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ON SOME BANACH SEQUENCE SPACES DERIVED BY A
NEW BAND MATRIX

ABSTRACT. In this paper, we define the band matrix T' = (tnx) by

tn , k=n
tnk = { —i 5 k=n-—1

0 , k>nor0<k<n-1,
where t, > 0 for all n € N and (t,) € c\co. By using the matrix
T, we introduce the sequence space £,(T) for 1 < p < co. Also, we
give some inclusion theorems related to this space and find the a-, 8-,
~- duals of the space £,(T). Lastly, we investigate the necessary and
sufficient conditions for an infinite matrix to be in the classes (£,(T"), A)
or (XA, £p(T)) and give the norm of the operators in B(€,(T), u(.S)), where
A€ {l,co,¢,80} and p € {01,00}.

1. Introduction and Preliminaries

Let w be the space of all real or complex valued sequences. We shall
write sup,, and ), instead of supcy and > ;2 ), respectively, where N =
{0,1,2,...}. Also, if z = (x1)72, € w, we simply denote it by z = ().
Further, e = (1,1,...) and e(®) is the sequence whose kth term is 1 and
the other terms are 0, that is, e*) = (e(()k),e(lk), ...,e,(ck), ) =1(0,0,...,1,...).
Any vector subspace of w is called a sequence space. By {,c,co and £,
(1 < p < ), we denote the spaces of all bounded, convergent, null sequences
and p—absolutely convergent series, respectively.

A sequence space A with a linear topology is called a K-space provided
each of the maps p, : A — C defined by p,(z) = x, is continuous for
all n € N, where C is the set of all complex numbers. If a K-space X\ is
a complete linear metric space, it is called an FK-space. A normed FK-
space is called a BK-space, that is, a BK-space is a Banach sequence space.
For example, the sequence space £, is a BK-space with the norm given by
|z||s., = supy |xg|. Further, £, is a complete p—normed space and a BK-
space in the cases of 0 < p < 1 and 1 < p < oo with respect to the usual
p-norm and £,-norm defined by

lzlle, = > [ex” (0 <p<1)
k
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and

1/p

[le, = (Z \Jfk\p) (1<p <o),
k

respectively.

Let A and p be sequence spaces and A = (ayk) be an infinite matrix
of real or complex numbers a,j, where n,k € N. Then A gives a matrix
transformation from A into p and we write A : A — p if for every sequence
x = (z) € A, the sequence Az = (A,(x)), the A—transform of z, is in p,
where

An(z) = amezp  (n €N). (1.1)
k

By (A, i), we denote the class of all infinite matrices that map A into u.
Hence A € (A, p) if and only if the series on the right side of (1.1) converges
for each n € N and every z € A, and Az € p for all x € A. If A and p are
any two Banach spaces, then B(\, ) denotes the set of all bounded linear
operators from A into p. The operator norm of A € B(A, p) is given by
[A[] = sup{[[ Azl : x € A, [|=[[x < 1}.

Let A be a sequence space. Then the matriz domain A of an infinite
matrix A is defined by

A ={r=(v) Ew:Ax € A}
which is also a sequence space.

In the literature, there are many papers related to new sequence spaces
constructed by means of the matrix domain of a special triangle. See, for
example [1-8]. For more details about matrix domains of triangles, one can
see [9].

A sequence (b,) in normed space \ is called a Schauder basis for X\ if
for every x € A there is a unique sequence (ay,) of scalars such that x =

D o Qnbn, e,
hm |z — Zanb | =0.

By ¢sg, ¢s and bs, we denote the set of all convergent to zero, conver-
gent and bounded series, respectively, that is, csg = {z = (a;) € w :
Chok)oy € o}, cs = {x = (w) € w : (Xp_gTr)izy € ¢} and

={z = (zp) € w: O p_o2r)ly € s}, and we define the norm on
cso, ¢s and bs by [|x]lcsy = [|2]les = [|2]l6s = sup,, [>_ 5o Zk|- Let A and p be
subsets of w. For all z € w, we write 2 L x = {2z € w: z2 = (zp2r) € u}.
The set Z = M(A\, ) = Ngexz s p={a € w:ax € pforalaz e \}is
called the multiplier space of A and p. In the special case, where y = /¢1,
[ = cs or u = bs, the multiplier spaces \* = M (X, £1), \? = M(),cs) and
AV = M(\, bs) are called the a-, 5- and - duals of A.

Throughout this paper, we assume that p,q > 1 with
denote the collection of all finite subsets of N by F.

