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On natural characterizations of tensor integrability

Abstract

We revisit the definition of the tensor integrability introduced in Robdera (2014), and prove some
useful characterizations that provide a foundation for studying relevant properties to the integration
theory. As applications, we obtain some representation theorems for the projective and injective
tensor products of the space of scalar integrable functions with Banach spaces.
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1 Introduction

Several authors have attempted to establish a theory of integration of vector-valued functions with
respect to vector-valued measures since the early days of Banach spaces (see Hildebrandt (1953)).
The most known method is perhaps that of Bartle (1956), which was subsequently generalized by
Dobrakov (see Panchapagesan (1995)). Contributions on this subject can be seen in Diestel and
Uhl (1977); Dinculeanu (2000); Freniche and Garcia-Vazquez (1999); Pallu de La Barriere (1998);
Rodriguez (2006), and references therein. Recently, a more comprehensive approach was introduced
in Robdera (2014) using tensor product in tandem with the Moore-Smith limit. Such an approach
strengthens the various existing classical concepts of integral and provides a continuous thread tying
the subject matter together. Such a technique offers two major advantages. Firstly, the approach
does not require any measurability condition. Secondly, this approach is completely independent of
the topological or the algebraic structure of the domain space.

The aim of this note is to try to make the reader familiar with the basic ideas of the above
mentioned approach by revisiting the definition and deriving some natural, systematic and useful
characterizations of the notion of tensor integrability. Our results provide a foundation for studying
relevant properties to the integration theory. By way of example, we shall prove that the completed
projective tensor product I'(Q)&®, X is naturally represented by the space I'(Q, X, i) of (classes
of) X-valued p-norm-integrable functions, where X is a Banach space and p : ¥ — [0,00] is a
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subadditive set function. Likewise, we shall also show that the completed injective tensor product
of the form I''[Q]®.X can be naturally identified to the space (all classes of) X-valued u-integrable
functions when normed with an appropriate norm.

2 Extended definition of the integral

Throughout this paper U,V and W will denote normed spaces over the same scalar field K (= R or
C). By a tensor, we mean a continuous bilinear mapping 7 : U x V' — W that satisfies

lully = sup {[I7(w, )]l o], <1

for every u € U.

Let © be a nonempty set, andX a ring of subsets of Q. A set function 1 : ¥ — V' is said to be
subadditive if ;4 satisfies

1. (@) =0;

2. ||n(Uiy A, < Soiy llu(As)|lv for every finite family {A; : i =1,...,n} in 3.
Clearly, any finitely additive set function is subadditive.

By a X-subpartition of a set A € 2, we mean any finite pairwise disjoint collection P = {I; :
I; C Ai=1,2...,n} C X satisfying ||u(:)|l,, < co. We denote by | | P the subset of A obtained
by taking the union of all elements of P. A X-subpartition P = {I; : i = 1,...,n} is said to be
tagged if a point t; € I; is chosen for each i € {1,...,n}. We denote by II(A, ) the collection
of all tagged X-subpartitions of the set A. The mesh or the norm of P € 1I(A, X) is defined to be
1P|l = max{||u(L)lly, : I: € P}.

If P,Q € II(A, X), we say that ) is a refinement of P and we write @ > P if ||Q| < ||P]| and
LJP C | Q. Itis readily seen that such a relation does not depend on the tagging points. It is also
easy to see that the relation > is transitive on II(A, X). If P,Q € II(A, X), we denote

PvQ:={I\J,INJJ\I: I€P, JeQ}.

Clearly, PV Q € II(A,X), PV Q > Pand PV Q > Q. Thus the relation > has the upper bound
property on TI( A, X). We then infer that the set II(A, X) is directed (in the sense of Moore-Smith as
described in McShane (1952), by the binary relation >.

Given a function f : A C Q — U, and a tagged X-subpartition P = {(I;,t;) : ¢ € {1,...,n}} €
II(A, X), we define the Riemann-tensor-sum of f at P with respect to an additive measure p : ¥ —
V to be the element of W given by

fur(P) = 7(f(t), ().
i=1
Thus the function P — f, -(P) is a W-valued net defined on the directed set (II(A4, X), >). For
convenience, we are going to denote the net-limit by

[t = im0

whether or not such a limit exists.

