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Abstract

We establish the inequality

p(ara+ 2571b) < ghola) + Zte(d) — [0, (27 ™)e(|%52])], where ¢ is superquadratic and
prove a more general inequality where -+ and 27;;1 are replaced by o and 2% respectively, with
a+pB=2" neN.

The case where a + 8 # 2", n € N, is also considered.
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1 Introduction

The discrete version of Jensen’s inequality for functions is given in [4,p 1] as

<15(Pi mel) < % Zpiqﬁ(xi), (1.1)
"=t =1

where ¢ is a convex function defined on an interval I in R, (z1,...,z,) € I"(n > 2) and (p1, ..., pn) iS
any non-negative n-tuple satisfying P, = >_7" | p: > 0.

Definition 1.1 (1). A function ¢ : [0, 00) — R is superquadratic provided that for all = > 0 there exists
a constant P, € R such that

oY) > o) + (y — ) P + o(ly — ) (1.2)

forally > 0.
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By replacing the convex function with superquadratic function in (1.1) [see 1], we obtain;

wq}mos/ww@»—ﬂu@—fmmwmg, (13)

where (€, 1) is a measure space with 1(2) = 1 and f an integrable function on Q.
xi,)\i 20,1'21,2,3,...,71, E?:l )\i:L

The inequality (1.3) is referred to as the refined continuous Jensen’s inequality.

In [1] the inequality (1.3) was proved to be equivalent to definition (1.1).

In [3] the following definition was given for superquadraticity

Definition 1.2. A function ¢ : X — R is said to be superquadratic,
if Ve, y € X

ez +y) + ez —y) > 2[p(z) + ey)], (1.4)
where X is a real vector space.
With the change of variable, x — y = a and x + y = b, (1.4) becomes

o(U50) < 2pla) + 0(b) — (P52, (15)

1.1 A refinement of Jensen’s Inequality

In this paper, we prove a new refinement of the Jensen’s inequality by using definition (1.2) of
superquadraticity, where we allow ¢ to be midconvex but not convex.

Proposition 1.1. For \1 = .5, \> = 2222 and foralln € N

©(M1a + A2b) < Aip(a) + Aagp(b) — [Z (Mi2%) N (1.6)
where o satisfies definition (B) on the restricted domain of R™ to R*.
For A1 = &, A2 = £ we define a split of (% a + £-b) to be

1 aa+ (B—2""1b
Equation (1.6) is generalized as stated by the following proposition.
Proposition 1.2.
B
so(Q—na+ 70 (1.7)
«a 2 b a u 6
- n+1—1

7,:3

where o, 5 € N such thata + 8 = 2”, n — 2, is the number of splits and €(,,1—;) is the minimum of
{a, B} before the (n + 1 — i) split.
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2 Proof of results

Proposition 1.1. For A\; = 54, X, = 2=

P(Ara+ A2b) < Aip(a) + Aagp(b) — [Z A12°) =) (1.6)
where ¢ satisfies definition (1.2).
Proof
We establish (1.6) using induction.
Forn =1, (1.6) is (1.5).
Fix k € N,k > 1 and suppose (1.6) is true, that is
k_ k_ _a
P( + 580) < gre(a) + ete(d) — [0, (5r=)e (1 52D)].
Now
a okt _q 1,a 21
@(Qkﬂ + ok+1 b) = @(5 ok + ok b))
1,a+ (2" —1)b
= o(5(HSE )
and so by inequality (1.5),
1ra+ (28 =1)b 1 a4+ (2" =1)b, 1 1ia+ (28 = 1)b
Gz +t) < se(—F—) +500) —e(Gl—5— —?])
1 ,a+(2F—1)b, 1 b—a
= 590( ok )Jri‘P(b)*‘P(‘W’)

k k
But ‘10(2% + 22;1b) < ilc‘P(a) + 22;190(6) - Zf:l(le—i )o(

So .
o5 + %b)

< sirela) + Ztod) — L[TF, (5)e (|52

2=21)], from the inductive hypothesis.

