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Vi- Magic Labelings of Some Wheel Related Graphs

Abstract

The Klein 4-group, denoted Vj is an abelian group of order 4. It has elements
Vi={0,a,b,c},witha+a=b+b=c+c=0anda+b=c,b+c=a,c+a=0
A graph G = (V(G), E(@)), with vertex set V(G) and edge set E(G), is said to be
Vi magic if there exists a labeling ¢ : E(G) — V4 \ {0} such that the induced vertex
labeling ¢* : V(G) — Vj defined by

0 (u) = Z{é(uv) cuv € E(G)}

is a constant map. If this constant is equal to a, we say that £ is an a-sum V; magic
labeling of G. Any graph that admits an a- magic labeling is called an a- magic Vj
graph. When this constant is 0 we call G a zero-sum Vj-magic graph. We classify V}
magic graphs into the following three categories:

(i) 74, the class of a-sum V; magic graphs,

(ii) ¥, the class of zero-sum V; magic graphs,

(iii) 74,0, the class of graphs which are both a-sum and zero -sum V; magic.
In this paper, we identify some cycle related graphs which belong to the above cate-
gories.

1 Introduction

In this paper all graphs are connected, finite, simple, and undirected. For graph theory
notations and terminology not directly defined in this paper, we refer readers to [1]. For an
abelian group A, written additively, any mapping ¢ : E(G) — A\ {0} is called a labeling,
where 0 denote the identity element in A.

For any abelian group A, a graph G = (V; E) is said to be A-magic if there exists a
labeling ¢ : E(G) — A\ {0} such that the induced vertex set labeling ¢* : V(G) — A
defined by

) =) {t(w) : w € E(G)}

is a constant map [6]. If ¢ : E(G) — A\ {0}(|A| > 2) is a magic labeling of G with sum
¢, then 71 : E(G) — A\ {0}, defined by ¢=!(u) = —¢(u) is another A- magic labeling of
G with sum —c. The labeling ¢! is called the inverse of £. This implies that A- magic
labeling of a graph need not be unique. A graph G = (V| E) is called non-magic if for
every abelian group A, the graph is not A-magic [6]. The most obvious example of a
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non-magic graph is P,(n > 3), the path of order n. As a result, any graph with a path
pendant of length at least two would be non-magic.

The Klein 4-group, denoted Vj is an abelian group of order 4. It has elements V; =
{0,a,b,c}, witha+a=b+b=c+c=0and a+b=c,b+c=a,c+a=0> Note that
Vy is not cyclic, since every element has order 2 (except for the identity, of course) and
Vy is isomorphic to Zy X Zs. The V4 magic graphs was introduced by S. M. Lee et al. in
2002 [6]. There has been an increasing interest in the study of V4 magic graphs since the
publication of [1]. We define, a graph G is an a-sum Vj magic if there exists a labeling
¢: E(G) — Vi \ {0} such that the induced vertex set labeling ¢ : V(G) — A satisfies
(t(v) =aforall v € V(G)( a#0). If £t (v) =0, for all v € V(G), we say that the graph
is zero-sum V4 magic. We classify V; magic graphs into the following three categories:

(i) Y4, the class of a-sum Vj magic graphs,
(ii) 0, the class of zero-sum Vj magic graphs,
(iii) 74,0, the class of graphs which are both a-sum and zero -sum Vj magic.

Note that K3 € Vy, but K3 ¢ V, and, Cy € V, . In this paper, we identify some cycle
related graphs which belong to the above three categories.

2 Cycle related graphs

Definition 2.1. A path is an ordered list of distinct vertices vy, vs, ..., v, such that v;_1v;
is an edge for all i, 2 < i < n. The ordered list of vertices vi,vs, ...,V s a cycle if vyv1 is
also an edge. Paths and cycles of n vertices are often denoted by P, and C,,, respectively.

We start with the following lemma.

Lemma 2.1. If¢: E(C,) — V3 \ {0} is a labeling of Cy,, then
D F(w) =0 (1)
i=1
Proof. Let £ be a labeling of C,,. Then we have, £*(u;) = (u;_1u;) + £(uju;y1). This
implies that >, ¢*(u;) = 0. O
Using lemma 2.1, we prove the following result:

Theorem 2.1. C,, € ¥, if and only if n is even.