The following definition slightly extends the definition of the notion of tensor integrability introduced
in Robdera (2014), in the sense that here the additivity of the vector valued set function 1 : ¥ — V'is
replaced by subadditivity.

Definition 2.1. Let U,V and W be normed spaces, and let 7 : U x V' — W be a tensor. Let Q2 be a
nonempty set and & C 2 and let 1 : ¥ — V be a subadditive set function. We say that a function
f:Q — Uis X, u, -integrable over a set A with respect to . if the limit [, 7(f,du) represents a
vector in . The vector [, 7(f,du) is then called the X, 11, T-integral of f relative to 1 over the set A.
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In other words, f : Q — U is X, u, T-integrable over the set A with X, p, 7-integral fA (f,dp) if
for every € > 0, there exists a X-subpartition P, of the set A such that for every P - P, in II(A4, X)
we have

H/ (f,du) = fur(P H <e 2.1)

We shall denote by Z7 (A, 3, u, U, V, W) the (patently) linear space of all functions f : Q@ — U
that are X, u, T-integrable over a given subset A of Q. It is easily checked that the mapping

[ sup{|fu(P)]l - P € TI(A, )}

defines a seminormon Z7 (A, X, u, U, V, W).
It should be noticed that if the set A is such that ;(A) = 0, then for all subpartitions P € II(A),
fur(P)=0,and thus [, 7(f,du) = 0. It follows that

[ () = [ +(9,du) whenever ufir € 4 f(2) £ @)} =
A A

We write f & g, if u{x € A : f(z) # g(z)} = 0. It is readily seen that the relation f & ¢ is
an equivalence relation on Z7(A, X, u, U, V,W). We shall then denote by I (A, %, u, U, V, W) the
quotient space Z7(A, %, 1, U,V,W)/ & . For 1 < p < oo, we shall denote by I™?(A, %, u, U, V, W)
the subspace of I7(A, %, u, U, V, W) consisting of functions f such that the function s — || f(s )H" is
p-integrable. The space 177 (A, ¥, u, U, V, W) shall be normed by f — [|f||, = (/, llgll}, dp) . The
space I"°(A, X, u, U, V,W) is defined to be

I" (A, S, 1w, U, V,W) = {f € §(Q,V) : p-esssup| |, < oo}

where F(2, V') denotes the set of all V-valued function defined on .
In all of the above notations, to save notations, once understood, we may drop ¥ if there is no
risk of confusion about the ring of subspace.

Example 2.1. Recall that i : ¥ — R is a size function if u(A) > 0, u(0) = 0, u(A) < u(B) whenever
A C B, and p(lUs2, As) < 3i2, u(Aq) for every countable family {A; : i € N} inX. Thus if V =K is
the scalar field, consider T : U x K — U is the reverse scaling tensor’ defined by 7(u, o) = au. Then
the space I7 (A, u, U, K, U) corresponds exactly to the space of vector valued integrable functions in
the sense of the definition introduced in Robdera (2013) (see also Robdera and Kagiso (2013)). For
p € [1, 00|, we shall denote

ITP (A, U, K, U) = IP(A, pu, U)

and if U is the scalar field, we further simply write: I? (A, u, V) = IP (A, n)

Particularly, if i is the Lebesgue measure defined on the Borel o-algebra B of a nonempty set
Q, then IP(A, u, U) contains the space of all Lebesgue-Bochner U-valued p-integrable functions over
the set A.

Example 2.2. If U = K is the scalar field, and 7 : K x V' — V s the scaling tensor defined by
7(a,v) = aw, then the space 7 (A, 1, K, V, V) is the space of all scalar valued functions, integrable
with respect to a vector valued subadditive set function i : ¥ — V and shall be simply denoted by
Z(AV).

