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Abstract

Some new sufficient conditions are established for the oscillation of all solutions of

the second order neutral difference equation of the form
A (TnA («Tn +ax,_, + bxn—f—o)) + pnngk + an§+m = 07 n 2 nyo,

where »  1/r, < oo. The results obtained here complement and improve some
known results in the literature. Examples are provided to illustrate the main results.
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1 Introduction

This paper deals with the oscillatory behavior of solutions of second

order neutral difference equation of the form
A (1A (xy + axp—r + bTpyo)) + prto_ i + qn:cngm =0, n>mny (1.1)

where ng is a positive integer, o and 3 are ratios of odd positive integers.

Further, we assume the following conditions without further mention:

(C1) {rn} is a positive real sequence for all n > ng and 32 1/r, < o0;
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(C2) a and b are nonnegative constants;

(C3) {p,} and {g,} are nonnegative real sequences and not eventually

zero for many values of n;

(cd4) 7, o, k and m are nonnegative integers.

By a solution of equation (1.1), we mean a real sequence {x, } defined
for all n > ng — 0; where 0; = max {7, k} and satisfies equation (1.1)
for all n > ng. Let 0y = max {o,m}. Clearly, if the initial conditions
T, = ¢, for all n € [ng — 01, ng + O — 1] are given, then equation (1.1)
has a unique solution satisfying the initial conditions. A solution of
equation (1.1) is said to be oscillatory if it is neither eventually positive

nor eventually negative, and nonoscillatory otherwise.

In recent years, there has been an increasing interest in obtaining
sufficient conditions for the oscillation and nonoscillation of neutral
type difference equations, see for example [1,9,12,16,17,19,20] and the
reference cited therein. In [2,4-6,10,13-15,18] the authors considered
equation of the form (1.1) and established some sufficient conditions for
the oscillation of all solutions when 7 1/r, = oco. This is because

such equations have applications in science and technology [3].

However when b = 0 and either p, = 0 or ¢, = 0 there are some
results available in the literature dealing with the oscillatory behavior of
equation (1.1) when Y * 1/r, < oo, see for example [1,9,12,19], and
the references cited therein. In particular in [18] the authors considered
equation (1.1) under the condition (C1) and obtained criteria which
implies that all solutions of equation (1.1) are either oscillatory or tend

to zero as n — o0.
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Then the natural question arise that when all solutions of equation
(1.1) are oscillatory. Our purpose in this paper is to give answer to
this question in a affirmative way by obtaining new sufficient condi-
tions which ensure that all solutions of equation (1.1) are oscillatory.
In Section 2, we present some preliminary lemmas and in Section 3, we
obtain some new oscillation criteria for equation (1.1). Section 4 con-
tains some examples to illustrate the main results. Thus, the results

obtained in this paper improve and complement to those established in
[9,12,18,19].

2 Some Preliminary Lemmas

In this section we present some lemmas which will be needed to prove
the main results. For the sake of convenience, we define the following

notations:

Zp = Tp+aTp_r+ banror
Pn = nmun {pna Pn—r, pn+a}
Qn = nmun {Qna Qn—1, QTH—U}

n—1 1 %) 1
R, = Zr_s and AH:ZT—S.
s=nyg s=n

We begin with the following lemma.

Lemma 2.1. Let {z,} be an eventually positive solution of equation
(1.1). Then one of the following two cases holds for all sufficiently
large n:

(1) z, >0, r,Az, >0, A(r,Az,) <0;

(II) z, >0, 7r,Az, <0, A(r,Az,) <0.
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Proof. The proof can be found in [17]. O

Lemma 2.2. Let A>0, B>0 and~v > 1. Then

1
A"+ B > P (A+ B)’ (2.1)
Proof. The proof can be found in [§]. O

Lemma 2.3. Let {x,} be a positive solution of equation (1.1) satisfies
case(I) of Lemma 2.1. Then

Zn > Ryrnz, (2.2)

and {é—"} 1$ nonincreasing for allm > N.

Proof. The proof of (2.2) can be found in [12]. Further

A(Zn) — 1 [Z"R’"’“}iﬁz"] < 0 since AR, = %.The proof is now

complete. N

Lemma 2.4. Let {x,} be a positive solution of equation (1.1) satisfying
case(Il) of Lemma 2.1. Then

zn > —A,rnz, (2.3)

for allm > N.

Proof. Since r,Az, is nonincreasing, we have
reAzg < r,Az,, s>n>N.

