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Sloshing of heterogeneous liquid in partially filled tanks:

Example of a vibration system without compactness

Abstract: The effect of the density of the liquid on the sloshing in partially filled tanks is studied.
The liquid is assumed to be almost-homogeneous (i.e. a liquid whose density in equilibrium is
practically a linear function of the height, which differs very little from a constant). In this case the
linearized Euler's equation of the liquid is presented and analyzed, the relevant operators are

studied.The Weyl’s criterion is used for computing the spectrum of the fundamental opéyator

We obtain nonclassically spectrum with continuous part filling an interval.
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1. Introduction

Liquid sloshing constitutes a broad class of problems of great practical importance with
regard to the safety of liquid transportation systems, such as tank trucks on highways, liquid tank
carriages on rail roads, ocean going vessels and propellant tanks in liquid rocket engines.

The overall observation from the experimental results presented in [1] gives an idea that
sloshing in a tank is a function of various parameters such as liquid depth, the dimensions of the
tank, the amplitude, and frequency of excitation and density of the liquid.

The case of a viscous liquid has been studied in [2], but the general case of an heterogeneous
liquid has not been studied yet. Most of the researchers preferred a homogeneous liquid in their
studies because the problem in the case of heterogeneous liquid is more complicated, in this case
we obtain nonclassically spectrum (an essential spectrum appears).

In this work, we propose to investigate the three-dimensional linear sloshing problem of an
incompressible inviscid liquid in partially filled tanks, taking into account the effects of the
density of the liquid, which has usually neglected in practice [1], and has been the object of

limeted specific studies before : Capodanno and its collaborators in the planar case [3, 4, 5].
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Considering the particular case, introduced by Capodanno [3, 4, 5], dilnaost-
homogeneoukquid, i.e. whose density in equilibrium position is practically a linear function of
the height, differing a little bit from a constant. This hypothesis modifies significantly the
spectrum of the problem, and the main difficulty consists in studying and computing the spectrum

of the fundamental operatdk, which appears in the linearized Euler’s equation of the liquid.

Using Weyl's criterion [9], we show thatr(A,) = o, (A,) =[0,89] and we argue that the

presence of the essential part of the spectrum is due to the hypothesis of almost-homogeneity, in
contrast to the classical case in which the fluid is homogeneous and the spectrum is entirely

discrete [6].

2. Problem statement

Let consider an elastic (or rigid) body that occupies a dorfirbounded by a regular closed

fixed surfacel" and an regular closed internal surface. The domain bounded by this surface is
partially filled by an heavy incompressible inviscid liquid, that occupies in equilibrium position, a
domain Q bounded by a surfacE and the horizontal free surfage ; we denote by the part

of the internal surface of the body that is ab&¥eand is wetted by a gas with constant pressure

P°.

We use an orthogonal coordinate sys@qx, x,, Ox x, being of the plan of/ and Ox, directed
upwards. The system is supposed at the constant temperature and in a constant gravity field
g=-0%-

We study the small oscillations of the liquid about its equilibrium position in the framework of

the linear theory.
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3. The case of the almost homogeneous liquid
Let be h the maximum height of the liquid in the equilibrigposition.

We suppose that density in equilibrium positiothia form
Po(%:) = (1~ Bx,) + o[ A1),
where pand 3 are positive constantg,being sufficiently small so thafsh)®, (sh)’,...are

negligible with respect tgh.

Then, the liquid is calletialmost-homogeneous i .
Like in the Boussinesq approximation of the conwecimotions of the viscous liquids, the

linearized equation of the liquid takes the for@ ¢])
Pl =-gradp- pBgu% in Q 1)
whereti(x t), p(xt) are the displacement from the equilibrium of tiaetiple that occupies the

position x(x, x,, %) at the instantt, the dynamic pressure in this point.

4. Weyl's decompositions

We suppose thii belong to the spaces
a0J(Q) :{UD %(Q)dif[ 2(Q)T; divu= 0] :

we seek it in the form

c
1
<
+
cC

with

VDJO(Q)z[Y/D 22(Q); divu=0;u = 0}

‘ZUV
G,(Q)={U=gratv ; ®OH!(Q) ;] @d= 0; diI=a0= p
In accordance to the orthogonal decompositioryﬁ(Q) [6]
3(0)=%(2)0 G,(0)
Let us recall [6] that
2(Q)=3,(Q)0G6(Q),
where G(Q) is the space of the potential fields and that

G(Q)=6G,(2)0G(Q)

where
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G, (Q) ={gradq , q0 Hy(Q)} .