Proof. Assume that C,, € #;. Then by lemma 2.1, we have na = 0. This implies that n is
even.
Conversely, assume that n is even. Define ¢ : E(C,,) — V4 \ {0} by

E(uiuH_l) =b for = 1,3,...,n— 1,

lujuirr) =c for i =2/4,... n.
Obviously, £ is an a- magic labeling of C),. O

Theorem 2.2. C,, € ¥ for all n.
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Figure 1: (a)Sung (b)BSun(6,3), (c) CBSun(6,4)

Theorem 2.3. If n is even, then C,, € ¥40.

The graph obtained by appending & number of edges at ¢ vertices of C,, is denoted by
Cr -
Theorem 2.4. C! , € ¥, if and only if n + tk is even.

Definition 2.2. The corona G1 ® Gy of graphs G1 and Gg is the graph obtained by taking
one copy of G1, which has p1 vertices, and p1 copies of Go, and then joining the ith vertex
of G1 by an edge to every vertex in the ith copy of Gs.

Definition 2.3. The sun on 2n wvertices is a corona of the form C, ® Ky where n > 3.
The sun Cp, ® K; is denoted by Sun,. A broken sun is a connected unicyclic subgraph of
a sun. We denote by BS(p,q) the set of broken suns with n = p + q vertices and with a
p-cycle, note that BS(p;p) = C, ® K1. Forp > 2 and 0 < q < p, a consecutive broken sun,
denoted by CBSuny 4 is the graph belonging to BS(p, q) such that the subgraph induced by
the vertices of degree 2 is a path on p — q vertices. A broken sun (or a sun) is odd (resp.

even) if p is odd (resp.even)[]].

Some examples are depicted in Figure 1.
Theorem 2.5. Sun, € ¥, for all n.
Theorem 2.6. Sun,, ¢ ¥ for all n.
Theorem 2.7. BSun(p,q) € ¥4if and only if p+ q is even.
Theorem 2.8. CBSun(p,q) € ¥,if and only if p+ q is even.
Theorem 2.9. C, ® Ko € ¥, if and only if n is even.
Theorem 2.10. C,, ® Ky € ¥ for all n.
Theorem 2.11. Ifn is even, then C,, ® Ky € ¥4.
Theorem 2.12. C, ® C,, € ¥, if and only if n(m + 1) is even.

Proof. Suppose C,, ©® Cy, € ¥,. Then, n(m + 1)a = 0. This implies that n(m + 1) is even.

Conversely assume that n(m + 1) is even. This implies that m and n are of oppo-
site parity. Let the vertices of C, be (u1,us,...,u,,u1) and let the vertices of C), be
(v1,v2,...,Vm,v1). We consider the following cases



Case 1: Assume that n is even and m is odd. Define ¢: E(C,, ® Cy,) — V4 \ {0} by

lujuirr) =a for i=1,2,...,n,
L(viviy1) =a for i=1,2,... n.

for j=1,2,...,n:
l(ujv)) =a for 1=1,2,...,m.

end for
Obviously £ is an a-sum V; magic labeling of C,, ® Cp,.

Case 2: Suppose b m and n are odd. In this case the labeling is exactly similar to case
1.

Case 3: Suppose both m and n are even.Define ¢ : E(C,, ® Cy,) — V4 \ {0} by

lujuip) =0b for i=1,3,...,n—1,
lujuipq) =c for i=2.4,...,n,
l(vivip1) =a for i=1,2,...,n.
for j=1,2,...,n:
l(ujvi)) =a for i=1,2,...,m.

end for

This completes the proof. ]

Theorem 2.13. C,, ® C,,, € ¥, for all m and n.

Theorem 2.14. If n(m + 1) is even, then Cp, ® Cy, € Y40.
Theorem 2.15. C, ® K,,, € ¥, if and only if n(m + 1) is even.
Theorem 2.16. C,, ® K,,, € ¥, if and only if n(m + 1) is even.
Theorem 2.17. C,, ® K,,, ¢ % for all m and n.

Theorem 2.18. If n(m + 1) is even, then C,, ® Ky, € Y.

A graph G with a fixed vertex u € V(G) will be denoted by the ordered pair (G, u).
Given two ordered pairs (G,u) and (H,v), one can construct another graph by linking
these two graphs through identifying the vertices u and v. We will use the notation
(G,u) o (H,v) for this construction or simply G ¢ H if there is no ambiguity regarding the
choices of u and v [2].

Definition 2.4. Given n graphs G;(i = 1,2,...,n), the chain G1©G2o...G, is the graph
in which one of the vertices of G; is identified with one of the vertices of G;11. If G; = G,
we use the notation oG, for the n -link chain all of whose links are G [2].