Dividing the last inequality by r, and summing it from n to [, we obtain
L1
2141 < Zn+TnAZnZ_7 [ >n>N.
sS=n TS

Letting [ — oo, we have
0<z,+A,r,Az,, n>N.

The proof is now complete. ]
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Lemma 2.5. Let v > 1 be a ratio of odd positive integers and {d,} be

a sequence of positive real sequence for all n > ng. If

idn:oo

n=no

then every solution of the advanced difference equation

Aw,, — dyw,, ;=0 (2.4)

where j 1s a positive integer, is oscillatory.
Proof. Let {w,} be a nonoscillatory solution of equation (2.4). Without

loss of generality we may assume w, > 0 for all n > N > ny. From

(2.4), we have

n—l—j

since {w,,} is nondecreasing and j > 1. Dividing the last inequality by

g

w,,; and then summing from N to n — 1, we have

J/ +
° >
7,,_

Letting n — oo and then simplifying we obtain

o0

—v+1
E d, < wy
s=N

which is a contradiction. This completes the proof. ]

Mi
MH

3 Oscillation Theorems

In this section, we obtain some new sufficient conditions for the oscil-
lation of all solutions of equation (1.1). We begin with the following

theorem.
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Theorem 3.1. Assume that 1 < a < 5, 0<a,b< 1,k—7>1 and

m — o > 0. If the difference inequality
Pn g—k

Aw,, + ——wo . <0, n>ny, 3.1
n 4@—1 (1—|—CLO‘—|—2271)OL n—k+7 ( )
has no eventually positive nonincreasing solutions, and the difference
inequality
AP
Aw, il nrm wTﬂHm,U >0, n > ny, (3.2)

451 (1 + a“ + ngil)ﬂ
has no eventually positive nondecreasing solutions, then every solution

of equation (1.1) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of equation (1.1). Without
loss of generality we may assume that z,_g, > 0 for all n > N; > ny,
where Nj is chosen so that both the cases of Lemma 2.1 hold for all
n > Nj. From the equation (1.1), we have

A (rnAzy) + pnxp_ i + Qn$£+m +a"A(rprAzy_7) +a"purxy 1,

(67 (&%
9a—1 A(rpieDznio) + Fpma%g—kw

he
+an+0’x£+m+a - 07 n = N(33)

0" Qe Ty +

Since a < 3, a < 1 and b < 1, we have

he
FA (Tn—HIAszrU )

bOl
+B, {xﬁ_k +atr, .+ Fxg—kw]

A (rpAzy) + a“A(ry Az ;) +

bo
+Qn [xg—i-m + aﬁxg—I-m—T + Wxg+m+<7] < 07 nz Nl'

Using the inequality (2.1), we obtain for n < Ny

he
A (TnAZn + aarn—TAZn—T + Frn—l—aAzn—i-J)
Pn n
okt %zﬁm <0, n> N. (3.4)

6
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Next we consider the two cases of Lemma 2.1.

Case(I).Assume that Case(I) of Lemma 2.1 holds for all n > Nj. From
(3.4) and Lemma 2.3, we obtain

N b P, . .
A (yn +a Yn—r + Fynﬂj) + FRn—kyn—k S 07 (35)

where vy, = r,Az, and y, > 0 is nonincreasing for all n > N;. Now we

define, w,, = y, + a®yp_r + %ynw, then w,, > 0, n > Ny, and

2a—1
Using the last inequality in (3.5), we obtain that inequality (3.1) has

wy, < <1+a°‘+ )yn_T, n > Nj.

an eventually positive nonincreasing solution, a contradiction.
Case(II).Assume that Case(II) of Lemma 2.1 holds for all n > N;. From
(3.4) and Lemma 2.4, we have

(6 ba Qn
A (yn +a Yy, + Fyn—&-a) - 4B—T Aﬂ—kmyn—km > 0, (36)
where vy, = —r,Az, and y, > 0 is nondecreasing for all n > N;. Now

we define

(07

Wy, = Yp + aayn_T + FyTH_U S (1 + a® +

2a—1
Using the last inequality in(3.6), we obtain that the inequality (3.2) has

) Ynto, N Z Nl-

an eventually positive nondecreasing solution, a contradiction. This

completes the proof. []

Corollary 3.1. Assume 0 < a,b<1l,a=0=1andk—7>1 and
m — o > 0 hold. If

n—1 E_ T 1+k—71
7}1_>n010mf ZJ; kPR > M (1+/€——T) (3.7)

and

n+m—o 1+m—o
lim inf Z QsAgim > M (—O> (3.8)

n—o00 1+m—0'
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where M = (1 + a 4+ b) are satisfied, then every solution of equation
(1.1) is oscillatory.