+ =2 =1 and

1
q

D=



The difference operator A : w — w is defined by Az = (Axg) = (o —
xp—1) or Az = (Azy) = (xg—1—zp) for all x = (x;) € w. The matrix domain
Aa is called the difference sequence space whenever \ is a sequence space.
Firstly, the notion of difference sequence spaces was defined by Kizmaz [10]
as

MA) ={z = (zx) Ew: (v —x)—1) € A}
for A = l, c and cg. After Kizmaz, Et and Colak [11] defined the generalized
difference sequence spaces

loo(A™) ={z = (2) Ew: A™x € U},

c(A™) ={z = (z) Ew: A"z € ¢}
and
co(A™) ={z = (z1) Ew: A"z € ¢p},
where m € N, A"z = (A™zy) = (A™ 1z, — A™ tzp 1) and so that
AMzp = (—1) ( : ) Thopi-
i=0
The difference space
bup ={x = () Ew: (v —xk-1) €L} (0<p < o0)

was studied by Altay and Basar [12] for 0 < p < 1 and in the case 1 < p < 0o
Basar and Altay [13], and Colak et al [14]. Recently, for A € {{p,co, ¢, loc}

(1 < p < o), Kirig¢i and Basar [6] introduced the generalized difference
sequence space

A= {z = (z3) :€ w: B(r,s)z = (B(r,s)z)x) € A},
where B(r, s)x is the sequence defined by (B(r, s)x); = rxy + sxg—q for all
k € N and r,s € R\{0}. Quite recently, the sequence space
AB) ={x = (zx) €w: B(r,s,t)xr = ((B(r,s,t)x)r) € \}
was studied by Sénmez [15], where (B(r, s,t)x) = rzg + str—1 + tag_o for
all k € N and r,s,t € R\{0}.
In [16], the Fibonacci band matrix F = (f,;) was defined by

o1 k=n—1

~ fﬁ
jhk = Fott s k=n
0 , 0<k<n-—-1lork>n

for all k,n € N, where f,, is the nth Fibonacci number (n € N). Also, in [16]
the Fibonacci difference sequence spaces introduced as follows:

Ep(ﬁ):{wzu“n)ew;zfn ot

T —Th1
n fh+1 " fﬁ "

p<oo} (1<p<o0)

<o},

jh fﬁ+1

X
fh+1 " fh

where Fz is the F-transform of a sequence z = (z,,).

Tn—1

loo(F) = {x = (2n) € w : sup

n




Candan [17] defined the sequential generalized difference matrix B(7,s) =

{bni (7, 5)} by

rn , k=n
bk (7,8) =4 sn , k=n-—1
0 , 0<k<n—-1lork>n

for all n,k € N, where 7 = (r,) and s = (s,) are convergent sequences
of positive real numbers. Moreover, Candan [17] introduced the sequence
space

A= {z = (2) €w: B3z = ((BF,35z)) € A},
where (B(7,5)x) = sp_12k—1 + rrxy for all k € N, X € {l, ¢, co,lp} and
1 < p < oo. Further in [18-25], several authors defined and studied some
new difference sequence spaces.

The paper is organized so that this section is followed by three sections.
In Section 2 we define a new band matrix and introduce the sequence spaces
0,(T) and loo(T), where 1 < p < co. We prove that £,(T") and lo(T) are
Banach spaces with respect to the norm defined on these spaces. Further,
we establish some inclusion theorems related to the space ¢,(T), where 1 <
p < oo. In section 3 we determine the -, -, v- duals of the space €,(T)
for 1 < p < co. In the last section we characterize the classes (¢,(7), A) and
(X, £,(T)) for A € {41, ¢p, ¢, L} and also give the norm of an operator in the
class (€p(T), u(S)) for p € {€1,4}, where S is the band matrix having the
same properties with 7" and 1 < p < co.

2. The difference sequence space (,(T)

In the present section, we define a new band matrix 7" and introduce the
difference sequence space ¢,(T") by using this matrix, where 1 < p < 0.
Also, we present some theorems which give inclusion relations corcerning
this space.

Let ¢, > 0 for all n € N and ¢t = (¢,) € ¢\co. We define the band matrix

T = (tnk> by

t, , k=n
thr = —i , k=n—-1
0 , k>nor0<k<n—1

One can easily derive that the inverse 7! = (g,x) of the band matrix T
is given by

n
w11 7 o, 0<k<n
gnk = j: ]
0 , k>n
for all k,n € N.
Now, we introduce the difference sequence spaces ¢,(1") and ¢o(T") by

0,(T) = {a:: (Tn) Ew: Y

n

tnxn - ?xn—l
n

p<oo} (1<p<o0)



and

loo(T) = {x = (wn) € w:sup

tpxn — t*xn—l
n

<o}

As the notation of matrix domain, the sequence spaces £,(1") and £ (7")
may be redefined by

0,(T) = () (1 <p<o0) and Loo(T) = (boo)r-

The space ¢,(T") is more general and more comprehensive than the spaces
Ep(ﬁ) and bvp, that is ¢,(T") contains both of them, where 1 < p < oco. Let
t, = fr{il (n € N), then T is the Fibonacci band matrix F and let (tn) = e,
then T is the difference matrix A. On the other hand, the space £,(T") is not
a special case of the space 0, = (¢p) B(7,5) defined by Candan [17]. To put it
more explicitly, if we take ¢, and —1/t;, instead of i and si_1, respectively,
this contradicts the fact that s > 0 for all kK € N.