5. Transformation of Euler’s equation
Let U’(xl, X, %, t) the displacement of a particle of the body fromeatjuilibrium position to its

position at the instartt.

We introduce the space [6,7]

1

W:{Uj; Umél(Q'):{Umzl(Q’); Ll :C};

v={ U=gra® ;00 Hl(Q):[dJDHl(Q) ;jmyqnd(acz): }) :

]

divU =0;U, OL*();U, =u, OH"(Z)

equipped with the hilbertian norm defined by

I, =[]} + |G o+

Un‘ y

2 2
(y) +H Ui, HY2(s)

and, setting

The spacg, completion ofV for the norm associated to the scalar product
(W,W)X =J‘Q,,0 i 0w & +jQp UoU @
The Euler’s equation (1) can be written
=S 1— - -
v+U =—;gradp—/)’g\é %= B 9u
Consequently , i, is the orthogonal projector from?(Q)into J,(Q), we have

v=-BgR(w%)- B 9R( U;x) (2)
In order to obtain a definitive form of this equetj we introduce a few operators.
We set

BIR(w%)= AV BIR(Us) = A,W.
A, (resp A, )is bounded fromJ,(Q) (resp x ) into J,(Q).

Then, the equation (2) can be written
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V+ A V+ AW=0 3)
and we have
.[Q'Bg V3v3dQ:( Al @)’ .[Q'Bg U3v3d9:( AW ~\)JO(Q)
A, is self-adjoint and not negative. It spectrum Wwél studied in the following paragraph.

On the other hand, we have ff1J,(Q) , WO x :

;

[, B9 wOsl= o,

*(Q) = Q”#\HJD(Q) H W}(’

wherec, andg, are suitable positive constants.

Therefore , we can write

.[Q,Bg VsﬁsdQ =( AV M '

X

A,, being bounded frond, (Q) into x .

It is easy to see thad,, and A,, are mutually adjoint.

Indeed, we have

(Ao W) =[ Balyv@=( AWy, =(vaY

6. The spectrum of the operatorA,,

In order to study the spectrum of the problemsihécessary to study the spectrum of the self-

adjoint operatorA; .

Since
0<(AV.Y), o) :IQ'BQ |y < p Qﬁﬁo(g) ’
we have
[Ad< A9
and o(A;)0[0.89] .

We have the following
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Theorem

Let o(A,)the spectrum of the operatéy, and o, (A, ) its essential spectrum.

We have
O-(Ail) = Jess( All) = [oilgg] .
Proof:

We are inspired the proof given in the book [6]tfee Coriolis operator.

Using Weyl's criterion [9], for eachiy , O<pu <1, we are going to construct a sequence

{v} 03,(Q) such that

1,
H AN~ 1Y,
A9 3(0)
- -0 whenk - +o.
"Vk”Jo(Q)
i) We must construct the sequer{sg} , so thatwe can calculaté, v, .

We can set
AV=R(Bovx)=8 9%‘%-%%@5 , sincegragp 1G(Q) .
Since A,v0 J,(Q) , we have
div(A,v) =0 and consequentiqg = pBgdiv(v%) ;
09

A, v[h=0 onoQ and consequentl%— = pBov, % [ on oQ .
n

Then, if v, is known, ¢ is solution of a Neumann problem and we hay& . We must choos&

so that we can calculate explicigy

i) In order to construct Weyl's sequence, we take
:wﬂ + b%
POk 0%
V= v, :aﬂ— b_aAq ,
0% 0%
—_0Aq_0Aq
Poox o,

Wherqu.’l)(Q) andb is a constant that will be determined in the failtg.
We have easilydivv =0andv, =0, andv0J,(Q).

On the other hand, we have



UNDER PEER REVI EW

2 2
div(va')’(3) = A(—m _w] .

0%0%  0%0%

Consequently, the Neumann problem fois

0°Aq . 9°Aq ) .
Ap=- A + Q .,
P=hh (axlaxs 0x20>%j "
%= onoQ ,
on
The problem has the obvious solution
9°q d°q
=- — T 4 T
’ pﬂg(axlaxs 6><26x3j’
so that we have
1, . —{ 0% 9°q
— = +grad ——+——|,
pg 1 TNt ({0&0& 6&6&]
i.e
0°q ., 0%
0X0%, 0%0%D %
1, . 9° 0°
_'All = d + q
B9 0X0%0%  0%0 %
_(aAq_'_ 0°q j_(aAq_ a3q]
ox  0x0% ) (0% 0x9%

Now, we are going to construct Weyl's seque{ﬁ;(}z .

