure of type α and degree β is 

defined and characterized axiomatically. A new generalized ‘useful’ mean codeword length 
is introduced and its bounds in terms of ‘useful’ R-norm information measure of type α and 

degree β are studied. Properties of new generalized measure of information have also been 

studied.  
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1. INTRODUCTION  13 

 14 

We consider the set of positive real numbers, not equal to 1 and denote this by 
+

R  defined as 15 
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Boekee and Lubbe [3] considered R-norm information of distribution P defined for 
+∈ RR by 18 
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The R-norm information measure (1.1) is a real function 
+→∆ Rn defined on n∆ , where 2≥n and 

+
R is the set of 20 

positive real numbers. This measure is different from entropies of Shannon [14], Renyi [13], Havrda and Charvat [6], and 21 

Daroczy [4]. The most interesting property is that when 1→R , R-norm information measure approaches to Shannon’s 22 

entropy and when ,R → ∞ ( ) iR pPH max1−→ , where ni ,,2,1 K= .  23 

The measure (1.1) can be generalized in so many ways; Hooda and Ram [7] proposed and characterized the following 24 

parametric generalization of (1.1): 25 
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                                  27 

The above measure (1.2) was called generalized R-norm information measure of degree β  and it reduces to (1.1) when28 

1=β . 29 
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Hooda and Sharma [8] proposed and studied parametric generalization of (1.2) as given below: 30 

 31 
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They called (1.3) as the generalized R-norm information measure of type α and degree β . (1.3) reduces to (1.2) when35 

1=α , which further reduces to (1.1) when 1=β . 36 

Belis and Guiasu [2] attached a utility distribution ( ){ }1 2
, , , , 0

n i
U u u u u= >K with the probability distribution P  such 37 

that i
u  is the utility of an event having probability i

p .They   characterized a ‘qualitative-quantitative’ measure which was 38 

called ‘useful’ information by Longo [12] of the experiment E and is given as: 39 
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Hooda and Bhaker [10] characterized the following measure of ‘useful’ information: 42 
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Hooda et al. [9] characterized the following ‘useful’ R-norm information measure: 44 
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Analogous to (1.3) we consider a new measure of ‘useful’ R-norm information by attaching utility distribution as given 46 

below: 47 
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where U  is the utility distribution corresponding to probability distribution P . This we may call (1.7) as the generalized 51 

‘useful’ R-norm information measure of type α and degree β .  In case 1=α and 1=β
 
measure (1.7) reduces to (1.6) and 52 

if 1→R it reduces to (1.5).   53 

In the present paper we characterize the ‘useful’ R-norm information measure typeα and degree β axiomatically. In 54 

section 3 we give the properties of ‘useful’ R-norm information measure of typeα and degree β . In section 4 we give a 55 

brief account of mean codeword length and their bounds. We derive the lower and upper bounds of generalized ‘useful’ 56 

mean codeword length of type ( ),α β  in terms of ‘useful’ R-norm information measure of typeα and degree β  in section 57 

5.  58 

 59 

2. AXIOMATIC CHARACTERIZATION 60 

UNDER PEER REVIEW



 

 61 

Let
n n nS R

∗ += ∆ × ∆ → , KKK,3,2=n  and nG  be a sequence of functions of spi

'
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'
,62 

ni ,,2,1 KKK= , defined over nS  satisfying the following axioms: 63 
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This axiom is also called sum property. 66 
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where ,,3,2 K=n and 1α ≥  10 ≤< β , ( ) αβ 20,10 ≠+<≠> RR .  72 

 73 

First of all we prove the three lemmas to facilitate the proof of the main theorem. 74 

Lemma 2.1 From axiom 2.1 and 2.2, it is very easy to arrive at the following functional equation: 75 
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where ( ) ( ), , ,
i i j j

p u p u J′ ′ ∈   for ni ,,2,1 KKKK=   and  .,,2,1 mj KKKK=
  

78 

Lemma 2.2 The continuous solution that satisfies (2.1) is the same as that of the functional equation: 79 
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Proof: Let dcba ,,,  and dcba ′′′′ ,,,  be positive integers such that  82 

ccbbaa ′≤≤≤′≤≤′≤ 1,1,1 ,   and dd ′≤≤1 . 83 

Setting  11 +−′=+′−= ccaan  and ,11 +−′=+′−= ddbbm
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From equation (2.1) we have  89 
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Taking 1=′=′=′=′ dcba in (2.3), we get  92 
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Taking 1=′=′ ca  in (2.3) and using (2.4), we have  94 
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Again taking 1=′=′ db  in (2.3) and using (2.4), we get 96 
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Now (2.3) together with (2.4), (2.5) and (2.6) reduces to  98 
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Putting u
d

d
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Next we obtain the general continuous solution of (2.2). 101 

Lemma2.3 One of the general continuous solutions of equation (2.2) is given by 102 
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The most general continuous solution of (2.10) (refer to Aczel [1]) is given by 108 
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Axiom 2.4 together with (2.14) gives  120 
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Hence this completes the proof of theorem 2.1. 127 