We now prove some results that follow immediately from the definition. First we say that two
subpartitions P and Q are disjoint from each other if no element in P interesect an element in Q.

Proposition 2.1. If f € Z7(A, u, U, V,W) then for every ¢ > 0, there exists P, € 11(A) such that
| fur (@)l < € forevery Q € I1(A) that is disjoint from Py and such that | Q|| < || Po|| .
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Proof. Fixe > 0. Let P, € II(A) be such that for every P > P, in II(A) we have

Fix P, = Py. Then for every Q € II(A) that is disjoint from intersect P,, and such that ||Q|| < || Poll,
we have Py vV @ = P1, and therefore

[ i) = )| <2

w

H/A 7(fsdp) = fur(PoV Q)HW <e/2

It follows that

[fur @l = fur(PoVQ) = fur(P)llw
< |rrtrvar- [ i)
A w
et - [t <e.
A w
The proof is complete. O

The above proposition suggests the following definition.

Definition 2.2. Let U be a normed vector space. A function f : Q — U is said to satisfy the Cauchy
criterion for integrability on A if for every € > 0, there exists Py € II(A) such that || f.,-(P)|lw < €
for every P € II(A) disjoint from P,.

Thus Proposition 2.1 states that every tensor integrable function satisfies the Cauchy criterion for
integrability. Converely, we notice that if P,Q € II(A) is such that no set in P intersects a set in Q,
then

1 fur (PV Q) = fur (P)llyy = 1 fu (@)l
It is then quickly seen that the Cauchy criterion for integrability of a function f is equivalent to the
Cauchy condition for the net P — f, -(P). It is a well known fact that Cauchy nets taking values in
a Banach space is convergent (see McShane (1952)). Hence we have the following characterization
theorem.

Theorem 2.3. Let U,V,W be Banach spaces and let n : > — V be subadditive. Then f €
I7(A, n, U, V,W) if and only if it satisfies the Cauchy criterion for integrability on A.

We end this section with the following lemma that will also be used for later result.

Lemma 2.4. Let u : ¥ C 2% — [0,00] a subadditive set function be such that (Q) < oo. Let
feI1(,%,u, X) andlet E be a closed subset of X such that for every A € ¥ with u(A) > 0,

1
M/AfduEE.

Then f(w) € E for p-a.e. w € Q.

Proof. We first notice that since 1 can be extended to a subadditive set function i defined on the
whole power set 2 by setting

A(A) —inf{zu(ln): Ac I, In€ 2}

neN neN

for all A € 2, no generality is lost in assuming that . is defined on 2.
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We want to show that 1 ({w € Q: f(w) ¢ E}) = 0. To see this, we write the open set E¢ as
countable union of open balls |J;~_, B(xn,r»). Thus

{weQ: flw) ¢ E}= {w €Q: flw)e U B(xn,rn)} = U FHB(@n,m0)).

n=1

Let A, = f~1(B(an,r»).Assume that for every n, u(A,) > 0. Then

Hﬁ [, siu= Hu(im e x”)d’“‘H

i

< f—xnlldu <rn.

WA . | |

Thus ﬁn) fAn fdu € B(zn,r) C E€. This contradiction proves the lemma. O

3 Characterizations of tensor integrability

Building on the result obtained in Theorem 2.3, we prove in this section further natural characterizations
of integrability of Banach space valued functions.

In what follows, U, V, W are Banach spaces, 7 : U x V — Wis atensor,and p : ¥ — Vis a
subadditive set function where X is a ring of subsets of a nonempty set Q.

Theorem 3.1. LetU,V and W be Banach spaces, lett : U xV — W be a tensor, andlet f : Q@ — U.
The following conditions are equivalent:

feT (A uUV,W).

For any injection ¢ : T — Q, the function v — f(p()) isinZ (o~ (A), o (), u, U, V, W).
Foreverye: Q — {—1,1}, the function w — e(w) f(w) isinZ7 (A, u, U, V,W).