At first, we consider a sequen{e, 1 with

a=d,,(%)= ™™y,
with ¢ 0.2(Q)does not depend on and m and is equal tolin a sphepe-x|<r (% 0Q),

r being sufficiently small so that this sphere igiior to Q.
Calculating the first derivatives of,, , and the first derivatives ofq, ,and noting that the

derivatives ofy are bounded i) and equal to zero in the sphire x| <r, wherey =1, we
find

Vyma = —im(nf + )y &™)+ @ A+ 1)

Yy o = -im(nt + )y &™) 1 bif A+ By €™+ O b B

Vyma = in(nf + 1#)y ™™ + A+ )
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O(n2+mz)

n® + m

where is uniformly bounded iQ and equal to zero in the sphd;xe >§)| <0.

iif) Calculating the third derivatives af, ., we find
-in’my ™™ + o f+ m)
L au= of it + nt)
0 et of i+ i)
Then, it is easy to calculate the components of

1
_Ai vnm_/]vnm
Bg

and to prove that they a(é(n2 + n12) if we choose

m n?

b=—: A=—1
n n* + m?

So, we have
vnm,zzo(nz+ nf) :
the other components are unchanged and

E ’

,Bg Allvnm_mvnm: q Tf + rﬁ)
iv) For applying Weyl's criterion, we must estimcﬂflﬁ m||J @) °

We have
IV, m|2 :(n2 + mz)3|(,1/|2 + C{( 7+ rﬁ)m)

and consequently

So that

19, ol
n mily(@

y<c (e )’ . (o, =c(meag)) .
In the sphere , wherg =1, O(n2 + mz) =0, we have
0, of* = (1 + )’

n
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and then

v

nm

2
2]
90(Q) T Jx-xsr

3
v, fdo=¢(i+m),[g=2"
Vol G(rf+ i) |4 ==3
Finally, we are obtain the double-sided estimate
¢ (re+ m2)3s||ym||jo(0) < ¢(rd+ )

Let ,uD]O,][. For everys >0, we can find a rational numb@r such that
n

1
< s <UTE

=2 | =2 _
n-+m m
1+(

=T

m andn are defined by ande .

Choosingm= Km, k integer, we have

We have
2

A [ PSRt I ) A
1'nm nm - 1% m n m
Jo(Q) IBg P+ nf Jo(Q) rt+ ()

B9
Since
1 n" .
%Allvnm_mvnm_ qﬁ+ rﬁ) ’
we can write
ipiv _n v gg(rf+rﬁ), (c;>0)
,Bg L n2+mz ) Jo(Q)
so that
Tt BTG R
3o(Q)

Using the inequality
. e 3/2
”Vn m”JO(Q) 2VG ( "+ nf) !

we obtain

s
B9

i

nm

A.lvnm _/'I_\./n74 , l l N
3(Q) < G +£ &
(@) {\/E \/ﬁ2+ﬁ12]
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The first term of the right-hand side tends to a8h@nk - +«, so that, fork sufficiently large,
we have

AV ki ~ MV, KN)

Consequently, the sequendd, ,} is Weyl's sequences.

s
B9

vkﬁ, kﬁ]”Jo(Q)

Finally we havey3g0]0,89[ = uBg0o( A,)
Then, sinces(A,) is closed, we havf0,8g] D o(A;), and theno(A;) =[0,B9] .

Consequently, there is not a discrete spectrunthabthe spectrum ofp, coincides with its

essential spectrunt,(A,): o(A,)=0.(A,) =[0.89] and, obviously|A | = Bg.

Remark

In another work, using variational equation of tmpled system (liquid — tanks) and Euler’s
equation in the three dimensional case, we argat ttte problem have a discrete spectrum

comprised of a countable set of positive real ergares, whose accumulation point is the infinity

in the domai@ﬁg,+oo[ ' [3, 4].

7. Conclusions
i) The spectrum of the problem is composed by am#éaseart, which fills the closed
interval [O,,Bg], and a discrete part that lies outside this watleand is comprised of
a countable set of positive real eigenvalues, wlagsemulation point is the infinity.
i) Physically, the intervaI[O,,Bg] is a domain of resonancend a system studied

present high risk of instability.
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