Proof. The proof follows from Theorem 3.1 and Theorem 7.6.1 of [7].
O

Corollary 3.2. Assume 0 <a,b<1l,a=1>1andk—717>1 to
hold. If condition (3.7) and

n=no

are satisfied, then every solution of equation (1.1) is oscillatory.

Proof. The proof follows from Theorem 3.1,Theorem 7.6.1 of [7] and
Lemma 2.5. [

Corollary 3.3. Assume 8 > a > 1, k—7>1and m —o > 0. If
condition (3.9) holds and there exists a X > loga such that

lim inf [P,RS_exp(—e)] >0, n> N

n—oo

then every solution of equation (1.1) is oscillatory.

Proof. The proof follows from Theorem 3.1, Theorem 2 of [11] and
Lemma 2.5.. ]

In the following we derive some new oscillation criteria for the equa-
tion (1.1) where ¢, = 0 for all n > ng. In this case the equation (1.1)

takes the form

A (rpA (zy, + aTp—r + bTpiy)) + prto_1. =0, 1 > ng. (3.10)
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Theorem 3.2. Assume that 0 < a < 1, (1 —a— M%%;’“) > 0 for

all n > ngy and there exists a positive nondecreasing real sequence {p,}

such that for any constant My > 0

= RnJrUk:) “ MllaApn]
WPl 1l —a—> — | = 0. 3.11
EQJPP ( Ryt Re, (3.11)

If there exists a positive real sequence {0,} such that

571 6n—7’—k
A6, <0, 1— —b 12
T’nAn+ <0 ( aén_k )>O (3.12)
and for any constant My > 0
= On—r—k ° 1
My 'ppApia (1—a——"——-b| ——| = 3.13
nZn: [ 2 b o < ¢ On—k > 47nnAn+1:| > ( )

then every solution of equation (3.10) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of equation (1.1). Without
loss of generality, we may assume that x,,_g, > 0 for all n > N > ny,
where N is chosen so that both the cases of Lemma 2.1 hold for all
n > N. From the equation (3.10), we have

A (rp,Az,) + ppxe . =0, n> N. (3.14)

Case(I). Assume that Case(I) of Lemma 2.1 holds for all n > N. From
Lemma 2.3, we have {z,/R,} is nonincreasing for all n > N. By the

definition of z,, we have

Ln Z Zn — AZp—7 — bzn+a
> (1-a—pline), (3.15)
= Rn n .

where we have used {z,} is nondecreasing and {z,/R,} is nonincreas-

ing. Using (3.15) in (3.14), we obtain
A (r,Azy) + By ipnzn_, <0, n> N (3.16)

9
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where B | = (1 —a— b%) . Define

n—k

_ Pl

Wy, -
“n—k—1
Then w, > 0 and from (3.16), we have

A A
Awn < —pnpnt_k—l—Apnrn Zn_ PnTnAZn

« « o
Zn—k Zn—kzn—l—k

Apprn Az,
Rf{—]{i (rn_kAZn_k)a

where we have used (2.2). From the monotonicity of {r,Az,} and

S _pnpnt_k +

0 < a <1, we have from the last inequality

Apy
Ry,

where My = ry_;Azy_g. Summing the inequality (3.17) from N to

Aw, < —pupnBy_; + M{=® n >N, (3.17)

n — 1, we obtain

n—1

Aps

0 <w, <wpy, — Z (pSpSij_k + Tlel—a) , (3.18)
s=N Rs_k

Letting n — oo in (3.18), we obtain a contradiction to (3.11).

Case(II). Assume that Case(Il) of Lemma 2.1 holds for all n > N.

Define
V= T”ZAZ”, n> N. (3.19)
Then v, < 0 for n > N. From Lemma 2.4, we have
A2 S 4 forall n> N (3.20)

n

By virtue of (3.19) and (3.20), we have
—-1< A, <0, n>N. (3.21)

On the other hand, it follows from (3.20) that
Az, 1
>

Zn  Aprn

10
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Then, we have

2n [5n

A > — A >
(Zn/én) N 5n5n+& f4nrn i 5n] _-O

and then {z,/d,} is nondecreasing. Hence we obtain from the definition

of z, that

Ty > (1 — a(sg: — b) Zn, n > N. (3.22)
From (3.14) and (3.22), we obtain
A (rpAzy) + ppcy 28 . <0, n> N (3.23)
where ¢, = (1 — qln=r=k _ b)a. From (3.19) and (3.23), we have

