
Fibonacci Numbers and Beyond

Abstract

Motivated by the result of Fibonacci numbers for which the ratio
of successive terms tends to a limit, which is commonly known as the
Golden Ratio, we prove an immediate generalization for a wider class
of recurrence sequences. For an application of our main result, we find
a natural way to approximate an algebraic number, which is a zero for
some class of polynomial equations, by rational numbers. As recently
there seem to be renewed interests on Fibonacci numbers and related
recurrence sequences, we hope that our elementary methods and re-
sults may shed some light for solving the related problems.
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1 Introduction

We recall that the Fibonacci numbers are defined inductively by F1 =
1, F2 = 1 and Fn = Fn−1 + Fn−2 for n ≥ 3. This interesting sequence
arose prominently from early on in the history in many different ar-
eas including mathematics, natural sciences, visual arts, architecture,
music, and so on. Let αn = Fn+1/Fn. In this section we will give four
different proofs for the following proposition showing that limn→∞ αn

exists, which serves as our initial motivation for generalizing this phe-
nomenon to other (possibly higher) recurrence sequences. Our main
theorem is given in the second section. In section 3, we conclude by giv-
ing some remarks, applications, and pointing out some related (seem-
ingly) open problems. For more details about Fibonacci and other
recurrence sequences, and for the basic theory of continued fractions,
we refer the readers to [1].

1.1 Proposition. The limit of αn as n → ∞ exists, and in fact

lim
n→∞

αn =
1 +

√
5

2
.
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First proof. Clearly αn+1 = Fn+2

Fn+1
= Fn+1+Fn

Fn+1
= 1 + 1

Fn+1
Fn

= 1 + 1
αn

.

Since α1 = 1, it follows that αn’s are simply the convergents of the
continued fraction [1; 1, 1, 1, · · · ]. For example, α2 = 1 + 1

1 , α3 = 1 +
1

1+ 1
1

. By the general theory of continued fractions ([1]), the limit of αn

as n → ∞ exists. The limit can be easily solved from the equation

x = 1 + 1
x . A positive solution gives x = 1+

√
5

2 . �
Second proof. The recursion Fn+2 = Fn+1 + Fn with initial conditions
F1 = F2 = 1 can be solved directly: Substituting Fn = zn into the

relation yields z2 = z+1. The equation z2 − z− 1 = 0 has roots 1+
√
5

2

and 1−
√
5

2 . Then by linearity and the initial conditions, the solution of
the recursion is given by

Fn =
1√
5

((
1 +

√
5

2

)n

−

(
1−

√
5

2

)n)
.

Then it is straightforward to show that limFn+1/Fn exists and equals
1+

√
5

2 . �
Third proof. As in the first proof, αn+1 = 1 + 1

αn
for n ≥ 1. Then we

also have αn+2 = 1 + 1
αn+1

. Subtracting gives

αn+2 − αn+1 =
αn − αn+1

αn+1αn
.

It follows that

|αn+2 − αn+1| =
1

αn+1αn
|αn+1 − αn|.

Now by induction, it is easy to establish that

3

2
≤ αn ≤ 2 for n ≥ 3.

This shows that the contraction factor 1
αn+1αn

is less than or equal to(
2
3

)2
< 1. Then by standard argument, αn is a Cauchy sequence, and

therefore limn→∞ αn exists. Solving x = 1+ 1
x yields a positive solution

x = 1+
√
5

2 . Alternatively, we note that the mapping f : [ 32 , 2] → [ 32 , 2]
defined by f(x) = 1+ 1

x is a contraction mapping (see [2]), so the unique
fixed point can be found by taking limit of fn(x0) for any initial point
x0 ∈ [ 32 , 2] as n → ∞. �
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Fourth proof. Let f(x) = a0 + a1x + a2x
2 + · · · be the generating

function for the Fibonacci numbers (here a0 = 0, ai = Fi for i ≥ 1 as
defined above). We can easily find f(x) by using the recursive relation

an+2 = an+1 + an, n ≥ 0.