Theorem 2.19. C,, © C,, € ¥, if and only if m + n is odd.

Proof. Let the vertices of C,, and C,, be respectively, ui,us,..., U, and vy, va, ..., Uy.
Assume that u; and v; are identified with a new vertex w. Then we have, > 7", £1(u;) +
oo 0T (v;) + £+ (w) = 0. This implies that (m + n) is odd.

Conversely, assume that m + n is odd. Then we consider two cases:



Case 1: Suppose m is even and n is odd. Define a mapping ¢ : E(C,, ©Cy,) — V4 \ {0} by

b for 1=1,3,...,
c for i=2,4,...,

C(uiuip1) = {
¢ for 1=1,3,...,n,
viwi) = { b for i=24,...,n—1.
Clearly /¢ is an a-sum magic labeling of C,, ¢ C,, € 7.
Case 2: Suppose m is odd and n is even. The remaining part is exactly similar to case 1.

This completes the proof. ]

Theorem 2.20. o[C,],, € ¥, if and only if m is odd and n is even.
Theorem 2.21. C,, o C,, € ¥ for all m and n.

Theorem 2.22. If m +n is odd, then Cp, o Cy, € ¥4 0.

Theorem 2.23. oC),, € .

Definition 2.5. A wheel graph denoted by W, is defined as W,, ~ C,, + K1, where C,, for
n >3 is a cycle of length n [2].

Here need the following lemma.

Lemma 2.2. If¢{: E(Wy) — Vi \ {0} is a labeling of W, then
D (ug) = € (u) (2)
i=1

where uy,uo, ..., U, are the vertices of the cycle C,, and u is the central vertex of W,.

Proof. Observe that

=1
and
0 (ug) = L(ui—qu;) + (usuggr) + £(uug). (4)
Therefore
> 0t (u) =2 luguig) + > (uw)
i=1 i=1 i=1
That is,

D (i) = 07 (u) =2 L(uguig). (5)
=1 =1

Note that > ;" , l(ujuiy1) € Vi. Therefore, 2> 7" | f(uju;iy1) = 0. Hence equation (5)
reduces to

> 0t (ug) = £ (u).
=1



Theorem 2.24. W, € ¥, if and only if n is odd.

Proof. Suppose W,, admits an a- sum V4 magic labeling. Then by lemma, we have
na=a, a #0.

This implies that n is odd.

Conversely, assume that n is odd. We will prove that W,, admits an a-sum V} magic
labeling. Let ¢ : E(W,) — V4 \ {0} be a labeling of W,, such that ¢(uu;) = a for all
i . Since n is odd, Y ;" f(uw;) = a. Thus £T(u) = a. Note that £(uuiy1) € Vi for
i = 1,2,...,n, where up11 = uj. Therefore, 2% 1" | ¢(u;ui+1) = 0. This implies that
oy l(uiuigrr) = 0,a,b or c. Without loss of generality assume that > | £(ujuip1) = 0.
The other cases are similar. Note that Y ;" | £(u;u;+1) = 0 can be written as:

C(urug) + Y L(ujuigr) = 0. (6)
=2

Let us take £(ujug) = a. One can assign b or ¢ to £(ujusg) instead of a. If £(ujus) = a, the
second term in equation (6) can be taken as a. That is,

Zﬁ(uiuiﬂ) = a. (7)
1=2

Note that equation (7) can be written as:

n

Uuguz) + Y L(ujuir) = a. (8)
=3

For an a-sum Vj magic graph, we need
l(ujug) + l(ugus) + £(uuz) = a.

This equation implies that ¢(ugus) = a. Hence £*(u3) = a. From equation (8), we have
Z?:?) l(u;uirq) = 0. That is,

ZE(WWH) =0 9)
=3

Again, equation (9) can be written as:

n

K(U3U4) + Zﬁ(uzuzﬂ) =0. (10)
=4

For an a-sum Vj magic graph, we need
L(usug) + l(uug) + (ugus) = a

This implies that ¢(usuy) = a. Hence T (u3) = a, If we continue this process we finally
arrive at £(uj,uy) = a and €7 (uy) = a. Thus £ is an a-sum V; magic labeling of W,,. [

A step by step procedure for finding an a-sum magic map for W,,, when n is odd is
given below:



1. For i =1,2,..., setting
l(uu;) = a or b or c.

2. Consider the equation Y ;" | f(u;ui+1) = 0. Assume that ((uu;) = a.

3. Split 0 into two parts. We have the following possibilities:

at+a=0, b+b=0, c+c=0

4. Consider the first sum a + a = 0 and take £(ujug) as a. Then >, l(ujuip1) = a.
One can consider the other two cases also.

