
Symmetric Rings with Involutions

Abstract

Two fairly useful notions to support some commutativity conditions for non
commutative rings are symmetry and reversibility. Our aim in this note is to
study �� symmetric rings, where � is an involution on the ring. A ring R
with involution � is called �� symmetric if for any elements a; b; c 2 R; abc =
0 =) acb� = 0: Every �� symmetric ring with 1 is symmetric but the converse
need not be true in general, even for the commutative rings. We discussed some
characterisations in which these two notions and the notions of reversibility
and �� reversibility coincide. We have extended �� symmetric rings to factor
polynomial rings that are isomorphic to rings of Barnett matrices.
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1. Introduction

In ring theory several notions were introduced to facilitate some commuta-
tivity conditions for non- commutative rings. Among them two fairly useful
notions are symmetry and reversibility. In [1] Lembak de�ned that a ring R
with 1 is symmetric if for any elements a; b; c 2 R; abc = 0 =) acb = 0 and
in [2] a ring R is called reversible if for any pair of elements a; b 2 R; ab = 0;
then ba = 0: On the other hand Shin in [3] used the same de�nition for rings
without 1: For rings with 1; if abc = 0 =) acb = 0; then it also implies that
bca = bac = cab = cba = 0: While for rings without 1; the other equalities may
not occur. For instance, for a ring without 1; if (i) abc = 0 =) acb = 0; there
is no gaurenty that any one of the remaining four, bca; bac; cab; cba; is zero
and same is the case for (ii) abc = 0 =) bac = 0: Such rings may be termed as
right and left symmetric rings, respectively (see details in [4]). Straight forward
calculations show that if 1 2 R; and if R satis�es either (i) or (ii); then R is
symmetric. Moreover, if R (even without 1) satis�es both (i) and (ii) then R
is symmetric. Note one more intresting fact that there are rings they do satisfy
(iii) abc = 0 =) bac = cab = 0; but they are neither right nor left symmetric, so
are not symmetric as well. For instance, see Example 2.10 below. Conversely, a
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right or left symmetric ring does not satisfy the condition (iii): Every symmetric
ring holds (iii) but conversly (iii) does not give a symmetric ring even though
if the ring is with 1: On the other hand every reversible ring satis�es (iii) and
if 1 2 R; and R satis�es (iii); then R is reversible.
One may also be interested to investigate such properties for rings with

involutions. In [5], it is de�ned that a ring R with an involution � is called ��
reversible, if for any pair of elements a; b 2 R; ab = 0; then ba� = 0: We extend
this de�nition for �� symmetric rings on the same lines:
De�nition 1.1. A ring R with involution � is called �� symmetric if for

any elements a; b; c 2 R; abc = 0 =) acb� = 0:
As in the case of �� reversibility, there is no ambiguty between left and

right ��reversible rings [5], same is the case for left and right �� symmetric
rings. Qucik calculations reveals that if for any elements a; b; c 2 R; abc = 0 =)
acb� = 0; then b�ac = 0: Moreover, with the same condition one may also get
bca = 0 and cab = 0: Every �� symmetric ring which is left or right symmetric
or possesses 1; is symmetric, but the converse in general need not be true. We
pose in the section of examples that there are non- �� symmetric commutative
rings with 1 as well:
For an endomorphism � on a ring R; left (or right) �� symmetric rings

were introduced and studied in [6], but de�nitely, these are di¤erent than ��
symmetric rings, as a right �� symmetric ring is, in general, di¤erent than its
left version (see examples in [6]).
In the study of rings with involutions many interesting and usful results can

be obtained by involving rigidity: A ring R with the involution � is called ��
rigid, if for any a 2 R; aa� = 0; then a = 0: In literature, the terms isotropic
and anisotropic are also used for such involutions (see [7]).
Along with �� rigidity we will study some properties of �� symmetric rings,

along with reduced and semicommutative rings, etc. A ring R is reduced if it
has no non-zero nilpotent elements and it is called semi-commutative [8] if for
any pair of elements a; b 2 R; ab = 0; then aRb = 0:
In Section 2 we will list several examples and counter examples, in Section