Namely by summing n from 0 to ∞ of the following relation∑
n≥0

an+2x
n+2 =

∑
n≥0

an+1x
n+2 +

∑
n≥0

anx
n+2,

we see that

f(x)− a0 − a1x = x(f(x)− a0) + x2f(x),

which yields

f(x) =
a0 + (a1 − a0)x

1− x− x2
=

x

1− x− x2
=

x

(1− λ1x)(1− λ2x)
, (1)

where λ1 = 1+
√
5

2 , λ2 = 1−
√
5

2 are the reciprocal roots of the polyno-
mial equation 1− x− x2 = 0.

By partial fraction expansion, we have that

x

(1− λ1x)(1− λ2x)
=

1
λ1−λ2

1− λ1x
+

1
λ2−λ1

1− λ2x
.

Expanding this in power series in (1) and equating coefficient of xn,
we see immediately that

an =
λn
1 − λn

2

λ1 − λ2
.

This essentially is the solution from the second proof, so we know

lim
n→∞

an+1

an
= λ1 =

1 +
√
5

2
.

�
1.2 Observation. By the ratio test, the radius of convergence for

the power series of f(x) is given by lim
∣∣∣ an

an+1

∣∣∣, provided that the limit

exists. This is related to the poles of f(x) of minimum absolute value,
which in the above case is 1

λ1
. So if lim an+1

an
exists, then the answer

would be λ1. The more difficult part of the question is why the limit
exists.
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Our goal in the next section is to generalize this phenomenon. We first
look at the following examples.

1.3 Example. Let an+2 = αan+1 + βan, where α, β > 0 and a0 =
1, a1 = α. Then it is easy to see that f(x) = 1

1−αx−βx2 . We claim that

lim an+1

an
= 1

x0
, where x0 is the unique positive root of 1−αx−βx2 = 0.

Proof. Let y0 (necessarily negative) be the other root of 1−αx−βx2 =
0. If we let λ1 = 1

x0
, and λ2 = 1

y0
, then by the fourth proof, the

solution an is of the form an = k1λ
n
1 +k2λ

n
2 , where k1, k2 are constants

depending on the initial conditions. Therefore it suffices to show that
|y0| > x0. For this, rewrite the equations as

y20 +
α
β y0 −

1
β = 0

x2
0 +

α
βx0 − 1

β = 0
.

Subtracting and simplifying, this gives

y20 − x2
0 = −α

β
(y0 − x0) > 0 ⇒ |y0| > x0.

�
1.4 Example. Let an+2 = αan+1+βan with α = 2, β = 3, a0 = 1, and
a1 = 2. Then by the previous example, we see that lim an+1

an
= 3. Note

that this can also be seen by using the generalized continued fraction:

an+2 = 2an+1 + 3an

⇒ an+2

an+1
= 2 +

3
an+1

an

,

which suggests that

3 = lim
an+1

an
= 2 +

3

2 + 3
2+···

.

On the other hand, if we let α = m > 0, β = 1, a0 = 1, and a1 = m.
Then lim an+1

an
equals the simple continued fraction

m+
1

m+ 1
m+···

.

2 Generalization

The objective in this section is to prove our main
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2.1 Theorem. Let the sequence {an} be defined by the linear recur-
sion

an+k =

k−1∑
i=0

cian+i, ci > 0, n = 0, 1, 2, · · · , (2)

where a0, a1, · · · , ak−1 are nonnegative and not all zero. Then

lim
n→∞

an+1

an

exists and equals the unique positive solution of

yk − ck−1y
k−1 − · · · − c1y − c0 = 0.

For the proof of Theorem 2.1, we first gather some lemmas. Note that
the equation 1−

∑k
i=1 ck−ix

i = 0 is obtained from yk−
∑k

i=1 ck−iy
k−i =

0 by applying the transformation y = 1
x , hence their roots are recipro-

cal to each other.

2.2 Lemma. The polynomial equation

1−
k∑

i=1

ck−ix
i = 0

has a unique positive solution.