5. Split the summation > , ¢(u;u;+1) = a in the following form

l(ugug) + Z U(ujuitr) = a.
i=3

Find the value to ¢(ugus) from the following equation:

L(uyuz) + L(uug) + L(ugus) = a.

6. Continue this processes up to the (n — 1) step. Finally the value of £(u,u;) is
determined by the equation:

U(up—1up) + L(uuy) + l(uiu,) = a

Observe that a-sum Vj; magic labeling of W, is not unique. The following is another
procedure for obtaining an a-sum V4 magic labeling of W,,.

1. Consider the equation
n
Zﬁ(uiuiﬂ) =0,a,bor c (11)
i=1
Without loss of generality assume that

Z K(uiuiﬂ) =0. (12)
i=1

The equation (12) can be written as:

n

K(uluQ) + ZE(UZUZ—H) =0. (13)
=2

Assign a or b or ¢ to ¢(ujusz). Let us assign a to ¢(ujuz). Then from equation (13)
one obtain,

D l(uiuig) = a. (14)
=2

Equation (15) can be written as:

n

L(ugug) + Z l(ujuitr) = a. (15)
i=3

7



Uls — b
Usls —» Db
UsUio — b

Uoltn — b

Unli — b

Figure 2: A a-sum V4 magic labeling of Wy

Assign any value to ¢(ugus) from the set {a,b,c}. Let us assume that ¢(ugug) = b.
Choose ¢(uusg) such that

(ugug) + L(uug) + L(ugus) = a. (16)

Hence we have
(" (ug) = a.

2. From equation (15), we have
n
Zﬁ(uiuiﬂ) =c (17)
i=3
Applying the same procedure as explained above, one obtain:
0" (u3) = a.
3. Continue the above processes. Finally, we obtain

" (u1) = a.

4. Since /¢ is a labeling of W,,, by lemma 2.2, we have
0 (u) = ZFF(ui) =na
i=1

Since n is odd, we have na = a. Therefore, we have {1 (u) = a.
Several a-sum magic labelings of W11 are shown in figure 2 and 3.

Theorem 2.25. W, € ¥, if n is odd.



U7Us — a
UsUs —» QA
UsUio — &

Ut — a

Uit —— a

Figure 3: A a-sum V; magic labeling of Wy,

Proof. Suppose n is odd. Define ¢ : E(W,,) — V; \ {0} by

luu;) =a fori=1,2,...,n—2,
l(uu;) =cfori=n—1,
l(uu;) = b for i = n,
lujuipq) =bfori=1,3,...,n—2
l(ujuip) =cfori=24,...,n—3
Uup—1un) =a
Lupuy) =c

Obviously ¢ is a zero sum Vj magic labeling of W,,. O

A zero sum magic labeling of W7 and Wi3 are shown in figure 4. Further, different
zero sum magic labeling of W1y is shown in figure 5 and figure 6.

Theorem 2.26. W, € ¥, if n is even

Proof. Let ¢ : E(W,) — Vi \ {0} be a labeling of W,,. Then 2% " | {(uu;) = 0. This
implies that > 7" ; £(ujui+1) = 0,a or b. Without loss of generality assume that

i=1

Rest of the proof is exactly similar to the algorithm for finding the a-sum V4 magic labeling
of W,, explained above subject to the condition that no element will repeat consecutively
on the outer circle of W,,. O

Theorem 2.27. If n = 0(mod 3), then W,, admits a zero sum Vy magic labeling.
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Figure 4: Zero-sum V; magic labeling of W7 and W3

U7Us ——» ¢

UsUs —»

UsU1o —»
Uit —» C

Uiildt ——

Figure 5: A zero-sum Vj magic labeling of W1,
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b

U7Us —»

UslUs —»

C

UsUio —»
Uiol11  ——»

Uit ——

Figure 6: A 0-sum V,; magic labeling of W74

Proof. Define ¢ : E(W,,) — V4 \ {0} as follows:

l(ujuipr) = b, l(uu;) =c fori=1,4,7,...,n—2,
l(ujujp1) = ¢, l(uu;)) =a for j =2,5,8,...,n—1,

(Uit 1 (mod n)) = @ L(uu;) =b fori=3,6,9,...,n.
Obviously ¢ is a zero sum magic labeling of W,,. U
Theorem 2.28. If W,, is a- sum V4 magic and if k is odd, then Wy, is a-sum V; magic.