For every p-essentially bounded function ¢ : Q@ — K, the function w — ¢(w)f(w) is in
IT(Aa 12z U7 ‘/7 W)

AN WD~

Proof. It is clear that 4. = 3. = 1. and also 2. = 1.. To see that 1. = 2., suppose that f is in
I7(A,u, U, V,W) and let € > 0. By Theorem 2.3, there exists P, € II(A) such that ||f..-(P)| < ¢
whenever P € II(A,Y) is disjoint from Py. Let ¢ : I' —  be an injective mapping. Let Qo =
@ H(Py). By injectivity of ¢, if Q N Qo = 0, then ¢(Q) N Py = . It follows that whenever Q =
{(ts, I;) 1 i = 1,...,n} € TI(p~'(A)) is disjoint from Qo, we have

n

I(fe)ur(@llw = ZT(f(sO(ti))»M(sO(b))H

= (@)l <e

Hence, the function v — f(p(7)) is in I (¢ 1 (A), o (), u, U, V,W). We have established that
1.= 2.

To showthat2. = 3., letTy = e (1) and Ty = ¢ *(=1). ThenQ =T, UT_;and T1 NT_; = §.
Let i1 : 1 — Qand p_; : T'—1 — Q be respectively, the canonical injection respectively of I'; and
I'_y into Q. Then by 2.

yET1 = fler(v) = f(7)
yeETl-1—= fle-1(7) = f(7)
are respectively in Z"(I'1 N A, Xr,, u, U, V,W)and Z7 (T2 N A, Xr,, u, U, V, W), where

X, ={ENT;: E€X}.
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for i = 1, 2. It follows that the function

= eMf() =1, (NF() + e, (N ()
isinZ7(A, u, U, V,W).
3. = 4. We give the proof for real case. The changes for complex spaces are straightforward.
Assume that W is a real vector space. Fix P = {(t;, ;) : i = 1,...,n} € II(A). Pick an z* € W* so

that
Zq& (t:)z 7 ( i) =
Lete: Q@ — {-1,1} be deflned by

)= 4L (), u(1) 2 0
-1 if 2" 7(f(t:), p(L:)) < 0.

Then
Z¢(ti)7(f(tz)7u(fz))H < Zla5 ) ™ (f (i), u(1:)]
< |I¢HooZe(ti)w*f(f(ti)vﬂ(li))
< ol (Zf(u)ﬂf(t»,u(n»)
< el ZE(w)T(f(ti),u(Ii))H~
The desired result follows. The proof is complete. O

Remark 3.1. Property 4. of the characterization theorem 3.1 suggests an alternative way to norming

the space of tensor integrable functions.
£l =suw | [ s |
A W

Indeed, the mapping
where the supremum is taken over the set of all u-essentially bounded functions ¢ : @ — K such
that ||#|| . < 1, is quickly seen to define a seminorm on the space Z7 (A, i, U, V, W) of T-integrable
function.

We shall use I[A, u, U, V, W] to denote the completion of the space I7 (A, u, U, V, W) when it is
normed with f — ||| f]||.

4 The projective tensor product I'(Q, 1)®,X

In this section, we shall restrict ourselves to the tensor integral generated by the reverse scaling tensor
as in Example 2.2. We shall focus mainly on the space of u-norm integrable X-valued functions
I*(Q, 1, X), where X is a Banach space.

Recall that the projective norm for an element « of a tensor product X ® Y is defined by

- inf{z leill lylly s w =@ ®yz} :
i=1 i=1

The tensor product of I'(Q, 1) with X gives a representation of the space of all (classes of)u-norm
integrable functions.

105



UNDER PEER REVI EW

Theorem 4.1. Let X be a Banach space and i : 2 — R a nonnegative subsadditive set function.
Then the completed projective tensor product I'(Q, 1)&,. X is isometrically isomorphic to the space
1M, p, X).