Proof. Let P (x) = 1−
∑k

i=1 ck−ix
i. Then clearly P (x) is a monotone

decreasing function for x ≥ 0 with P (0) > 0 and P (x) < 0 if x is suffi-
ciently large. Then the result follows from intermediate value theorem
for continuous functions. �
Let f(x) =

∑∞
n=0 anx

n be the generating function of {an}, n ≥ 0. From
the definition of recursion (2), it follows that

∞∑
n=0

an+kx
n+k =

∞∑
n=0

k−1∑
i=0

cian+ix
n+k =

k−1∑
i=0

cix
k−i

∞∑
n=0

an+ix
n+i,

which implies

f(x)− a0 − a1x− · · · − ak−1x
k−1 = ck−1x(f(x)− a0 − · · · − ak−2x

k−2)

+ck−2x
2(f(x)−a0−· · ·−ak−3x

k−3)+· · ·+c1x
k−1(f(x)−a0)+c0x

kf(x).

Rewriting, we see that

(1− ck−1x− · · · − c1x
k−1 − c0x

k)f(x) = a0(1− ck−1x− · · · − c1x
k−1)

+a1x(1−ck−1x−· · ·−c2x
k−2)+ · · ·+ak−2x

k−2(1−ck−1x)+ak−1x
k−1.
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We see that

f(x) =
g(x)

1− ck−1x− · · · − c1xk−1 − c0xk
,

where
g(x) := a0(1− ck−1x− · · · − c1x

k−1)

+a1x(1−ck−1x−· · ·−c2x
k−2)+ · · ·+ak−2x

k−2(1−ck−1x)+ak−1x
k−1.

Now define

h(x) := 1− ck−1x− · · · − c1x
k−1 − c0x

k.

2.3 Lemma. Using the above notations, we have that g(x0) ̸= 0,
where x0 is the unique positive solution of h(x), i.e. x0 is a pole of
f(x).

Proof. Let x0 be the unique positive zero for the polynomial h(x).
Then it is easy to see that g(x0) > 0, by using the relation

1− ck−1x0 − · · · − c1x
k−1
0 − c0x

k
0 = 0,

which implies

1− ck−1x0 − · · · − c1x
k−1
0 = c0x

k
0 > 0, etc.

This shows that f(x) = g(x)
h(x) has a pole at x = x0. �

2.4 Lemma. Let b1, · · · , br be positive real numbers, ζ a complex
number with |ζ| = 1, and let d1, · · · dr be positive integers. Then

|b1ζd1 + · · ·+ brζ
dr | = b1 + · · ·+ br ⇔ ζgcd{dj−di:i<j} = 1.

Proof. We prove the less obvious direction (⇒). Let ζ̄ be the complex
conjugation. We note that ζ̄ = 1

ζ .

|b1ζd1 + · · ·+ brζ
dr | = b1 + · · ·+ br

⇒ (b1ζ
d1 + · · ·+ brζ

dr )(b1ζ̄
d1 + · · ·+ br ζ̄

dr ) = (b1 + · · ·+ br)
2

⇒ bibj(ζ
di ζ̄dj + ζdj ζ̄di) = 2bibj , for all (i, j) with i < j

⇒ ζ̄dj−di + ζdj−di = 2 for all (i, j) with i < j

⇒ ζdj−di = 1 for all (i, j) with i < j,

from which the result follows. �
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2.5 Lemma. f(x) has no other poles in the closed disk |z| ≤ x0.

Proof. It suffices to show that h(x) has no other zeros in the closed
disc |z| ≤ x0. Clearly if |z| ≤ x0, then

|h(z)| = |1− ck−1z − · · · − c1z
k−1 − c0z

k|

≥ 1− |ck−1z + · · ·+ c1z
k−1 + c0z

k|

≥ 1− ck−1|z| − · · · − c1|z|k−1 − c0|z|k

≥ 1− ck−1x0 − · · · − c1x
k−1
0 − c0x

k
0 = 0.