Proof. Assume that W,, is a- sum Vj; magic. Then by theorem 2.24, we have n is odd.
Since k is odd this implies that nk is odd. Hence theorem 2.24 tells us that W, is a-sum
V4 magic. O

Next, we will explain a procedure for obtaining an a-sum Vj; magic labeling W,,; if an
a-sum V4 magic labeling of W), is known.
Let Cy 1 : v1,v2,03, ... ,U,,v1 and v be the center vertex of Wy,. Let Cyp 1 : w1, ug, ..., Ugp, U1
and u be the center vertex of Wy 1. Let £ : E(W,) — Vi \ {0} be an a-sum Vj magic
labeling of W,,. Whenever m = i(mod n), define a function ¢’ : E(W,;) — Vi \ {0} by

O (uttyy,)

O (U Uma1)

= l(vv;), for m = i(mod n)
= l(v;vi11), for m = i(mod n).
If ¢'* is the induced vertex labeling of W, then £/t (u) = kf*(v) = ka = a and
O (ug) = 0 (Um—1tm) + € (utty,) + € (Ut 1)
= g(u(mfl) mod nWm (mod n)) + e(uum(mod n)) + E(um(mod n)U(m+1)(mod n)) = a.
Hence ¢ is an a-sum Vj magic labeling of W,,. An a-sum Vj magic labeling of W3 and

W15 is shown in figure 7.
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Figure 7: A a-sum V4 magic labeling of W3 and W5

s
=

e
N

Figure 8: An m- level Wheel: W, ,,,

Theorem 2.29. If W, is zero-sum V4 magic, so is Wy, for every k > 2.

Definition 2.6. (see [2]) A double-wheel graph Wy, o can be obtained as join of 2C,, +

K1, and inductively we can construct an m-level wheel graph denoted by W, , as follows
Whpm ~ mCp + K.

Let Cy1,...,Cym represent the cycles of W, ., at levels 1,...,m, respectively, as
shown in figure 2.

Lemma 2.3. If ¢ : E(W,, ) — Vi \ {0} is a labeling of Wy, ,, then
m n
DO (i) = £ (u) (19)
j=1i=1

where uy j,u2j, ..., Uy j,u1; are the vertices of the cycle Cy, ; and u is the central vertex

of Wh.m.

12



Theorem 2.30. W, ,,, € 7, if and only if both m and n are odd.

Proof. If W,, 1, € 74, then by lemma 2.3, we have
(mn)a = a.

This implies that mn is odd or equivalently m and n are both odd.
Conversely, assume that both m and n are odd. If we label all the edges of W), ,,, by
a, then obviously £*(u) = a and 7 (u;;) = a. O

Theorem 2.31. W, ,,, € ¥ for all m and n.
Theorem 2.32. If W, ,, € ¥, then Wiy, € ¥, if k is odd.

Proof. Wy, . € 7, implies that mn is odd. This implies that both m and n are odd. Now,
Win,m € V4 if mnk is odd. This implies that k is odd. O

Theorem 2.33. If W, ,,, € %, then Wy € %o for any k > 1.

Definition 2.7. A subdivided wheel graph denoted by SW,, is obtained by dividing each
spoke wu;. Similarly, we can define the subdivided m-level graph SWiy, p,.

Lemma 2.4. If(: E(SW,,) — Vi \ {0} is a labeling of SW,,, then
n n
D 0 () + )0 (v) = F (w). (20)
i=1 i=1

where uy,us, . ..,u, are the vertices of the cycle Cy, 1, vi,va,...,v, are the vertices corre-
sponding the subdivision of the spokes uu; and u is the central vertex of Wy,.

Theorem 2.34. SW,, ¢ ¥, for any n > 3.

Proof. Assume that SW,, admits an a-sum V, magic labeling. Then by lemma 2.4, we
have

na+na=a
This implies that a = 0. O
Theorem 2.35. SW,, € ¥, for any n > 3.

Proof. We consider two cases:

Case 1: If n is even, define ¢ : E(SW,,) — V4 \ {0} as follows:

l(uv;) =a, fori=1,2,3,...,n,

l(viu;) = a, fori=1,2,3,...,n,

(u; z+1):b, fori=1,3,...,n—1,
L(Uith(i41) (mod n)) = ¢, fori=2,4,.