Thus
oltsn + L) < gheretar + 2o - 13 Gt
which completes the proof.
Proposition 1.2.
p(gma+ 2%6) (1.7)
< gla) + 20~ 13 (el 520 + 3 ()l 52 ]

where «, 8 € N such that o + 5 = 2™, n — 2, is the number of splits and ¢(,,+1—;) is the minimum of
{a, B} before the (n + 1 — ¢) split.

To demonstrate the techniques in the proof, we first consider some examples for given values of n, «
and 5.
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Example 2.1. We consider the case wheren =3, « = 3 and 8 = 5, that is

W5+%) = eGly+7)
= oG+ +))
< 3o + L) - oGl -,

using (1.5).
From inequality (1.6)

o(F + 1) < 3o+ 390) ~ [5o( 757D + (77

So

b 3

SN+ (540 — e Clo - al)
(iia 5b 1

o2+ 2) < Sp(a) + 200) - [10(1 252D + 501772 + (2 [b— al)]

5+ 9) <8+ Bt - et

Example 2.2. We consider the case wheren =4, a =5 and g =11, i.e

5a  11b 1:5a 11b

(1) = *Glg 5l
1: 5a+3b

()

1 /5a+3b 1

30 (5) + 500) —¢(g5]b —al),

IA

using (1.5).
Now from example (2.1),

5a + 3b 1
o(

) < Soa)+ 2o - [30(1° 52 A

) 45T +e(Clb - al)].

So

P12 < o+ o) - [3e(I 552D + 700552

~ ol + 500~ o(g5lo—al

This simplifies to

)

11b
ola) + 1500 — [5e(|1752) + 302 2D] - e (31— al) + (5o - a)].

Proof of proposition (1.2)

If o and S are both even, say 26 = a and 20 = Bwhere §, ¢ € Z*,thend+ o = 2""! and so we
only need to prove the result for «, 8 both odd.

Leta =20 +1and 8 =20 + 1, where §,0 € Z™ U {0}, so

2(8 + o + 1) = 2™ and therefore ¢ = 2"~ — § — 1.

Without loss of generality let o > 6.

We consider the two special cases, n =1 and n = 2.

alg
+

o(

<

103



Case 1wheren =1,wehaved =c =0and a = 5 =1, (n—2) is -1. But we cannot have a negative
number of splits, so we ignore the last expression in (1.7) and summing i from 1 to 1 since n = 1,
(1.7) reduces to

1 1 b—a

¢(§a+ %b) < %so(a) +59(0) —¢( 2 D)

which is precisely inequality (1.5).

Case 2 where n = 2, the number of splits is zero and we have only two odd numbers 1 and 3, thus
we have the expression ¢ (2£2%) to expand.

This is (1.6) a specal case of (1.7) for A\; = 1 and A\, = 2, giving

(A1) < Lola) + 200) - [o(51b—al) + (51 a))]
= 1@+ 300) - [ () (1 552D),

i=1
hence inequality (1.7) is true for the special cases where n =1 and n = 2.

We consider n = 2 as our base point since the number of splits is zero

For any pair of odd numbers «, 8 such that o+ 5 = 2", Vn € N, n > 2, the pair «, 3 is split recursively
until the pair (1, 3) is obtained, which is the base point.

Therefore we use the principle of mathematical induction to establish the result for the split for n > 3.
For n = 3,there is only one split.

n = 3,2" = 8 and we have the 4 odd numbers {1, 3,5, 7}, we consider those pairs whose sum is 8,
thatis (1,7) and (3, 5).