6n7k:

« « 2

Av,
Zn+1 Znin+1
U2
a—1 n
< =Dl 1 - n > N, (3.24)
n

where we have used {z,} is positive and decreasing. From (3.24), we

have

2
Av, + M§ 1 pc  + In < 0, n>N, (3.25)
r

for some constant My = zy.1_x. Multiplying (3.25) by A, 41 and then

summing it from N to n — 1, we have

2

Z Ag1Avg + Z My tpAgiic® , + Z Agiq —S (3.26)

ﬁ

Using the summation by parts formula in the first term of (3.26), and

then rearranging, we obtain

n—1 2
Apv, — Ayoy + Z Mg 'psAgirc? + Z < + 2 As+1) < 0.

s=N s=N

11
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Using completing the square in the last term of the above inequality,

we obtain
n—1 n—114 1 2
o1 a s+1
Apv, — Ayon + Z My~ psAsicy ), + Z T (Us i 2As+1>
s=N s=N
n—1
1
I oL
N 4rsAs+1
or
n—1 1
_An n<<x4 — A4a_l y4s o — T | -
Up S ANUN SZ;V ( 2 PefentConi 4T5As+1>

Letting n — oo in the last inequality and using (3.21), we obtain a

contradiction to (3.13). The proof is now complete. [
Theorem 3.3. Assume that o > 1, (1 —a — %) > 0 for alln >
ny, and there ezists a positive increasing sequence {p,} such that for
any constant M > 0 such that

. Rn—a—k “ 1 (Apn)Q Tn—k
1—a— — = . .
E [pnpn ( a—1>b R ) Tadfo o 00 (3.27)

n=ng

If there exists a positive real sequence {6,} such that (3.12) holds and
for any constant D > 0

= adp_r * oY
2 : A@ 1 — _ _ = 2
|:pn n+1—k < 671,7]6 b) Da_lAskrsk:| o0 (3 8)

n=ng

then every solution of equation (3.10) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.2, we see that Lemma
2.1 holds for all n > N > ny.
Case(I). Define

rnAz
I e P (3.29)
“n—k—1
Then from (3.29), we obtain
Awy < —pupn By + Ap, L Py (TR > N (3.30)
Rn—k Pn+1 Rn—k—1

12
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By Mean Value Theorem
AZY o, =at* Az, g
where z,,_p_1 <t < z,_;. Since o > 1, we have

A2 > a2 Az g (3.31)

Using (3.31) in (3.30) we obtain

A,O 1% Za:]i_lAZn—k—l
Awn < _,OnpnBsfk + _nwnJrl -« - Wpt1 = o

Pn+1 Pn+1 Zp—k—1

. n> N(3.32)

Since {z,} is increasing and {r,Az,} is nonincrasing, we have from

(3.32)

a—1
Apn Pn M 2
Wpy1 — —  Wpp

Aw, < _pnpnBa—k +
" Pn+1 P%+1 T'n—k

where M = zy_j. Summing the last inequality from N to n — 1, and

using completing the square we have

n—1
o 1 prs 2rs—k
s=N §

Letting n — oo in the last inequality, we obtain a contradiction to
(3.27).
Case(II). Define

n> N. (3.33)

Then v, < 0 for n > N. From Lemma 2.4, we have

rnl\z,

f4n—k

> —1, n> N.
Zn—k

Then
_rnAzn(—rnAzn)o‘*

«o
ank

1
AY <1,

13
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So, by A(—r,Az,) > 0 and (3.33), we have

1 «
a1 <v,An . <0, n>N, (3.34)

where D = —ryAzy. From (3.33), we have

Ao, — A(rpAz,) Az, N

o « o
ank+l ankznfk+1

By Mean Value Theorem
AzZY = ot Az,
where 2, 11 <t < z,_k. Since a > 1 and Az, < 0, we have

Q a—1
Azy < azy T Az

Therefore
PnTy_ i1 ar, Az,
Av, < —— - — Az . (3.35)
“nt1-k “n—kAn—k+1
From (3.22) and (3.35), we obtain
Avy, + ppcpy_, <0, n> N. (3.36)

Multiplying (3.36) by Af,; and then summing it from N to n — 1, we

have
n—1 n—1
Z A pAvs + Z A wPsCy, < 0. (3.37)
s=N s=N
Summation by parts formula yields
n—1 n—1
Z Ao Qv = Ap_pu, — A _jon — Z UsAAL
s=N s=N
By Mean Value Theorem, we obtain
Ch4a_1
AAS > 5k
T's—k