3 some elementry properties are investigated along with �� rigid, reduced, and
�� Armendariz rings. Some extensions of �� symmetric rings for polynomial
rings in the form of Barnett matrices are discussed in Section 4.
All rings considered here may not necessarily be with 1: If a ring possesses

a 1; then we will speci�cally mention it. By (R; �); we mean a ring R with an
involution �: If an involution is induced by an involution � on the elements of R;
then the induced involution will also be referred to as �: For instance, if (R; �)
is a ring, then (R[x]; �) is the polynomial ring with the involution � de�ned on
the elements p(x) = a0 + aix+ � � �+ anxn; by (p(x))� = a�0 + a�i x+ � � �+ a�nxn:

A few facts about �� symmetric rings that we have mentioned above are
listed as under:

Lemma 1.2. Let (R; �) be a ��symmetric ring.
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(1) If for any a; b; c 2 R; abc = 0; then b�ac = 0; cb�a = 0; bca = 0; and
cab = 0:
(2) If R is left or right symmetric, then R is symmetric.
(3) If 1 2 R; then R is symmetric.

Remarks 1.3. From above observations we have following conclusions:
(a) In case R is a ring with 1; then

(a1) If R is right or left symmetric, then R is symmetric.
(a2) If R is symmetric then R is reversible.
(a3) If R is �� symmetric then R is �� reversible.

(b) In case R is a ring without 1; then
(b1) If R is right and left symmetric, then R is symmetric.
(b2) If R is symmetric then R may not be reversible.
(b3) If R is �� symmetric then R may not be �� reversible.

2. Examples
2.1. Every commutative ring is symmetric and reversible. In general it may

not be �� symmetric or �� reversible with some involution �.
For example, for any prime p; consider the ring (Zp�Zp;+; �) with component-

wise addition and multiplication. Clearly Zp �Zp is symmetric, and reversible.
De�ne the exchange involution � on Zp � Zp by (a; b)� = (b; a); 8(a; b) 2

Zp � Zp: For any a; b; c; d 2 f1; � � � ; p � 1g; consider the following products of
non-zero elements of Zp � Zp:

(a; 0)(0; b)(c; d) = 0;

(a; 0)(c; d)(0; b)� = (a; 0)(c; d)(b; 0) = (ab; 0) 6= 0:

Hence Zp � Zp with the exchange involution � is neither ��symmetric nor
�� reversible. It is also not �� rigid.

2.2. Let R be a ring and set

LT2(R) =

��
a 0
b a

�
: a; b 2 R

�
:

Note that R is commutative if and only if LT2(R) is commutative. If LT2(R)
is a domain, then LT2(R) becomes symmetric.
Let R be commutative. De�ne an involution on LT2(R) by setting�

a 0
b a

��
=

�
a 0
�b a

�
; 8a; b 2 R:

If R is a domain, then simple calculations show that LT2(R) is �� symmetric
but not �� rigid.
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If R is not a domain then the situation may change. For instance, take

R = Z27: Let t =
�
3 0
1 3

�
: Then t3 = 0; but t2t� 6= 0: So no chance for (Z27; �)

to be �� symmetric, �� reversible, or �� rigid.

2.3. Let us consider the ring of strictly upper triangular matrices of order
four in the form:

SUT4(R) =

8>><>>:
2664
0 a a13 a14
0 0 a a24
0 0 0 a
0 0 0 0

3775 ja; a13; a14; a24 2 R
9>>=>>;

whereR is any ring. If �� is an involution onR; then with the induced involution
(SUT4(R),�) is �� symmetric if and only if (R; �) is �� symmetric.