We will frequently use the sequence y = (y,) for the T-transform of a
sequence x = (x,,), that is,

Yn = Tn(z) = { .

Theorem 2.1. Let 1 < p < oo. Then £y(T') is a Banach space with the
norm Ha:ng(T) = ||Tz|,, that is,

toxo ;
1
nln — -Tn-1 , N >1

(n € N). (2.1)

<;|Tn<x>|p>1/p Cl<p<o

HiUHep(T) =
sup [Ty, ()] , P =00,
n

Proof. Suppose that |[z||s,) = 0. Then, [|Tz[ls, = 0 and since |[|.[|s, is a
norm we have Tz = 0. Since T is invertible, we have z = 6.
Let « € C and x € ¢,(T). Then,

lellg,ry = 1T (ax)le, = l[aTlg,
= | Tzlle, = lelllzlle,x)-
Lastly, for x, z € £,(T) we have
12 + 2llg, (1) = 1T (2 + 2)lle, = [Tz + Tz,
< | Tzlle, + 1T2lle, = llzlle,ry + 12lle, ()

so the triangle inequality holds.

Hence, (£,(T), ||-ll¢,(r)) is a normed sequence space for 1 < p < co. To
prove that £,(T) is a Banach space, let (z,) be a Cauchy sequece in £,(T).
Then, (y,) is a sequence in £,. Clearly,

|Zn — me”ép(T) = [T (zn — zm)lle,

= HTxn - Tmeep = Hyn - ymHZp?



that is, (yn) is a Cauchy sequence in £,. Since (£p, |.||l¢,) is a Banach space,
there exists y € £, such that lim, o yn = y in £,. Since x = T~ 1y, we have

nh_)ngo |zn — l‘||ep(T) = nh_>nc}o 1T (zn — 5’3)Hﬁp
= lim [|Tzy —Tz|e, = lim [lyn —ylle, = 0.
n—00 n—00

This means that lim, ooz, = x in £,(7T"), where z € £,(T). The proof is
completed.

Remark 2.2. [t is clear that £,(T') is a BK-space for 1 < p < oco.

Theorem 2.3. The difference sequence space £,(T') is linearly isomorphic
to the space Ly, that is, £,(T) = ¢, for 1 < p < oo.

Proof. We must show that there exists a linear bijection between the spaces
£y(T) and ¢, for 1 < p < oo. Let T be the transformation defined from
£y(T) to £y by © — y =Tx = (T,(z)). Then, we have Tz =y € ¢, for every
x € L,(T). It is clear that T' is a linear transformation. Also, it is obvious
that z = 6 whenever Tx = 0 and so that T is injective.

Furthermore, let y = (yn) € £, be given for 1 < p < oo and define the
sequence = = (x,,) as follows:

n n

1
m=> []] o | e (n€N). (2.2)
k=0 \j=k J
Then, by combining (2.1) and (2.2), we get for every n € N
1
To(x) = thxy — —Tp—1
tn

" _
ztnz Htle tkyk_tlz Htlz tkYk

k=0 \j=k k=0 \j=k J
n 1 n—1 n 1 1
=1tn H ﬁ InYn + tn Z H ? ey — — Z H 2 LYk
j=n J k=0 \j=k J = ji=k j

= Yn-
This means that T'x = y. Since y € £, we have T'x € £,. Thus, we conclude

that « € £,(T) for any y € ¢,. Hence T is surjective.
Since ||z|g, () = [ T|l¢, for any x € £,(T'), we have

lylle, = ITxlle, = llzlle, )
which shows that T preserves the norm, where 1 < p < co. Hence, T is
an isometry. As a consequence, the spaces ¢,(T) and ¢, are isometrically
isomorphic for 1 < p < co. This completes the proof.
It is known that the space /¢, is not a Hilbert space with p # 2. The
similar result is valid for the space ¢,(T") and the following theorem gives
this result.



Theorem 2.4. The space {,(T) is not an inner product space in the case
p # 2. Hence, {p(T') is not a Hilbert space for 1 < p < oo and p # 2.