Proof. We note that every element in I'(Q, 1) ® X can be viewed as X-valued function: for each
v € I'(Q, 1) and z € X, the elementary tensor ¢ ® x corresponds to the function w — ¢(w)z. Since
© € I'(Q, ), for every e > 0, there exists Py € TI(Q2) such that if P = {(¢;, ;) : i = 1,...,n} € TI(Q)
does not intersect Py, then 37 |¢(t:)| u(l:) < ¢/ ||z|| . It follows that for such P

D etz < |z Z lp(t)l u(li) < e

=1

This shows that the function w — || (w)z|| satisfies the Cauchy criterion for integrability and therefore
the function w — ¢(w)x belongs to the space I' (2, i, X). It follows that there exists a linear mapping
J TN p) ®x X — IN(Q, u, X) satisfying J(p ® 2) = ¢(-)x .

Now if 377" | ¢; ® x; is a representation of u € I'(Q, 1) ® X, then

ZWJ( )T

1

IN

/ S lls (sl di

o5
m

- Z/uojwnxjnx
j=17%

= D il llzilx -
j=1

It follows that ||Jul||, < 7(u).
To establish the reverse inequality, let >°7" | ¢; ® x; be a representation of u € 'Q,u ® X.
Then J(u) = ¢ where ¢(w) = 3°7" | p;(w)z;. Let IT denote the collection of subsets A of 2 such that

0 < u(A) < co. For every A € II, consider the function e4 := ﬁlm where 14 is the characteristic

function of the set A. Then clearly, ea € I'(Q, 1). We claim that for every T' € 2™ the net T'
> aer€a ® [, ¢du directed by refinement converges to w in I'(Q, 1) ®~ X. We have the following
series of equalities

W(u—ZeAéb/(bdu)

(Z%Q‘wg Zm@/z% Wm)

Aer Aer
= 7r<2<apj®ijeA®/ x]du>>
j=1 Ael
= W(Z(‘PJ@)% ZeA/WJ du@%))
j=1 Ael

o (Eo-gefon) )

i ZeA/Asog )

AeT

IN

IvaaH
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Our claims follows.
We then have

m

m(u) = FggﬂZm pi) © ;) < lim ;wwm
= D wiOz|| = Tull,-
j=1 1

This shows that the linear mapping J : T'(Q,p) ® X — I'(Q, u, X) is an isometry. Since X is
a Banach space, I'(Q, 1, X) is complete and thus J extends to an isometry from the completed
projective tensor product I (Q, )&, X into I' (9, u, X).

Finally, we claim that such an isometry is surjective. To see this, let f € I'(Q, u, X). We notice

that
(D:m/ fdu> <> [t
Aer Ael
It follows that the net ' — 37, ea ® [, fdu is Cauchy, and its limit which obviously belongs to
I'(Q, u)&- X, is mapped by J to the function f in I*(Q, 1, X). The proof is complete. O

Note that for the particular case where p is the Lebesgue measure on the Borel o-algebra of
subsets of the set (2, the result of the above theorem coincides with the known fact that the space of
Bochner integrable functions L' (22, £, X) can be identified as the projective tensor product of L'(Q)
with the Banach space X. Also the particular case where 2 = N, and where p is the counting
measure on N, the result of the above theorem reduces to the special and well-known representation
0'&,.X = £*(X) (see Ryan (2002) for details).

It is a well known fact that projective tensor products do not, in general, respect subspaces.
However, we notice that if Y is a closed subspace of a Banach space X, then it is clear that I*(Q, u1, Y)
is a subspace of I'(Q, u, X). Consequently, we have:

Proposition 4.1. Let X be a Banach space andY a closed subspace of X. Then I'(Q, u)&,Y is a
subspace of I' (Q, )&, X

5 The injective tensor product /[, ;]®. X

Again in this section, the integral is generated by the reverse scaling tensor (Example 2.2). In view of
Remark 3.1, we shall consider the norm

£ A1l o= sup{H/AqbfduH :||¢||oos1}
X

and the space I, i1, X] which is the |||-|||-completion of the space I(€, u, X).
Recall that the injective norm for an element « of a tensor product X ® Y of two Banach spaces

X and Y can be given by
mf{ Zm Zi)Y

where > | x; ®y; is a representation of v in X ® Y and where X ™ is the Banach dual of the normed
vector space X.