2.4. All domains with some involution � are �� symmetric. For instance,
the ring of real quaternion H is ��symmetric with the natural involution �
de�ned on its elements by (a+ bi+ cj + dk)� = a� bi� cj � dk. The involution
� as de�ned on H is a rigid involution, as if x = a + bi + cj + dk 2 H; with
xx� = 0: Then

xx� =
��x2�� = a2 + b2 + c2 + d2 = 0) x = 0:

2.5.. For the non-commutative quaternion algebra F(Q8) (see [7; p.25]) over
any �eld F with char(F) 6= 2 and with a basis f1; i; j; kg;

F(Q8) : = fx = a+ bi+ cj + dk : a; b; c; d;2 F; i2; j2 2 F�; ij = k = �jig;

and with the involution de�ned by x� = a� bi� cj� dk is not ��symmetric, in
general. For instance, if F = F3; and i2 = j2 = 2; then, i(1+i+j)(1+2i+2j) = 0
but i(1 + i+ j)(1 + i+ j) 6= 0.
Similarly (1+i+j)(1+i+k) = 0 but (1+i+k)(1+i+j) = i+j+k 6= 0: From

these computations we conclude that F3(Q8) is neither symmetric, nor reversible
and nor ��reversible. Also (1+ i+j)(1+2i+2j) = 0 and (1+ i+j) 6= 0 implies
that F3(Q8) is not ��rigid. Moreover it is not cyclic symmetric as well.

2.6. Now consider Q8 = f1; x�1; xi; x�i; xj ; x�j ; xk; x�kg: The group
ring Z2(Q8), as discussed in [9; Example 7], is reversible and is not symmetric.
Let us de�ne an involution on its elements,

x = a1 + a2x�1 + a3xi + a4x�i + a5xj + a6x�j + a7xk + a8x�k; 8ai 2 Z2

by

x� = a1 + a2x�1 + a3x�i + a4xi + a5x�j + a6xj + a7x�k + a8xk; 8ai 2 Z2:
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Then xx� = 0 if and only if
P8

i=1 a
2
i = 0: This holds even though x 6= 0: For

instance, if x = 1 + xi + xj + xk; then one calculates that xx� = 0: Hence
Z2(Q8) is not �� reversible and it is not rigid under � as well: Hence it is not
�� symmetric. In fact, Z2(Q8) cannot be �� symmetric for any involution � on
it (because of Lemma 1.2(3). Because Z2(Q8) is reversible and has identity, it
satis�es condition (iii):

2.7. [10; Example 2] Consider the group ring C[S3]; where S3 = f1; �; �2; � ; ��; ��2g
is the symmetric group on three letters. C[S3] adhere to an involution � de�ned
by

(
P
g2S3

rgg)
� = (

P
g2S3

rgg
�1):

Assume that

� =
1

6
(
P
g2S3

g); � =
1

6
(1 + � + �2 � � � �� � ��2); 
 = 1

3
(2� � � �2):

Then f�; �; 
g form a complete set of orthogonal elements of C[S3]; so

C[S3] = C[S3]�� C[S3]� � C[S3]
:

Note that C[S3]� and C[S3]� are anisotropic and ��reversible while C[S3]
 is
isotropic and not �� reversible, so the ring is neither �� rigid nor �� reversible.
Hence it is not �� symmetric.

2.8. The left Klein 4-rings V2n as de�ned in [4] are left symmetric. These
are neither symmetric, nor reversible. It is not possible to de�ne an anti-
automorphism on them, so these rings cannot adhere to an involution. Thus
there is no chance for them to be ��symmetric or �� reversible. Similarly, V op2n
are only right symmetric.

2.9. Let (R1; �1) and (R2; �2) be two rings. A natural way to induce invo-
lution on their directsum is following:
Let a1 2 R1 and a2 2 R2: Then the induced involution on R1�R2 is de�ned

by
(a1; a2)

� = (a�11 ; a
�2
2 ):

If f(Ri; �i) : i 2 Ig is an indexed family of rings, then the induced involution
� on �i2IRi is de�ned as above. Hence we conclude that: 8i 2 I; Ri is �i�
symmetric if and only if �i2IRi is �� symmetric.