Proof. We must show that the space ¢3(T") is a Hilbert space while £,(T)
is not a Hilbert space for p # 2. By Theorem 2.1, we know that ¢o(T)
is a Banach space with the norm ||z|s, ) = ||Tz[[¢, and its norm can be
obtained as follows:
1/2 1/2
llleary = (2,20 ipy = (T, Ty = | Tl
for every x € £o(T'). Hence ¢2(T) is a Hilbert space.
Consider the sequences
1

% s n=>0
— J— n
== e DRy nz1 0D
=1 "
and .
oo 0"
=1 "

With the T-transforms of v and v, we have the following sequences
Tu=(1,1,0,0,...) and Tv = (1,-1,0,0,...).
Also, it is easy to see that

o+ 0l o7y + llu =0l 7y = 8 # 42%77) = 2(|[ullg, (7 + 1017, 7))

for p # 2. This means that the parallelogram equality cannot be satisfied
by the norm of the space ¢,(T") for p # 2. Therefore, this norm cannot be
obtained from an inner product. Hence, the space ¢,(T") with p # 2 is a
Banach space but it is not a Hilbert space, where 1 < p < oo. The proof is
completed.

Remark 2.5. Obuviously, the space ls(T) is also a Banach space but it is
not a Hilbert space.

Before giving some inclusion relations concerning the space £,(7T"), we give
a lemma which is necessary to show that some inclusions strictly hold.

Lemma 2.6. [26, Theorem 3. page 219] A product [],,(1+ay,) with positive
terms ap, is convergent if and only if the series Y, ay converges.

Now, we present the inclusion relations concerning the space £,(7").

Theorem 2.7. The inclusion £,(T') C £4(T) strictly holds for 1 < p < q <
00.

Proof. Let 1 < p < q < oo. If z is any sequence in ¢,(T"), then its T-
transform T’z is in ¢,. Since the inclusion ¢, C ¢, holds, Tz is also in
ly. Hence x € £y(T) which means that ¢,(T) C ¢4(T). To show that the
inclusion is strict, consider a sequence z = (z,) € ¢, but not in ¢, i.e.,



x € Ly\lp. From the fact that the inclusion ¢, C ¢, is strict, the existence of
x € g\l is clear. Let define the sequence y = (y;,) in terms of the sequence
x as follows:

n

yn:Z H% trxy (nEN).
j=k .7

k=0
Then, it is clear that
To(y) = zy,

for every n € N. This shows that Ty = = and since x € ¢,\¢p, we have
Ty € £4\l,. Hence, the sequence y must be in £,(7) but cannot be in £,(T"),
that is, the inclusion £,(T") C £4(T) is strict. The proof is completed.

Theorem 2.8. The inclusion £,(T) C loo(T) strictly holds for 1 < p < co.

Proof. If © € (,(T), then Tx € {,. Since ¢, C lo, Tx € ls. Hence,
x € lo(T') which shows that ¢,(T") C so(T'). To show that this inclusion is
strict, we define the sequence y = (y,,) by

n

yn:Z l_I*2 nEN

k=0 =

Then, we have for every n € N that

n n 1 1 n—1 n—1 1
IS SIS | RS SN |
k=0 i=k " k=0 i=k
n n—1 n 1 1 n—1 n—1 1
_ n k - 1)k -
= tn(_l) th 12 +1tn Z(_l) tk’HtQ ¢ ( 1) 123 H 2
i=n k=0 i=k k=0 i=k *
n—1 n n—1
1 1 1
n k
= (D" + S (=)t t"H??_t Ht2>
k=0 i=k =k

Then, Ty € £\, since ((—1)") € loo but not in £,,. Thus, y is in 5o (T") but
not in ¢,(7") which means that the inclusion ¢,(T") C ¢o(T) strictly holds.
The proof is completed.

Theorem 2.9. The inclusion ¢, C £,(T) strictly holds, where 1 < p < oo.

Proof. To prove that the inclusion £, C ¢,(T") holds for 1 < p < oo, it is
sufficient to show that there exists a number M > 0 such that ||z, ) <
M||z||g, for any x € £,.



thxn —

IN

Let z € £, and 1 < p < o0. (i) € c\co since (t,) € c\cp. Then, there
1/p
1 le, () (Z T ( )
1/p
1/p
(KPZ myp) + (LPZ \xn_1p>

exist K, L > 0 such that ¢, < K and ;- - < L for all n € N. Thus, we have
n
= (K + L)z,

IN

and

1
tnTp — —Tp-1
tn

2]l ¢oe (1) = sup |T(x)| = sup
n n
< (K + L)sup |z,| = (K + L) ||| ¢, -
n

If we define M = K + L, it yields the desired result, that is, ||z, ) <
M]|z|lg, for 1 < p < co. To prove that the inclusion is strict:

i) If0<t, <1foralnel;

For 1 < p < oo, the sequence x = (Hz 1 t2> ¢ £, since 1/t; > 1. Clearly,
Tx = (9,0,0,...) € £,. Thus z € £,(T).