It is noted that the pair (3, 5) is the case of example (2.1) above. Therefore we consider the pair (1, 7)
to obtain

o) = e ()
1,ra+3b
= e )
< 3o 0(@) + 2o) ~ p(5[b—al),
using (1.5).
using the base point ¢ (¢£3%), we have
go(iaJr %b) < inp(a) + %p(b) - [%ap(;bfa’) +<p(i‘bfa’)].
Hence
(D) < 2 [50(@) + 390 — [59( 16— al) + o (3]0~ a])]] + 500) — w(5[b — al),
which simplifies to
o(PED) < 2o(@) + 2o - [30(31b—al) + 3o(51b—al) + o (5]b— al)]
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Fix k € N, k > 3 and suppose (1.7) is true, that is
¢(3ra+4rb)
o —a €(kr1—i)(a,B)
< 50(0) + o) - L0y (7)0(152]) - i () e (L5122 b — a])].

For k +1 € N, we have k — 1 splits. Setting a = (26 +1) and 8 = (20 + 1),

(264+1)  (2041) 1,(204+1)  (2041)
[ ok+1 a ok+1 b}i (5[ ok a+ ok b})
1.(20+Da+ (2" —25 — 1)b
= (5] 5 +1)),
1 ,(264+1a+(2*—26—1)b, 1 (26 +1)
§§ ( ok )+§‘p(b)_@( 9k+1 |b—a}),
SO
e[ G + G

< %w(@aﬂmﬁuafl)b)+%¢(b)—¢ 24D |b — al), using (1.5).

But from the inductive hypothesis, the first term of the immediate inequality becomes:

(26+1)a+(2F—25—1)b
W(“““?ﬁf‘gg;gf)

5 k_o5— —a
< CDoa) + 220 o0) - 22, (i) e(| 52

S () o (5202 ),

Therefore

k+1_
p(fa + om0

< Go(a) + EER0) - XL, (i) e (|5
S (gt ) (L5202 b — o) — (G| — ],

which simplifies to

)_

(26+1) (2k+1 25— Dy,
( ok+1 ok+1 )

25+1 2k+1_95_1 2 _
< (2k+1>80( )+ ( 2k+1 )go(b) - Zi:l (2k+11_1)¢(’b27ia

S (=)o (2522 b — a)),

as required.

),

Remark 2.1. 211 is the required minimum before the first split.
Hence inequality (1.7) is true for all N
Remark 2.2. An inequality similar to that of inequality (1.7) is obtained, when a + 8 # 2".

Proof
Let o, 8 and m € N such that a + 8 = m # 2", where n € N.
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Choose s € N such that 2°~! < m < 2° then

@(ozx1+,3:c2)

m = @[i(am +5$2+(2S—m)(w))]

28 m
= 90[5( 125711 2) 5( 51 ( ))]

1 ,azi + Bizx 1, Baxo + (2° — m)(ia“;zﬂm) 1
3P )+ 5 o1 ) v (14— El)

<

Bazo+(2°—m) (7a11+5$2

o )) and E = (21tBir2 ),

s—

where By, B; € Nsuch that By + B = 3, A = (

55—1

But gp(%ﬁ”’?) simplifies to either inequality (1.6) or (1.7) depending on the values of o and Bi, as
shown in Propositions (1.2) and (1.3).

. Bowg+ (28 —m) (2z1tbrs
However for the expression ¢~ ( Qm,)l( o ))we have,

s ax+Bx o
(Baza —2@1(%)) < SB2p(an) + Eoplp(emtbey _ p,

2 m

where D is the appropriate extra terms.
So

P(2TEE2) < fo(an) + Fhe() + Be(wa) + Cglp (MR ) — 3T (k) (|25 ))
Yt (=)o (5 e — o) - D,

(F)p(2m2) < Zo(an) + Frp(en) — 5 (F) (| 252 ) -

Sie, (5=) e (52
Thus

p(ommm2) < Sp(an) + fp(we) — 3 00T () (|25 ]) -

it (E=)e (2

1‘2—1‘1})—D.

o — $1|) — %D

3 CONCLUSIONS

A simple calculation points to the fact that the discrete version of (1.3) which was due to S. Abramovich’s
definition of superquadratic functions is sharper than the refinement obtained in inequality (1.7) by
Smadijor’s definition.

However the new inequality obtained is sharper than the original Jensen’s inquality but allows the
freedom of non-continuity of the superquadratic functions involved.
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