In order that h(z) = 0, all the above inequalities must be equalities.
Necessarily the last (in)equality shows that |z| = x0. If we write z =
x0ζ with |ζ| = 1, then the equality

1−|ck−1z+ · · ·+ c1z
k−1+ c0z

k| = 1− ck−1x0−· · ·− c1x
k−1
0 − c0x

k
0 = 0

shows ζ = 1 by applying Lemma 2.4 with bi = ck−ix
i
0, i = 1, · · · , k,

and di = i, i = 1, · · · , k. Therefore z = x0ζ = x0. �
Proof of Theorem 2.1 To prove the theorem, we first consider the case
when h(x) has only simple roots. Then

f(x) =
∞∑

n=0

anx
n =

g(x)

h(x)
=

k∑
i=1

αi

1− λix
, (3)

where λi’s are reciprocal roots of h(x) such that λ1 := 1
x0

corresponds

to the unique positive root of yk − ck−1y
k−1 − · · · − c1y− c0 = 0. Note

that Lemma 2.5 shows that |λi| < λ1 for i > 1.

Formula (3) shows that

an =

k∑
i=1

αiλ
n
i

from which it follows that

lim
n→∞

an+1

an
= λ1 =

1

x0
.

Now let’s deal with the general case. We claim that x0 is a simple root
of h(x). This can be easily checked by noting that h(x0) and h′(x0)
do not vanish simultaneously, for if they did, then

1− ck−1x0 − ck−2x
2 − · · · − c0x

k
0 = 0

−ck−1 − 2ck−2x0 − · · · − kc0x
k−1
0 = 0.
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Multiplying the first equation by − 1
x0

and adding to the second equa-
tion yields

− 1

x0
− ck−2x0 − 2ck−3x

2
0 − · · · − (k − 1)c0x

k−1
0 = 0

which is absurd.

Let λ1, λ2, · · · , λr be the distinct reciprocal roots of h(x). Then by
partial fraction expansion, we can write

f(x) =
∑

anx
n =

α1

1− λ1x
+

r∑
i=2

βi1

1− λix
+

βi2

(1− λix)2
+· · ·+ βimi

(1− λix)mi
,

where mi is the multiplicity of λi for 2 ≤ i ≤ r. Using Taylor’s theorem
or negative binomial coefficients, we obtain that

an = α1λ
n
1 +

r∑
i=2

gi(n)λ
n
i , (4)

where gi(n) is given by

mi∑
j=1

βij

(
n+ j − 1

n

)
,

where
(
n+j−1

n

)
=
(
n+j−1
j−1

)
= (n+j−1)···(n+1)

(j−1)! , if j ≥ 2,= 1 if j = 1.

Clearly gi(n) is a polynomial in n of degree at most mi − 1. Now it is
straightforward to see from (4) that

lim
n→∞

an+1

an
= λ1 =

1

x0
.

�

3 Conclusion

3.1 Applications and Future Work. We illustrate here a way
to approximate the unique positive zero of polynomials of the form
h(x) = 1 − ck−1x − · · · − c0x

k, where for simplicity ci’s are assumed
to be integers, so the solution is an algebraic number. The idea is
simple: we simply compute the generating function associated with
the recursion an+k = ck−1an+k−1 + · · · + c0an, and compute the ra-
tios an

an+1
. These rational numbers converge to the unique positive

root of h(x) by Theorem 2.1. For example, from the ratio of coef-
ficients of the generating function associated with the recurrence se-
quence an+3 = 2an+2 + 3an+1 + 2an, we find a natural sequence of
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rational numbers which give the approximation for the unique positive
root of the polynomial equation 1 − 2x − 3x2 − 2x3 = 0. We remark
here that many questions can be asked. For example, how is the above
approximation related to the convergents of the continued fraction as-
sociated with the algebraic number? How is the above approximation
compared to the Newton’s method? Furthermore the methods we have
employed seem to be applicable for solving the problem of reciprocal
sum of Fibonacci numbers and its generalization ([3]), a problem that
has attracted many recent researches.
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