Let t; = 1/#1 < 1 for all i € N. Then, t% = 1+%. By Lemma

co 1 - : co 1 = —
2.6, [[.24 i not convergent since ) ;*, + is not convergent. Hence, z =

<]_[;1 L t12) ¢ ls. It follows that Tx = (t9,0,0,...) € ls and so x €
oo (T).
ii) If t, =1 for all n € N;
In this case,
Th(z) = xp — Tp_1

for all n € N. For 1 < p < oo, consider the sequence x = e which is clearly
not in ¢,. But, Tz = (1,0,0, ...) € £y, that is, x € £,(T").

Now, let z = (n+ 1). Obviously, z is not in {5, but Tz = e € {o, which
means x € {oo(T).

iii) If ¢, > 1 for all n € N;

Let t,, = ”TH > 1 for all n > 1 and assume that p = 1. If we choose
x = (n%rl) ¢ (1, then Tx = (m) € (1. Hence, z € (1(T).



Let t, = 1 > 1 for all n > 1 and choose z = (n). Then, ¢ (s but
Tr = (32t € ¢ and so = € £oo(T).

n

As a result, there exists « € £,(T)\lp. Thus, we conclude that the inclu-
sion ¢, C £,(T") strictly holds for 1 < p < co. The proof is completed.

Theorem 2.10. Neither of the spaces o and £,(T') includes the other one,
where 1 < p < o0.

Proof. For t; = 4/ Z»_%l, consider the sequence x = (H” i) which is not

i=1 t%
in {o. However, x € £,(T) since Tx = (to,0,0,...) € £,. Now, consider the
sequence z = ((—1)") in £. Thus,

to , n=20

Clearly, for all n € N, ‘(—1)” (tn + %)) > 1 which implies that the series

> n|Tn(x)[P is not convergent, where 1 < p < oo. Hence, x ¢ £,(T). We
conclude that neither of the spaces includes the other.

3. The a-, §- and 7-duals of the space (,(T')

In this section, we determine the a-, 5- and y-duals of the sequence space
0,(T'), where 1 < p < oo. Also, we give a seguence of the points of the space
¢,(T') which forms a basis for this space.

The following known results [27] and [28] are fundamental for our inves-
tigation.

Lemma 3.1. Let 1 < p < oco. The following statements hold:
(a) A= (ank) € (bp,ls) if and only if

supz lank|? < oo. (3.1)
"k
(b) A= (ank) € (Up,c) if and only if (3.1) holds and
nlg)go ank exists for all k € N. (3.2)
(c) A= (an) € (Up,co) if and only if (3.1) holds and
nh_)ngo ane =0 for all k € N. (3.3)
(d) A= (ank) € (£p, 01) if and only if

ap 3|3

KeF ™1 lnek

< 0. (3.4)

Lemma 3.2. The following statements hold:
(a) A= (ank) € (b1, €s) if and only if
sup |ank| < oco. (3.5)

n,k



(b) A= (ank) € (41,¢) if and only if (3.2) and (3.5)
(c) A= (ank) € (41, c0) if and only if (3.3) and (3.5)
(d) A= (ank) € (€1, 1) if and only if

sup ank| < 00. 3.6
! Zn:! 4 (3.6)
Lemma 3.3. The following statements hold:
(a) A= (ank) € (oo, lo) if and only if (3.1) holds with ¢ = 1.
(b) A= (ank) € (lo, ) if and only if (3.2) holds and
Jm 3 onel = 32 Jim,
(c) A= (ank) € (boo, o) if and only if (3.3) holds and
Jim > fank| = 0. (3.8)
k

(d) A= (ank) € (boo, 1) if and only if (3.4) holds with g = 1.

. (3.7)

Now, we give two lemmas which are required to determine the a—, 5- and
v-duals of the space ¢,(T"), where 1 < p < oo.

Lemma 3.4. Let a = (a,) € w and the matric B = (b,) be defined by
By, = a, T, !, that is,

b — 0 , E>n

" angnr , 0<k<n
for all k,n € N. Then, a € ({,(T))" if and only if B € ({,,41), where
1<p<co.

Proof. Let y be the T-transform of a sequence x = (z,,) € w. Then, we have

AnTpn = aan;l(y) = Bn(y)

for all n € N. Thus, we obtain from this equality that ax = (a,x,) € ¢1 with
x € Ly(T) if and only if By € ¢; with y € ¢,,. This implies that a € (£,(T))"
if and only if B € (¢p,¢1). The proof is completed.