 128 

3. PROPERTIES OF ‘USEFUL’ R-NORM INFORMATION MEASURE OF TYPE α AND DEGREE β  129 

 130 

The generalized ‘useful’ R-norm information measure ( ), ;
R

H P U
α β

 satisfies the following properties: 131 

Property 3.1 ( )UPH R ;,βα
 is a symmetric function of their arguments provided that permutation of 

s

ip and 
s

iu
 
are taken 132 

together. 133 

( ) ( )121121

,

121121

,
,,,,;,,,,,,,;,,,, −−−− = nnnnRnnnnR uuuuppppHuuuuppppH KKKK

βαβα
. 134 

Property 3.2 11,1;
8

1
,

8

1, =






βα
RH  , when 1α β= =  and 2R = . 135 

Proof: ( )









































−
−+

=

−

=

=

−

∑

∑
βαβα

βα

αβ

2

1

1

2

, 1
2

;

R

n

i

ii

n

i

R
ii

R

pu

pu

R

R
UPH  136 

for 2,1=i  137 

( )





































+−
−+

=

−

−−
RRR

R
pu

pu

pu

pu

R

R
UPH

βα

βαβα
βα

αβ

2

22

2

22

11

2

11, 1
2

;   138 

 139 

 140 

Setting  141 

1,1,1,1,
8

1
,

8

1
2121 ====== βαuupp  and 2=R  142 

UNDER PEER REVIEW



 























































+










−=








2

1

22

1,1

2

8

1

8

1

8

1

8

1

121,1;
8

1
,

8

1
H  143 

                         






















−=

2

1

4

1
12 =1 144 

Property 3.3 Addition of two events whose probability of occurrence is zero or utility is zero has no effect on ‘useful’ 145 

information, i.e. 146 
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Property 3.4
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 satisfies the non additivity of the following form: 150 
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Property 3.5 Let ji AA , be two events having probabilities ji pp , and utilities ji uu ,  respectively, then define the utility 158 

u of compound event ji AA ∩ as  159 
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Theorem 3.1 under the composition law (3.1) following holds: 161 
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This completes the proof of theorem 3.1. 168 

 169 

4. MEAN CODEWORD LENGTH AND ITS BOUNDS 170 

          171 

 Let a finite set of n input symbols { }nxxxX ,,, 21 K=
 
be encoded using D size alphabets with Probability 172 

distribution ( )








=≥= ∑
=

n

i

iin pppppP
1

21 1,0,,,, K . It was shown by Kraft [11] that there is a unique decipherable 173 

code with code words lengths il ( )ni ,,2,1 K=  satisfying the following inequality:
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which is Known as Kraft’s inequality  176 

Let DlpL
n
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ii log
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∑
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be the mean codeword length associated with input symbols { }nxxx ,,, 21 K  then under the Kraft’s inequality Shannon 178 

[14] proved the following result for a noiseless channel: 179 
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with equality if and only if iDi pl log−= . 181 

Guiasu and Picard [5] considered the problem of encoding by means of a single letter prefix code whose code words 182 

nwww ,,, 21 K  are of lengths nlll ,,, 21 K  respectively and satisfy the Kraft’s inequality (4.1) 183 

They introduced the following ‘useful’ mean codeword length: 184 
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Later on Longo [12] interpreted as the average transmission cost of letters 
s

ix  and obtained the following bounds for the 186 

cost measure (4.4):  187 
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Hooda et al. [9] considered following generalization of (4.4)  189 
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Here we introduce a new generalized ‘useful’ mean code word length as given below:  195 
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In case 1=α and 1=β , then (4.9) reduces to (4.6) and again if utilities are ignored for all ni ,,2,1 K= it reduces to  197 
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which is average codeword length due to Boekee and Lubbe [3]. Thus (4.9) is a valid non-additive ‘useful’ mean codeword 199 

length. 200 

 201 

5. A CODING THEOREM 202 

 203 
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In this section we study the lower and upper bounds of ( )UPLR ;,βα
 given by (4.9) in terms of ‘useful’ R-norm 204 

information measure of typeα and degree β given by (1.7). 205 

Theorem 5.1 If nili ,,2,1, K=  is length of codeword ix  satisfying (4.1) then  206 
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Multiplying (5.5) by 0
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Multiplying (5.7) by 0
2

>
−+ αβR

R
throughout we get: 239 
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In the next theorem, we obtain an upper bound on ( )UPLR ;,βα
 in terms of ( )UPH R ;,βα
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Proof: From the right hand inequality of (5.10). 263 
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Here we two cases arise: 266 
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Subtracting both sides from1 and multiplying by   0
2

<
−+ αβR

R
, we have 274 

( ) ( ) 







−

−+
+<

−−−−

R

R

R
R

R

R D
R

R
UPHDUPL

βα
βα

βα
βα

αβ

2

,

2

, 1
2

;;                                                          (5.14) 275 

Similarly we can prove that (5.14) holds when αβ 2>+R . Hence theorem 5.2 is proved 276 
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Thus (5.1) and (5.11) together give 277 
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which is analogous to Shannon’s coding theorem for noiseless channel.  279 

 280 

CONCLUSION 281 

In this paper we have defined a new generalized ‘useful’ R-norm information measure analogous to Hooda and 282 

Sharma’s (2008) R-norm information measure and characterized axiomatically. Some important properties have also 283 

been studied. 284 

The new generalized measure has been applied in obtaining lower and upper bounds of the generalized ‘useful’ 285 

mean code word lengths. This can be generalized parametrically and applied in source coding. 286 

 287 
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