
A simple (and more general) proof of Theorem 2.1

Let (ak)
∞
k=0 be the recurrence sequence of order k defined by

an+k =

k−1∑
i=0

cian+1, ∀n ≥ 0

for some initial conditions a0, a1, ..., ak−1. If the characteristic polyno-
mial

yk − ck−1yk−1 − ...− c1y − c0
has a real root α1 greatest in modulus than the others, then

lim
n→∞

an+1

an
= α1.

Note that no further conditions on ci and initial conditions a0, a1, ..., ak−1
are necessary.

Proof. Let α1, ..., αk be the roots of yk−ck−1yk−1−...−c1y−c0, with α1 real
root largest in modulus. By the generalized Binet formula it is well–known
that

an = A1α
n
1 +A2α

n
2 + ...+Akα

n
k , ∀n ≥ 0

for convenient values of A1, ..., Ak (for this proof, it is not necessary to
explicitly determine them). Thus, we have

lim
n→∞

an+1

an
= lim

n→∞

A1α
n+1
1 +A2α

n+1
2 + ...+Akα

n+1
k

A1αn1 +A2αn2 + ...+Akα
n
k

Now, dividing both numerator and denominator by αn+1
1 , we obtain

A1 +A2(
α2
α1

)n+1 + ...+Ak(
αk
α1

)n+1

A1 · 1
α1

+A2 · 1
α1

(α2
α1

)n + ...+Ak · 1
α1

(αk
α1

)n

Since α1 greatest in modulus, all ratios αi
α1

, for i = 2, ..., k, tends to 0 and
we have

lim
n→∞

an+1

an
=

A1

A1 · 1
α1

= α1.
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