Lemma 3.5. [29, Theorem 3.1] Let C' = (cui) be defined via a sequence
a = (ag) € w and the inverse matric V. = (vn) of the triangle matriz

U= (unk) by
_ 0 , k>n
ok = Z?:k ajvjr, , 0<k<n
for all k,n € N. Then,
(p(U)) ={a=(ag) €Ew:C € ({p, o)},
(6p(U))? ={a = (ar) Ew:C € (L, 0)},
where 1 < p < co.

Combining Lemmas 3.1-3.5 we have;



Corollary 3.6. Let the sets 621, Jg,cig, Ci4, ds and dg be defined as follows:
q

dy = a=(ar) Ew: supzz tkH an )

KeF 1 lnek =k J
dy =< a=(ay) € Z(tkH )aj exists for each k € N 3 |
7=k i=k 1

dy = a:(ak)Ew:supZZ<tkHt2> <00 g,

k=0 |j=k i=k

di = a:<ak>ew;nlggozz<tkn ) 22<H§;>aj<oo ,

k=0 |j=k zk’ k |j=k

655: a=(a) Ew: Supz tkH

Jj=k

ap| < 00

Q%‘ =

and

dg = a:(ak)Ew:supZ<tkH )a]

n,k z
i=k i=k

Then, the followmg statements hold:

(a) (bp(T))* =dy and ((1(T))* = ds, where 1 < p < oo.

(b) (6y(T))? = dyNds, (leo(T))P = daNdy and (61(T))? = dy N dg, where
1<p<oo. R X

(c) (Up(T))Y =d3 and ((1(T'))Y = dg, where 1 < p < oco.

Now, we give the Schauder basis of the space £,(7T) (1 < p < c0).

Theorem 3.7. Let 1 < p < oo and define the sequence ¥ € £,(T) for
every fized k € N by

0 , n<k
(c(k))n - ﬁ % >k (n € N). (3.9)
: J

Then the sequence (¢\F)) is a basis for the space £y(T), and every x € £,(T)
has a unique representation of the form

x = Z T (2)c®. (3.10)
k

Proof. Let 1 < p < oo. By (3.9), it is clear that T(c*)) = e*) € ¢, and
¢®) € £,(T) for all k € N.



Also, let x € £,(T') given. For every non-negative integer m, we put

2(m) — ZTk(x)C(k)‘
k=0

Then, we have that

and hence ( )
o (m)y _ 0 0<n<m
Talw —2™) = { To(@)  (n>m).

Let € > 0 be given. Then, there exists a non-negative integer mg such that

> mr=(3)"
n=mo+1

Therefore, we obtain for every m > mg that

0 1/p 00 1/p
|w—:1:(m)H€p(T):< 2. Tnu«)p) é( 2 lTn@)lp) :

n=m+1 n=mo+1

<€

DN

which shows that lim [z — (™|, (r) = 0 and hence x is represented as in
m—00 p
(3.10).
Finally, let us show the uniqueness of the representation (3.10) of z €

£,(T). Assume that 2 = 3, pu(x)c®). Since the linear transformation T
defined from ¢,(T) to ¢, in the proof of Theorem 2.3 is continuous, we have

Tu@) = 3 @) Tu(e®) = 37 (@) = pnla) (€ N).
k k

Hence, the representation (3.10) of « € ¢,(T") is unique. The proof is com-
pleted.

4. Some matrix transformations related to the sequence space
6(T)

In the final section, we give the characterization of the classes (£,(T), \),
(X, 4,(T)) and define the norm of an matrix operator in B(¢,(T), u(S)),
where 1 < p < oo, A € {{1,¢0,¢, 0o} and p € {1, 00}

Throughout this section, we write a(n, k) = Z;:O aji, for given an infinite
matrix A = (ang), where n,k € N.

Firstly, we give a theorem which is essential for our results.

Theorem 4.1. Let 1 < p < 0o and A be an arbitrary subset of w. Then, we
have A = (an;) € (€,(T), N) if and only if

DM — (df{?) € (bp,c) for all n € N, (4.1)
D = (dni) € (p, N), (4.2)



" 4 0 , k>m P
e T S (ke 0sk<m O OR T
Z;’ik (tk Hi:k t%) anj for all k,m,n € N.

Proof. To prove the theorem, we follow the similar way due to Kiriggi and
Basar [6]. Let A = (ank) € (6,(T),\) and = = (x3) € £,(T). By (2.2), we
have

m m k k
Zankwk:ZankZ t]H 5 | Yi
k=0 k=0 7=0 =5 !

m m i
33 (0l ) wom
k=0 j=k i=k ?
m
= Z dflk)yk
k=0
= D" (y)

for all m,n € N. Since Az exists, D™ belongs to the class (¢, c). Letting
m — oo in the last equality, we obtain Az = Dy which gives the result
D e (£p,\).