Obviously £+ (u) = £ (u;) = £*(v;) = 0. Hence SW,, € ¥ if n is even.

13



Case 2: If n is odd, define ¢ : E(SW,,) — V,; \ {0} as follows:

luv;) =a, fori=1,2,3,...,n—2,
l(uv;) =b, fori=n—1,
L(uv;) = ¢, for i =mn,
l(viu;) =a, fori=1,2,...,n—2,
l(vju;) =0b, fori=n—1,
l(vju;) = ¢, for i =mn,
lujugipry) = b, fori=2,4,...,n -3,
lujugipyy) = ¢, fori=1,3,...,n -2,
U(up—1uy) = a,
(upuy) = b.

Observe that £*(u) = €1 (u;) = £1(v;) = 0. Hence SW,, € ¥ if n is odd.

Lemma 2.5. If{: E(SW,, ;) — Vi \ {0} is a labeling of SW,, pm,, then

SN i)+ )Y (i) = (w).

j=1i=1 j=1i=1

where U5, U2,5, - -
subdivisions corresponding to the edges uu; ; and w is the central vertex.

Theorem 2.36. SW,, ., ¢ ¥, for any n and m.
Theorem 2.37. SW,, ,,, € % for any n and m.

Proof. We consider two cases:

S Un j,u1,j are the vertices of the cycle Cy j, v1,j,v2,5,-

(21)

.., Unj are the

Case 1: If nis even, for j = 1,2,...,m, define £ : E(SW), ) = Vi \ {0} as follows:

afori=1,2,3,...,n,
afori=1,2,3,...,n,
b,fori=1,3,...,n—1,

=cfori=2,4,...,n.

E(uvi’j

£(vi jui

(i juiv,

(i juiv,

~— — ~— —

Obviously £ is a zero-sum magic labeling of SW), ;.

Case 2: If nis odd, for j =1,2,...,m, define £ : E(SW), ;) = Vi \ {0} as follows:

luwv;j) =a, fori=1,2,3,...,n —2,
luv; ) =0b, fori=mn—1
l(uv;j) =c¢, fori=mn

l(v;ju;j) =a, for i =1,2,3,...,n—2,

14



E(umvi,j = fori=mn— 1,

for i = n,
fori=1,3,...,n—2

b,
O jvi ) = ¢,
C7
b,fori=24,...,n—3
a?
b,

C(uijuitj
(i Ui,
(i jun,;j

fori=n-1

~— — ~— S ~—

0w juq for i = n.

Obviously £ is a zero-sum magic labeling of SW,, ,,.
O

Definition 2.8. The helm H,, is the graph obtained from the wheel W, by attaching a
pendant edge at each vertex of the cycle C,,.

Lemma 2.6. If {: E(Hy) — Vi \ {0} is a labeling of SHy, then
n n
D (u) + Y0 (i) = (). (22)
i=1 i=1
where uy, ug, . . ., uy, are the vertices of the cycle Cy, 1, v1,v2, ..., v, are the pendant vertices
corresponding to the spokes uu; and u is the central vertex of W,.
Theorem 2.38. H, ¢ ¥, for any n.

Theorem 2.39. H, ¢ ¥ for any n.

Definition 2.9. The web graph W (2,n) is the graph obtained by joining the pendant points
of a helm H,, to form a cycle and then adding a single pendant edge to each vertex of the
outer cycle.

Lemma 2.7. If{: E(W(2,n)) — Vi \ {0} is a labeling of W(2,n), then
Do)+ () + Y (wi) = £ (w). (23)
i=1 i=1 i=1

where i, ua, ..., u, are the vertices of the cycle Cy, 1, v1,v2,...,v, are the vertices of C, 2,
w1y, W, ..., wy are the pendant vertices and w is the hub of W(2,n).

Theorem 2.40. W (2,n) € ¥, if and only if n is odd.

Proof. Assume that W (2,n) € #,. Then from lemma 2.7, we have

na +na+na =a

This implies that na = a. This equation holds if and only if n is odd.
Conversely, assume that n is odd. Define a mapping ¢ : E(W(2,n)) — V4 \ {0} by

for i=1,2,...,n,

)=a

lujuirr) =b for 1=1,3,...,n,
)=ua
)



Obviously, £T(u) = a and £*(u;) = (T (v;) = l(w;) = a for i = 1,2,...,n. A a-sum Vj
magic labeling is shown in figure 2.
O

Theorem 2.41. W(2,n) ¢ %, for any n.