14
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Since v,, < 0, we have

ol owSA;)‘__k1
s=N 5T

Using (3.38) in (3.37), we obtain

n—1
+Zps er1-kCop < 0. (3.39)

Therefore from (3.34) and (3.39), we obtain

-1
1 o le% < (6% (6} @
_Da—1 < An_k?)n < AN_kUN - z]:\, 3A5+1—kcs—k o Da_lAs—kTs—k ’
S=

Letting n — oo in the last inequality, we obtain a contradiction to
(3.28). This ends the proof. O

Theorem 3.4. Assume that o > 1, (1 —a— b%%}f) > 0 for alln >
ny, and there ezists a positive nondecreasing sequence {p,} such that
for any constant M > 0, (3.27) holds. If there exists a positive real

sequence {6, } such that (3.12) holds and

Op—7— )
>l Zpsmﬂ( Mk p) —o (340

77,77,0

then every solution of equation (3.10) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.3, we see that Lemma

2.1 holds and Case(I) is eliminated by the condition (3.27).
Case(II). Proceeding as in the proof of Theorem 3.2 (Case(Il)), we

have
Zn—k = —TpAz Ap_ > —rNAZN A, = dA,
where d = —ryAzy. From (3.23) we have
A(=rpAz,) > dpuey 1 Api s 1> N.

15
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Summing the last inequality from N to n — 1, we obtain

n—1

—rp, Az, > —ryAzy + d Zpsc‘;_kAg‘H_k.
s=N

Dividing the last inequality by 7, and then summing from N ton — 1,

we have

n—1 s—1

1
AN 2 2N — Zp 2 d° Z . ZPtC?_kA?H—k-
s=N °t=N

Letting n — oo in the last inequality, we obtain

o0 1 n—1
(0% (07
E — E :pscs—kAs—H—k < zZn
Tn
s=N

n=N
a contradiction to (3.40). This ends the proof. O

4 Examples

In this section we present some examples to illustrate the main results.

Example 4.1. Consider the neutral difference equation

1 1
A (2n+1A (% + 52t an—f—Z)) +22(2") 2z 3 +2"Tpy2 =0, n>1. (4.1)

Here, r, = 2" a==1a=1/2, b= 1/4, p, = 22(2"), q, = 2",
T=2,0=2, k=3, and m = 2. Thean:%—Qin a,ndAnzzin. It is
easy to verify that all condition of Corollary 3.1 are satisfied and hence
every solution of equation (3.41) is oscillatory. In fact {z,} = {(—1)"}
is one such solution of equation (4.1).

Example 4.2. Consider the neutral difference equation

3 1
A (Q”HA (xn + g1+ §xn+2)> +exp(e™)ad_,+2"2) ., =0, n>1. (4.2)

Here, r, = 2", =3, =5, a = %, b= %, pn = exp(e!™), q, = 27,

T=10=2 k=2 and m = 2. Then R, =

16
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It 1s easy to verify that all conditions of Corollary 3.3 are satisfied and

hence every solution of equation (4.2) is oscillatory.

Example 4.3. Consider the neutral difference equation

1 1
A (2"+1A (In + =xp_1+ —xn+1>) +12(2")xp o +24(2" 25, =0, n>1. (4.3)

2 2
Here, 7, =2 a=1,8=3,a=3 b=3, p,=12(2"), ¢ :24(2”),
T:1,J:1,k:2,andm:1.Theanzﬁ——nandA .]tz's

easy to verify that all conditions of Corollary 3.2 are satisfied and hence
every solution of equation (4.3) is oscillatory. In fact {x,} = {(—1)"}

is one such solution of equation (4.3).

Example 4.4. Consider the neutral difference equation

A (2"“A (xn + 1—16xn_2 + éxnﬂ)) +45(27 2% =0, n>1. (4.4)
Here, 1, = 2" a = %, a = i(s b= %, Dy = 45(2"_2), T=2 0=1,
and k = —12. Then R, = 5 — —n and A, 1 . By taking p, = 1
and 6 = Qn, it 1s easy to see that all condztzons of Theorem 3.2 are

satisfied and hence every solution of equation (4.4) is oscillatory. In

fact {z,} = {(=1)*"} is one such solution of equation (4.4).
We conclude this paper with the following remark

Remark 4.1. In this paper we obtained several oscillation theorems
which ensure that all solutions of equation (1.1)or (3.10) are oscilla-

tory. Therefore our results are new and further improve and complement

to some of the results in [1,9,12,18,19].

17
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