Conversely, suppose the conditions (4.1), (4.2) hold and take any x €
lp(T). Then, we have (dpk)ren € Eg which gives together with (4.1) that
Ap = (ank)ken € (6p(T))P for all n € N. Thus, Az exists. Therefore, we
derive by the above equality as m — oo that Ax = Dy, and this shows that
A€ (Lp(T),N).

We obtain the following results by combining Lemma 4.1 with Lemmas
3.1-3.3.

Theorem 4.2.
(a) A= (ank) € (41(T), L) if and only if (3.5) holds with d instead of
ank and

m%i_r)noo dsz) exists (Vn,k € N), (4.3)
sup [dly| < 0o (vn € N) (4.4)
m,k

also hold.

(b) A= (ank) € (01(T),c) if and only if (4.3) and (4.4) hold, and (3.2)
and (3.5) also hold with d,j instead of a,y.

(c) A= (ank) € (€1(T),co) if and only if (4.3) and (4.4) hold, and (3.3)
and (3.5) also hold with d,j instead of a,y.

(d) A= (ank) € (61(T), 1) if and only if (4.3) and (4.4) hold, and (3.6)
also holds with d,j instead of a,y.



Theorem 4.3. Let 1 < p < oo.
(a) A= (ank) € ({p(T),ls) if and only if (4.3) and

(4.5)

m

hold, and (3.1) also hold with dj, instead of ap.

(b) A = (ank) € (4p(T),c) if and only if (4.3) and (4.5) hold, and (3.1)
and (3.2) also hold with d,, instead of a,y.

(c) A= (ank) € ({p(T),co) if and only if (4.3) and (4.5) hold, and (3.1)
and (3.3) also hold with d,, instead of any.

(d) A= (ank) € (€,(T), 1) if and only if (4.3) and (4.5) hold, and (3.4)
also holds with d,j instead of ayy.

Theorem 4.4.
(a) A= (ank) € (loo(T), ) if and only if (4.3) and

n}@@i | = > Il for cachn €N (4.6)
k=0 k

hold, and (3.1) also holds with ¢ =1 and dyy, instead of any .

(b) A= (ank) € (loo(T),c) if and only if (4.3) and (4.6) hold, and (3.2)
and (3.7) also hold with d, instead of ap.

(c) A= (ank) € (beo(T), o) if and only if (4.3) and (4.6) hold, and (3.3)
and (3.8) also hold with d,j instead of ap.

(d) A= (ank) € (boo(T), 1) if and only if (4.3), (4.6) and

> > du

neN keK

sup
N,KEF

< 00

hold.
By using Theorems 4.2-4.4, we derive the following results:

Corollary 4.5. The following statements hold:

(a) A = (ank) € (€1(T),cs0) if and only if (3.3), (3.5) and (4.3), (4.4)
hold with d(n, k) instead of anr and dyi, respectively.

(b) A= (ank) € (41(T),cs) if and only if (3.2), (3.5) and (4.3), (4.4) hold
with d(n, k) instead of anr and dp, respectively.

(c) A= (ank) € (41(T),bs) if and only if (3.5) and (4.3), (4.4) hold with
d(n, k) instead of an and dy, respectively.

Corollary 4.6. Let 1 < p < co. Then, the following statements hold:

(a) A = (ank) € ({p(T),cs0) if and only if (3.1), (3.3) and (4.3), (4.5)
hold with d(n, k) instead of an, and dyi, respectively.

(b) A= (ank) € ({p(T),cs) if and only if (3.1), (3.2) and (4.3), (4.5) hold
with d(n, k) instead of ank and dni, respectively.

(c) A= (an) € (lp(T),bs) if and only if (3.1) and (4.3), (4.5) hold with
d(n, k) instead of anr and dyy, respectively.



Corollary 4.7. The following statements hold:
(a) A = (ank) € (boo(T),cs0) if and only if (3.3), (3.8) and (4.3), (4.6)
hold with d(n, k) instead of anr and dyi, respectively.

(b) A = (ank) € (loo(T),cs) if and only if (3.2), (3.7) and (4.3), (4.6)
and hold with d(n, k) instead of an and dpy, respectively.

(c) A = (ank) € (lo(T),bs) if and only if (3.1) with ¢ = 1 and (4.3),
(4.6) hold with d(n, k) instead of ani and dpy, respectively.

Now, we introduce the matrix transformations from the space A € {¢1, co, ¢, loo }
to £,(T"), where 1 < p < co. Before this, we give the necessary and sufficient
conditions for the matrix transformation A is in (X, 4,).