Definition 2.10. The generalized web graph W (t,n) is the graph obtained by iterating
the processes of constructing web graph W (2,n) from the helm H,, so that the web has t
n-cycles.

Lemma 2.8. If{: E(W(t,n)) — Vi \ {0} is a labeling of W (t,n), then

t n
DD Hluig) + Y (i) = £F(u). (24)
where uy j,u2 5, ... ,Un; are the vertices of the cycle Cp j, j = 1,2,...,t and vi,v2,...,v,

are the pendant verties and u is the hub of W (2,n).

Theorem 2.42. W (t,n) € ¥, if and only if n is odd and t is even.

16



Proof. Assume that W (t,n) € #,. Then by lemma 2.8, we have
n(t+1a=a
This implies that n is odd and ¢ is even. ]

Theorem 2.43. W (t,n) ¢ ¥y for any n and any t.

Definition 2.11. The generalized web graph without center, Wy(t,n) is the graph obtained
by removing the central vertex of W(t,n).

Lemma 2.9. If {: E(Wy(t,n)) — Vi \ {0} is a labeling of Wy(t,n), then

SN T (uig) + ) £ (v) = 0. (25)

g=11i=1 =1

where uy j,u2j,. .., U j are the vertices of the cycle C, ;, v1,1,vV2,2,...,Vn1 are the pendant
vertices.

Theorem 2.44. If Wy(t,n) € ¥, if and only if n(t + 1) is even.

Proof. First, assume that Wy(¢,n) € ¥;. Then by lemma 2.9, we have nta +na = 0. This
implies that n(t + 1) is even.
Conversely, assume that n(t + 1) is even. we consider the following cases:

Case 1: If n and ¢ are even, define £ : E(Wy(t,n)) — Vi \ {0} as follows:

(Ui 1U(i41)(mod n),1) = a fori=1,2,3,...,n

for j=2,3,...,t:
0(u;juiprj) =cfori=1,3,....,n—1
£(Ui jU(i+1)(mod n),;) = b fori=2,4,....n
end for

for 7=1,2,...,n:
l(ujujipr) =afori=1,2,...,t—1
end for
l(ujpv;) =afori=1,2,3,4,... n.

Case 2: Assume that n is even and t is odd. In this case the labeling is exactly similar
to Case 1.

Case 3: If n is odd and ¢ is odd, define ¢ : E(Wy(t,n)) — V4 \ {0} as follows:

(Ui 1 U (1) (mod n)1) = @ for i =1,2,3,...,n
for 7=2,3,...,t:
0(u juiqr ;) =bfori=1,3,...,n—2
£(Ui jU(i41)(mod n),;) = c fori=2,4,....n—1
end for
U(Un i, ;) = afori=1,2,3,4,... ,n,

17



l(ujpv;) =afori=1,2,3,4,...,n
for k=23,...,n—1:
(upjup,iv1) = a, fori=1,2,3,... ¢t -1,
end for

14 U177;'LL17Z'+1) =a, for i = ].,3, e ,t - 2,

S S

(

(U177;'LL17Z'+1) = C, for i = 2,4, RPN ,t — 1,
(Unitinit1) =a, for i =1,3,...,t =2,
(

(up jtupit1) =b, fori=2,4,...t -1

Obviously ¢+ (u; ;) = a and £1(v;) = a.

Theorem 2.45. Wy(t,n) ¢ ¥ for any n and t.

Definition 2.12. A closed helm is the graph obtained from a helm by joining each pendant
vertex to form a cycle.

Lemma 2.10. If¢: E(H(2,n)) — V4 \ {0} is a labeling of H(2,n), then

n n
Dt (u) + ) () = 0 (w) (26)
i=1 i=1
where uy,us, ..., u, are the vertices of the cycle C, 1, v1,v2,...,v, are the vertices of the

cycle Cp o and w is the central vertex.
Theorem 2.46. H(2,n) ¢ ¥, for any n.
Theorem 2.47. H(2,n) € ¥ for all n.

Proof. Case 1 Assume that n is even. Define a labeling ¢ : E(H(2,n)) — V4 \ {0} as

follows:
luw)=a for 1=1,2,...,n,
lujuipr) =a for i=1,2,...,n,
luv;) =a for i=1,2,...,n,
(UZle):b for 1=1,3,...,n—1,
L(vjvip1) =c for 1=24,...,n

Obviously, ¢ is a zero- sum V; magic labeling of H(2,n).

