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LONGEST WAITING TIME IN THE COUPON COLLECTOR’S
PROBLEM

ABSTRACT. The coupon collector’s problem is a classical problem usually solved by summing
independent but not identically distributed geometric random variables. These geometric
random variables represent waiting times for the j-th coupon for j = 1,2,---. In this paper
we address the question about the longest of these waiting times. In particular, we evaluate
the moments of the longest waiting time.

1. INTRODUCTION

The coupon collector’s problem is a well known problem in probability theory. Suppose a
certain commercial brand distributes a coupon in every box of a particular product where
there are in total n distinct coupons. A coupon collector wishes to collect all n coupons and
does not know which coupon is in any particular box. The standard problem is to determine
the expected total number of boxes to collect all coupons. To find the total waiting time,
the usual method is to suppose that the collector already has ¢ — 1 distinct coupons, he now
wishes to obtain the i-th distinct coupon. We call the number of boxes he opens before he
collects the i-th coupon X;. Clearly X; is a random geometric variable with p = ”77”1
The expected waiting time to collect all the coupons is nH,, where H,, is the n-th harmonic
number and asymptotically this equals n(logn + 7). This is the standard coupon collecting
problem.

The problem was first mentioned in 1709 by de Moivre in his collection of 26 problems
related to games of chance titled De Mensura Sortis, deu, de Probabilitate Eventuum in
Ludis a Casu Fortuito Pendentibus. In 1938 Kendall and Smith [8] mentioned the problem
in relation to checking the randomness of their sampling numbers, Feller [5] presented the
question as a type of urn problem. Some new aspects to this problem can be found in
[1, 6, 12]. We let M be the maximum value in the sequence (X;). The interpretation of this
is the longest time one needs to wait until obtaining a new coupon. In this paper we will find
the expected value, the variance and higher moments of M.

Some relevant references on samples of independent identically distributed geometric ran-
dom variables and their applications can be found in [3, 7, 9, 10, 11, 13, 14].
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2. EXPECTED VALUE OF THE LONGEST WAITING TIME

Let M be the longest waiting time, i.e., let M = Maz(X;). In this section, we compute
E[M], the expected value of M.

Theorem 1. The expected value of the longest waiting time E[M] is asymptotic to
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Proof. For this we use the standard formula for the expected value
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We proceed using the substitution o = £ and defining the function g(a) := lim f(an,n),
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thus
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The convergence of f(an,n) to g(«) is fast and is illustrated below
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FIGURE 1. Graph of f(an,n) against o for n = 10
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FIGURE 2. Graph of g(«) against «

To evaluate the above expression we use the following lemma

(2.4)



Lemma 1. Euler’s pentagonal number theorem, (see [2], Corollary 1.7 p11 and [4] for proof).
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We use the lemma to obtain
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Therefore, we compute
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This expression tends to the value 1.25519745--- . ]

3. VARIANCE OF THE LONGEST WAITING TIME

In this section, we find the variance of the longest waiting time. Our result is obtained
from E[M?] — (E[M])? and asymptotically we have

Theorem 2. The variance of the longest waiting time Var(M) is asymptotically equal to
0.82132279 - --n? as n — oo.

Proof. We first find E[M?], the second moment about the origin. This is given by the well

known formula,
o0

E[M?] = (2 + 1)P(M > ).
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So in our case,

. EM? . S&X2i+1 ,
7=
o0 o0 1
:nll_{r;olz P(M > 1) +ZEPM>1
=0 =
= 2
:nh—{go 0n2P(M>'L)
1=

We proceed with our calculations using a similar argument to the one in Section 2 and obtain
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which numerically tends to 2.396843429 - - -
Using (3.1) — (2.6)? we obtain
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4. HIGHER MOMENTS OF THE LONGEST WAITING TIME

In this section, we find the higher moments for the longest waiting time. We use the

formula for the k-th moment
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So in our case
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In order to obtain the above integral we first compute
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Thus our expression in (4.1) yields



Theorem 3. The k-th moment of the longest waiting times satisfies
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So for example for k£ = 3 and 4 we have
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In the table below we list the approximate numerical values for the moments about the
origin, moments about the mean, and normalised moments about the mean, for k =1,2,3,4,5
where o is the standard deviation of M:

Elolim EMM | g5y B | g5, EOM=p)]
n—oo  nF n—oo nk n—oo  orn¥

1| 1.25520 0 0

2| 2.39684 0.82133 1

3| 6.68903 1.61867 2.17465

4| 25.45310 7.07975 10.49519

5 | 123.70507 34.41198 56.28919

TABLE 1. Summary of numerical values of moments

4.1. Remarks on the distribution. We observe that % tends to a particular distribution
which is the distribution of the maximum of a collection of independent exponential random
variables with means 1, %, %, %, e % and so on.

To see this, note that the last waiting time is a geometric random variable with mean n
and if we divide by n it is well approximated by an exponential random variable with mean
1. Similarly the second last waiting time is geometric random variables with mean % and
again after dividing by n it is approximated by an exponential with mean % The pattern is

repeated for the third last waiting time and so on.
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