2.10. The ring Z2(Q8) as discussed in Example 2.6. is a reversible ring with
1; and is neither symmetric nor �� symmetric for any involution �. The strictly
upper triangular matrix ring SUT3(Z2) as de�ned by

SUT3(Z2) =

8<:
24 0 a b
0 0 c
0 0 0

35 j a; b; c 2 Z2

9=;
5
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is noncommutative and is without 1: But clearly it is symmetric and ��
symmetric for any involution �: But both rings satisfy the condition (iii) that
if for any elements a; b; c 2 R; abc = 0; then cab = 0 and bac = 0: So the direct
sum

(SUTM3(Z2)� Z2(Q8);+; �)
is a ring with + and � de�ned component wise. This ring clearly satis�es abc =
0 =) cab = bac = 0: It is neither symmetric nor reversible. It is also not
��symmetric and �� reversible for any involution � de�ned on it.

3. Some elementry results.

Proposition 3.1. For a ring R with involution � following hold:
(i) If R is a reduced and ��symmetric, then R is �� reversible.
(ii) If R is �-reversible, then R is symmetric if and only if R is �-symmetric.
(iii) R is �-rigid and �� symmetric if and only if R is reduced and �-

reversible.
(iv) R is �-rigid and semi-commutative if and only if R is semi prime and

�-symmetric.
Proof :- (i) Let ab = 0: Then

aba� = 0 =) b�aa� = 0 =) b�aa�b� = 0 =) b�ab�a = 0 =) (b�a)2 = 0

which implies that b�a = 0; hence R is �-reversible.

(ii) Let R be a symmetric ring. Let for any a; b; c 2 R; abc = 0: Then

(ac)b = b(ac)� = acb� = 0:

Hence R is �-symmetric.
Conversely, let R be a �-symmetric ring. Then by the same argument as

above, let abc = 0, then (ac)b� = 0: By �-reversibility of R, bac = 0: Also
b�(ac)� = b�c�a� ) acb = 0: By repeating same steps we get bca = 0 and
cab = 0; and hence cba = 0: Thus R is a symmetric ring.

(iii) Let R be a �-rigid and �-symmetric ring. If a3 = 0; then

a�aa� = 0 =) a�aa�a = (a�a)�(a�a) = 0 =) a�a = 0 =) a = 0:

Now let ab = 0: Then

(ba�)(ba�)� = (ba�)(ab�) = (ba�)(b�a�) = 0 =) ba� = 0:

Conversely, let R be �-reversible and reduced. If for any a 2 R; aa� = 0; then
aa = 0 =) a = 0:
Now let, for any a; b; c 2 R; if abc = 0; then

cb�a� = 0) (cb�acb�)a� = 0) acb�acb� = 0) acb� = 0:
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(iv) Let R be �-rigid and semi-commutative. Then for any a 2 R; aRa = 0

=) aa�a = 0 =) aa�aa� = (aa�)�aa� = 0 =) aa� = 0 =) a = 0:

Now we want to prove that R is �-symmetric. Let for any a; b; c 2 R; abc = 0:
Then

c�(b�a�) = 0 =) c�R(b�a�) = 0 =) c�(ab)b�a� = 0 =) (c�ab)(b�a�c) = 0 =) b�a�c = 0:

Again by semi-commutivity and �� rigidity,

(b�c�a)(a�cb) = 0 =) b�c�a = 0 =) (a�cb�)(bc�a) = 0

=) bc�a = 0 =) (bc�a�)(acb�) = 0 =) acb� = 0:

Conversely, let R be �-symmetric and semi prime. If for any a 2 R; aa� = 0,
then

aa�r = 0 =) ara = 0 =) a = 0:

Now to prove R is semi-commutative, let for any a; b 2 R; ab = 0; then
8r 2 R;

b�a�r = 0 =) ab�r = 0 =) ab�rab� = 0 =) ab� = 0 =) ab�r = 0 =) arb = 0: �

Corollary 3.2. Let R be �-rigid ring. Then the following are equivalent.
(1) R is �-symmetric
(2)R is symmetric
(3) R is �-reversible
(4) R is reversible
(1) =) (2) By Lemma 3:1(i) R is reduced, hence symmetric.
(2) =) (3) Let for any a; b 2 R; ab = 0: Then

abb� = 0 =) ab�b = 0 =) ab�ba� = 0 =) (ab�)(ab�)� = 0 =) ab� = 0:

Hence R is �-reversible.
(3) =) (4) Trivial.
(4) =) (1) Any reversible ring is semi-commutative, hence by Lemma 3:1(iv)

it is ��symmetric.�

Proposition 3.3. Let R be a ring with 1 and with an involution �: If e is
a central idempotent, then eR and (1� e)R are �-symmetric if and only if R is
�-symmetric.
Proof: Suppose that eR and (1 � e)R are �-symmetric. Let abc = 0 for

a; b; c 2 R. Then 0 = eabc = a(eb)c, similarly

(1� e)abc = 0 = a((1� e)b)c:
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By hypothesis we get

0 = ac(eb)� = (ac)eb� = e(ac)b�

and
0 = ac((1� e)b)� = ac(1� e)�b� = ac(1� e)b� = (1� e)acb�:

Thus
acb� = eacb� + (1� e)acb� = 0;

and therefore R is �-symmetric. The converse is obvious.�

A ringR is called Armendariz in [11] if in the polynomial ringR[x];
�
mP
i=0

aix
i

� 
nP
j=0

bjx
j

!
=

0; then all products of the form aibj = 0; 8i = 1; � � � ;m; j = 1; � � � ; n: Let us
de�ne that:

De�nition 3.4. (� � Armendariz rings) A ring R is called �� Armendariz
if in the polynomial ring R[x];�

mP
i=0

aix
i

� 
nP
j=0

bjx
j

!
= 0;

then all products of the form bja
�
i = 0 (Equivalently aib�j = 0) 8i = 1; � � � ;m;

j = 1; � � � ; n:

Lemma 3.5. Every �� Armendariz ring is �� symmetric and �� re-
versible.
Proof: Let a; b; c 2 R be such that abc = 0: Then

abxcx = (ab)cx2 = 0) (ab)c� = 0

) ax(bc�)x = a(bc�)�x2 = 0

) acb� = 0:

Hence R is �� symmetric. The other part is trivial. �

Proposition 3.6. Let R be a reduced ring. Then the following are equiva-
lent.
(i) R is �-Armendariz.
(ii) R is �� symmetric.
(iii) R is ��reversible.
Proof:
(i) =) (ii) & (iii) hold by Lemma 3.5.
(ii) =) (iii): Let for any a; b 2 R; ab = 0: Then

a�ab = 0 =) a�ba� = 0 =) ba�ba� = 0 =) ba� = 0:

8

UNDER PEER REVIEW



Hence R is �� reversible.
Now we prove (iii) =) (i): Let in R[x]; p(x) =

�
mP
i=0

aix
i

�
and q(x) = 

nP
j=0

bjx
j

!
with p(x)q(x) = 0:

Because R is reduced, so R is Armendariz. 8i = 1; � � � ;m and 8j = 1; � � � ; n;
aibj = 0: Because R is �� reversible, 8i = 1; � � � ;m and 8j = 1; � � � ; n; bja�i = 0:
Hence R is �� Armendariz. �

4. Extentions of �-symmetric rings

Let R be a ring andM an (R;R)-bimodule. The well-known trivial extention
ofR byM is the ring T (R;M) = R�M with the usual addition and the following
multiplication: (r1;m1)(r2;m2) = (r1r2; r1m2+m1r2): This is isomorphic to the

ring of all matrices
�
r m
0 r

�
, where r 2 R and m 2M . If we letM = R; then

T (R;R) is isomorphic to the factor ring R[x]
hx2i of the polynomial ring R[x]:

Let � be an involution on a ring R: An induced involution, again denoted by
�; on the trivial extention T (R;R) of R, is given by:�

a b
0 a

��
=

�
a� b�

0 a�

�
:

Note that the ring in Example 2.2 is aT (R;R) ring where we have a di¤erent
involution.
For a ��symmetric ring R, T (R;R) need not to be a �� symmetric ring as

it is discussed in the next example.
Example 4.1. Consider the ��symmetric ring (Example 2.2)

R =

��
a b
0 a

�
j a; b 2 Z

�
;

where � is de�ned by �
a b
0 a

��
=

�
a �b
0 a

�
:

For

A =

0BB@
�
1 0
0 1

� �
0 0
0 0

�
�
0 0
0 0

� �
1 0
0 1

�
1CCA ; B =

0BB@
�
0 1
0 0

� �
�1 1
0 �1

�
�
0 0
0 0

� �
0 1
0 0

�
1CCA ;

C =

0BB@
�
0 1
0 0

� �
1 1
0 1

�
�
0 0
0 0

� �
0 1
0 0

�
1CCA ; B� =

0BB@
�
0 1
0 0

� �
1 �1
0 1

�
�
0 0
0 0

� �
0 1
0 0

�
1CCA 2 T (R;R):
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ABC = 0 but ACB� 6= 0: Thus T (R;R) is not �-symmetric.

Proposition 4.2. Let R be a �- rigid ring. If R is a � symmetric ring,
then T (R;R) is also a �-symmetric ring.
Proof : Let ABC = 0 for,

A =

�
a b
0 a

�
; B =

�
c d
0 c

�
; C =

�
e f
0 e

�
2 T (R;R):

Then we have

ace = 0; (1)

and

acf + ade+ bce = 0: (2)

Note that R is reduced (by Proposition 3.1(iii)). So, for any a; b 2 R if
ab2 = 0 (or, a2b = 0); then by Lemma 1.2,

bab = 0 =) (ba)2 = 0 =) ba = 0 =) ab = 0: (3)

By (1) and Lemma 1.2,

acer = 0 =) ac(er) = 0 =) c(er)a = 0

and so

c(er)(ar) = 0 =) (ar)c(er) = 0 =) ar(er)c� = 0 =) arec�r� = 0 =) arer�c = 0:

From (2), we have.

acfe+ ade2 + bce2 = 0:

By (1) and Lemma 1.2,

eac = 0) eacf = 0 =) (acfe)2 = 0 =) acfe = 0:

Thus by (2) and (3) we get

ade2 + bce2 = ade+ bce = 0:

Hence
a2de+ abce = 0:

Again by (1) and Lemma 1,

bace = 0 =) ebac = 0 =) ebca� = 0

=) (bc)(a�)e = 0 =) a(bc)e = 0:
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So
a2de = 0 =) ade = 0:

Hence by (2)
acf + bce = 0

If we multiply last equation on the left side by a; we get:

a2cf + abce = 0;

since abce = 0; it follows that a2cf = acf = 0; hence bce = 0:
From (2) acf = 0:
Finally, since R is � symmetric, aec� = 0; afc� = 0; aed� = 0 and bec� = 0:

Hence we conclude that: ACB� = 0; and therefore T (R;R) is ��symmetric. �

Abusing notations, let us continue to use the same involution � and the term
��symmetric for the ring R and simultaneously for its extension rings.

Example 4.3. We verify that if R is reduced and �� symmetric, then the
ring

S =

8<:
24 a b c
0 a b
0 0 a

35 : a; b; c 2 R
9=;

is also �� symmetric.
Consider three elements

A =

24 a a1 a2
0 a a1
0 0 a

35 ; B =
24 b b1 b2
0 b b1
0 0 b

35 ; C =
24 c c1 c2
0 c c1
0 0 c

35 2 S

If ABC = 0, then:
(1) abc = 0

(2) abc1 + ab1c+ a1bc = 0

(3) abc2 + ab1c1 + a1bc1 + ab2c+ ab2c+ a1b1c+ a2bc = 0:

Since R is �� symmetric, by (1) we get:

bca = cab = acb� = b�ac = 0:

Multiply (2) by ab

abc1ab+ab1cab+a1bcab = 0 =) abc1ab = c1(ab)
2 = 0 =) c1ab = abc1 = ac1b

� = 0:
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This means that

ab1c+ a1bc = 0 =) bcab1c+ bca1bc = 0 =) a1bc = a1cb
� = 0 & acb�1 = 0:

We conclude that
(4) acb�1 + ac1b

� + a1cb
� = 0:

Now multiply (3) by ba;

abc2ba+ ab1c1ba+ a1bc1ba+ ab2cba+ ab2cba+ a1b1cba+ a2bcba = 0:

This gives
ab(c2b)a = 0 =) abc2 = ac2b

� = 0:

Multiply the remaining terms in (3) by a from right and by c from left we get

cab1c1a+ ca1bc1a+ cab2ca+ cab2ca+ ca1b1ca+ ca2bca = 0

and simplify the terms we get:

cab1c1a+ cab2ca = 0 =) b2ca = 0 =) acb�2 = 0:

Same technique is continued until we get

ac1b
�
2 = a1cb

�
1 = ac1b

� = 0

Hence we conclude that,

a1cb
� + ac1b

�
1 + a1c1b

� + acb�2 + a1cb
�
1 + a2cb

�
2 = 0

so, ACB� = 0; means that S is �� symmetric.

Theorem 4.4. Let R be a reduced ring and n any positive integer. If R
is �-symmetric, then R[x]= hxni is a �-symmetric ring where hxni is the ideal
generated by xn:
Proof: Let S = R[x]= hxni : For n = 0; R[x] = S: Because R is reduced, so

R is Armendariz, and R[x] is ��symmetric. For n = 1; S = R[x]= hxi �= R is
��symmetric. For n = 2 or 3; S is �� symmetric by Examples 2.2 & 4.4 and
because of the fact that R[x]= hxni has the Barnett matrix representation even
for non-commutative rings without 1;

R[x]= hxni �=

8>>>><>>>>:

266664
a1 a2 � � � an

0 a1
. . . an�1

...
...

. . .
...

0 0 � � � a1

377775 : ai; b; c 2 R
9>>>>=>>>>; :

Now let

f = a0+a1x+:::::an�1x
n�1; g = b0+b1x+:::bn�1x

n�1; h = c0+c1x+:::::cn�1x
n�1 2 S:
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Assume that fgh = 0:
Hence, aibickxi+j+k = 0 for all i; j and k; when i+ j + k � n
Then we have

(1) a0b0c0 = 0

(2) a0b0c1 + a0b1c0 + a1b0c0 = 0

(3) a0b0c2 + a0b1c1 + a0b2c0 + a1bc1 + a1b1c0 + a2bc0 = 0

...

(n� 2) a0b0cn�2 + a0b1cn�3 + ::::an�3b1c0 + an�2b0c0 = 0

(n� 1) a0b0cn�1 + a0b1cn�2 + ::::an�2b0c1 + an�2b1c0 + an�1b0c0 = 0

By induction hypothesis, aibjck = 0 for i+ j + k = 0; :::; (n� 2) and from
equ (n� 1)� b0c0 gives, an�1b0c0 = 0 and so (n� 1) becomes

(n� 1)0 a0b0cn�1 + a0b1cn�2 + ::::an�2b1c0 = 0

If we multiply (n� 1)0 by b1c0 (on the left side we get,) :

b1c0a0b0cn�1 + b1c0a0b0cn�2 + :::+ b1c0an�2b1c0 = 0

Since b1c0ai = 0; i = 0; ::::n� 1; then an�2b1c0 = 0:
Again we mutiply f(n � 1)0nan�2b1c0g by b0c1;we �nd, an�2b0c1 = 0: Next

we multiply f(n� 1)0nan�2b1c0 + an�2b0c1g by b1c2 we get, an�2b1c2 = 0:
Continuing in this way �nally we get

an�2b1c0 = an�2b0c1 = an�2b1c2 = a0b1cn�2 = � � � = a0b0cn�1 = 0:

The rest is trivial. �
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