Case 2: Assume that n is odd. Define a labeling ¢ : E(H(2,n)) — V4 \ {0} as follows:

luiw) = a, L(ugw) = b, l(usw) = c¢
lu;w) =a, for i=4,5....n
lujuirr) =a for 1=1,2,...,n
Lurvy) = a, L(ugvy) = b, l(usvs) = ¢,
luv;)) =a, for i=4,5,...,n

18



(v1v9) = ¢, L(vaus) = a, L(vzvy) = b,
l(viviy1) =c¢ for 1=4,6,...,n—1,
l(viviy1) =b for i=5,7,...,n.

One can easily verify that £ is a zero sum magic labeling of H(2,n).
]

Definition 2.13. Closed generalized helms are obtained by taking a generalized web and
joining pendent vertices to form a cycle. H(2,n) denotes a closed helm whereas H(t,n)
denotes a closed generalized helm with t cycles each of size n.

Lemma 2.11. If¢: E(H(t,n)) — V4 \ {0} is a labeling of H(t,n), then

S (i) = £ (w). (27)

j=1i=1
where uy j, U2 j,...,Un; are the vertices of the cycle Cy, j, and w is the central vertex.
Theorem 2.48. H(t,n) € ¥, if and only if both n and t are odd.

Proof. First, assume that H(t,n) € #,. Then by lemma 2.11, we have (nt+1)a = 0. This
implies that both n and ¢ are odd. Conversely, assume that both n and ¢ are odd. Define
¢ B(H(tn)) — V \ {0} by:

l(urw) = a,
l(ujqw) =b, for i=2,3,...,n,
forj=1,2,...;t—1:

O(uijuiv1j) =c¢, for i=1,3,....n—2,

O(u;juiyr ;) =0b, for i=2,4,....n—1n
end for

l(ujpuip1y) =b, for i=1,3,...,n,

lujtuiz1y) =a, for i=2,4,...,n—1,

forj=1,2,...,t—1:
C(urjur 1) = a,
O(u;juijy1) =b, for i=23,...,n—1,
end for
U(Uup junjt1) =c¢, for j=1,3,...,t—2,
U(Up junjt1) =0, for j=24,...,t—1

Obviously £ is an a-sum magic labeling of H (¢, n). O
Theorem 2.49. H(t,n) € % for alln and t.

Proof. Case 1: Assume that n is even. Define ¢ : E(H(t,n)) — V4 \ {0} by:

lujjw) =a, for i=1,2,...,n
for j=1,2,...,t—1:
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l(uijuije1) =a, for i=1,2,... n,

l(uj juip1y) =a, for i=1,2,...n,
end for

l(ujuipr1t) =0, for i=1,3,...,n—1,

Uujguivry) = ¢, for i=2/4,...,n,

Obviously, ¢ is a zero sum V; magic labeling of E(H (t,n).
Case 2: Assume that n is odd. Define ¢ : E(H(t,n)) — Vi \ {0} by:

luigjw) =a, Lugiw)=0>b L(uzjw)=-c
lujqw) =a, for i=4,5,...,n
for j=1,2,...,t—1:

O(ui Uit , for i=1,2,...,n,

(ul,]ul,]+1

9

9

)
)
U(ug juz 1) =
C(us jus,j+1)

)

O(u; ju; 41 for i=4,5,,...,n,

)

a
a
b
c
a
end for
c
a
b
c
b

O(ur pug g

)

)

(
€(U2 tU3¢
(

for 1=4,6,,...,n—1,

(uz tUWi4-1t

)

)
)
¢ U3tu4t)
)
)

O(u; puig ¢ , for i=57,...,n.

Obviously ¢ is a zero sum magic labeling of E(H (t,n).

Theorem 2.50. H(t,n) € ¥, if and only if both n and t are odd.

Definition 2.14. The flower graph Fl, is the graph obtained from a helm H,, by joining
each pendant vertex to a central vertex of the helm.

Lemma 2.12. If¢: E(Fl,)) — V4 \ {0} is a labeling of Fl,, then

D 0 (u) + Y () =t (w) (28)
=1 =1

Theorem 2.51. Fl, ¢ ¥, for any n.
Theorem 2.52. Fl,, € ¥ for all n.
Proof. If we label all the edges by a, we obtain:
(T (u;) =0, ¢T(v;)=0 and ¢F(w)=0.
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