We begin with the following simple but invaluable observation that integrals in the setting of
11, u, X], interact well with bounded linear operators.

st e XNzt < 1}
%
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Proposition 5.1. Let f € I[Q,u,X], and let T : X — Y be a bounded linear operator. Then

TfelIlQ,uY]and
/deu:T/fd,u.
Q Q

Furthermore, |[|T f[|| < || ||| f][I-
Proof. Lety* € Y*. Then

Y / Tfdu
Q

v’ (mfl?i%l) =) Z“([i)Tf(ti)

- flzng) >>Z“ i),y")

- (H(n ), >>ZN F:), T y™)

= gl >><Z“ T >

‘171%>>< Q_u() * :y*T/Qfdu.

Hence we have [, Tfdu =T [, fdu, and it follows that [||Tf||| < [T ||| f]]]- O

Our next result is a representation theorem that plays a role in the proof of our last result, although
it can also be seen as of independent interest.

Proposition 5.2. The dual of I|Q2, ] is naturally identified to I°° (), u1).

Proof. 1t quickly follows from Property 4. of the characterization Theorem 3.1 that for every ¢ €
I°°(Q, i), the mapping Ay : f — [, ¢ fdu defines a bounded linear functional on I[Q, 1] with || Ay || <
191l

Conversely, if T : I1[Q, u] — K is a bounded linear functional, then the mapping A — T'(14) is
quickly seen to be an additive set function that is absolutely continuous with respect to u. It then
follows form the extended Lebesgue-Nikodym theorem (see (Robdera and Kagiso, 2013, Theorem
10)), that there exists ¢ € (2, 1) such that

T(lA):/Q(ZﬂAdM.

Thus for every A € X, we have

[ otad| =701 < 17 ).
It follows from Lemma 2.4 that |¢(z)| < ||T'|| for p-almost every «, that is, ¢ € 1°°(2, 1) and ||¢||, <
1l Now if felI[Q,u], thenforevery P={(t;,;):i=1,....,n} € II(Q, X), the function
=5 () € 110 4]
=1
and fp — fin I[Q, y]. It follows that

Tf o=l TS =t ST orotde
- (H(Az)>)z¢ t)ﬂl)—/qﬁfdu

Thus T = A4 and ||T|| = || Al O
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We now state and prove the representation of the injective tensor product I[Q, u]®.X as the
space [, u, X].

Theorem 5.1. Let X be a Banach space. Then the completed injective tensor product I[Q, u]®. X is
isometrically isomorphic to the space I[Q2, u, X].

Proof. Let J : I[Q,u] ® X — I[2, pu,X] be the canonical mapping that maps the tensor u =
YL e @ajto Ju(-) =377 ¢;(-)z;. Bearing in mind the result in the Proposition 5.2, we have

Il = sup{ /QqﬁJudMH:||¢\|oog1}
= idux;|| <1
sup{ , ot <ol < }

- sup{ ;/ﬂdwjdu% el 51}:e<u>.

Thus J is an isometry from I[Q, u] ®. X into I[Q, u, X]. Now if f € I[Q, u, X], then for every P =
{(ts, ;) :i=1,...,n} € II(Q,X), the function fp = > 7 | 1z, f(t:) belongs to I[Q, 4, X] and fp =
J (i 1, @ f(t:)

On the other hand, since f € I[Q, u, X], for every € > 0, there exists Py, € II(£2, X) such that if
P € T1(Q,%) is disjoint from Py, then || £.(P)|| = || [, fr|| < €. It follows that ||| ||| < e. Thus the net
P — fpis Cauchy in I, 4, X] which is then clearly seen to converge to f. Thus J extends to an
isometry from I(Q, 4)®.X onto I[Q, u, X]. The proof is complete. O

We conclude by noticing that the above theorem generalizes the fact that the injective tensor
product L*(2) with a Banach space X can be identified to the completion with respect to the Pettis
norm of the space of all classes of X-valued Pettis-integrable strongly measurable functions (see for
example Ryan (2002)).
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