Lemma 4.8. The following statements hold:
(a) A€ (Uoo,ly) = (c,b,) = (co,4p) if and only if

P
sup ank| < oo, where 1 < p < oo. 4.7
KEJ_EZ > ank P (4.7)
nekK

(b) A€ (loo,loo) = (¢,0o0) = (0, lso) if and only if

supz |ank| < oo. (4.8)
"k
(c) A€ (1,4p) if and only if
supz |ank|P < oo, where 1 < p < occ. (4.9)
k

n

When we change the roles of the spaces £,(T") and ¢, with A in Theorem
4.1, we obtain the following theorem.

Theorem 4.9. Assume that there exists the following relation between the
terms of the infinite matrices A = (ank) and B = (byg)

1
bnk = _t*anfl,k + thank (410)
for all k,n € N and X be any given sequence space. Then, A € (X, £,(T)) if
and only if B € (A, £y,), where 1 < p < oo.

Proof. Let x = (x) € A. Then, by using the relation (4.10) one can easily
obtain the following equality

1
Z bopxr = Z <_tan1’k + tnank> xy for all m,n € N

k=0 "
which yields as m — oo that (B, (x)) = (T,,(Ax)). Therefore, we conclude
that Az € ¢,(T) for x € X if and only if Bz € £, for x € A\, where 1 < p < c0.
The proof is completed.
By combining Lemma 3.2 (a), Lemma 4.8 and Theorem 4.9, we obtain
the following results:



Corollary 4.10. Let the matrices A = (ank) and B = (byi) be connected
by (4.10). Then, we obtain:

(a) A= (ank) € (boo, £1(T)) = (¢, £1(T)) = (co, 41(T)) if and only if (4.7)
holds with p =1 and b,y instead of an.

(b) A= (ank) € (01,01(T)) if and only if (4.9) holds with p =1 and by

instead of any.

Corollary 4.11. Let the matrices A = (ank) and B = (byi) be connected
by (4.10). For 1 < p < oo, we obtain:

(a) A= (ank) € (boo, £p(T)) = (¢, 6p(T))) = (co, p(T)) if and only if (4.7)
holds with by instead of apy.
(b) A = (ank) € (¢1,6,(T)) if and only if (4.9) holds with by, instead of

ank -
Corollary 4.12. Let the matrices A = (ank) and B = (byi) be connected
by (4.10). Then, we obtain:
(a) A = (ank) € (loo; loo(T)) = (¢, £oo(T)) = (c0,4oo(T)) if and only if
(4.8) holds with by, instead of an.
(b) A= (ank) € (l1,4o(T)) if and only if (3.5) holds with b,y instead of
Apk-
Now, we investigate the norm of the infinite matrices in the class B(€,(T), (S5)),
where p € {{1,0} and 1 < p < co. Firstly, we give an essential lemma for
our investigation.

Lemma 4.13. Let B = (byk) be an infinite matriz. Then the following
statements hold:

(a) The norm of B in B({p, ) is defined by
1Bl (e1.£0c) = SUP [

and

1Bl (e ,000) = SUPZ bnk|? (1 <p < o0).
"k
(b) The norm of B in B({,,{1) is defined by

1Bl (e,01) = sup > bkl
n

and

Z bnk

nekK

(1<p<oo).

1Bll(e.01) = = sup Z

Theorem 4.14. Let T and S be two band matrices given by the sequences
t = (tn) and s = (sy,), respectively, and A = (ank) be an infinite matriz.
(a) If A € B((41(T),40(S5)), then

1
My = sup Z <tk H ) <5nanj - Snanl,j>

n,k =k zk’




is finite. In this case, || Al (7)o () =

(b) Let 1 < p <oo. If A€ B((¢,(T) 8 , then
q
p—supz (tkHt2 Snlnj — an 1’]>
=k Sn

is finite. In this case, ||A||(gp (T),0(S)) =
(c) If A€ B((¢1(T),41(S)), then

o0 J 1 1
K= supz Z (tk H t2> <Snanj — an—l,j>
) . Sn,

n |j=k i=k ?

’E

is finite. In this case, || Al (7).0(5)) =
(d) Let 1 < p < 0. IfAGB(( p( ), ¢

(5
ey S (o) (o )

KeF 1 \nek j=k i

, then
q

is finite. In this case, ||All(,(1)0(5)) = Kp-

Proof. From Theorem 2.3, we know that T is an isometric isomorphism:
0,(T) — £,, where 1 < p < co. Let B = SAT~!. Thus, the following
diagram

0p(T) —2> (S)

v is

P p—sar—1
shows that || All(, (1),u( S)) = |Bll(¢, 1), Where p € {loo,£1} and 1 < p < 0.
Using Lemma 4. 13 3 (a) and (b), we have that

M,, if p=~»
1Bl (e ,12) :{ K;:, if p=144,

where 1 < p < 0.
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