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ABSTRACT

In the literature of information measure, there exist many well known parametric generalized information
measures with their merits and limitations. In the present paper a ‘useful’ R-norm information measure of

type & and degree [is introduce and characterized axiomatically. This new measure is parametric

generalization of ‘useful’ R-norm information measures introduced and characterized by the authors earlier
refer to Hooda et al. [9]. Properties of the new generalized ‘useful’ R-norm information measure of type &

and degree [ have also been studied. The new measure has been applied in studying the lower and
upper bounds of a generalized ‘useful’ R-norm mean codeword length.
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1. INTRODUCTION

We consider the set of positive real numbers, not equal to denoted by
0* :{R: R>0¢]}. Let A, with n>2 be the set of all probability distributions

{(pl,pz, .P.) P >Oan02p }

Boekee and Lubbe [4] considered R-norm information of distribution P defined for
ROO" by

HR(p)=Ri (szl R(>0)# 1. (1.1)

The R-norm information measure (1.1) is a real function A, — 0%, where n=2and

[0%is the set of positive real numbers. This measure is different from entropies of
Shannon [13], Renyi [12], Havrda and Charvat [6], and Daroczy [5]. The most
interesting property is that in case R - 1, R-norm information measure approaches

to Shannon’s entropy(1948) and when R — o, HR(P) -1-maxyp,
di=12...,n

The measure (1.1) can be generalized in so many ways; Hooda and Ram [7]
defined the following journalized ‘useful’ information measure:

2B

HE (P) = R+ﬂ 5 (Zp j ,0<fB<1, R(>0%1 (1.2)
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The measure given by (1.2) was called generalized R-norm information measure of
degree [ as it reduces to (1.1) when 5 =1.

Hooda and Sharma [8] introduced and characterized parametric generalization of
(1.2) as given below:

2a-6

n _R_ R
Hgﬁ(P)sz_Za 1—[;Q2""3J @21, 0<B<1, R(> Q% L,&R+[% #

(1.3)

(1.3) was called as the generalized R-norm information measure of type & and
degree 5 and it reduces to (1.2) whena =1and further reduces to (1.1) when 5 =1.

Belis and Guiasu [2] considered qualitative aspect of events in an experiment and
attached a utility distribution U ={(u,u,....,u,),u > with the probability

distribution P such that U is the utility of an event having probability .

Consequently, the following ‘qualitative-quantitative’ measure was defined and
characterized:

H(P;U)=H(p,, p,s-.., Py U, Us,..., U, )

=->uplogp ,u>0, 0<p<1 d>p=1 (1.4)

i=1 i=1

Later on the measure (1.4) was called ‘useful’ information by Longo [11] of the
experiment.

To over come the limitations of the measure (1.4), Bhaker and Hooda [3] introduced
and characterized the following measure of ‘useful’ information:

Y uplogp
H(P;U) =-= (1.5)

dup
i=1

Hooda et al. [9] also characterized the following ‘useful’ R-norm information
measure:
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He(PU) = 1-| 2 R(>0)#1, (1.6)

which reduces to Boekee and Lubbe [4] when utilities are ignored.

As the parametric generalized information measures have more potentiality and
flexibility for applications point of view, so it is worthwhile to consider a two
parametric generalized ‘useful’ R-norm information measure as given below:

2a-p]
n RN R
. zuipl2a—ﬁ
Hz” (PU) = Rep—2a| 1| R(>0Q#1a21,0B< L,&R+B% &
ui i
Zl P

(1.7)

where U is the utility distribution corresponding to probability distribution P. We
may call (1.7) as the generalized ‘useful’ R-norm information measure of type & and
degree [.

In the present paper the ‘useful’ R-norm information measure type @ and degree 8  Given
by (1.7) is characterized in section 2. In section 3 the properties of ‘useful’ R-norm
information measure of type @ and degree [ are studied. In section 4 the new measure is

applied in studying the lower and upper bounds of a generalized ‘useful’ R-norm mean
codeword length and in the end conclusion is also given as section 5.

2. CHARACTERIZATION OF ‘USEFUL’ R-NORM INFORMATION MEASURE OF
TYPE a AND DEGREE f

LetS =A xA) - R, n=23,......... and G, be a sequence of functions of p, s

and ui's,i =12,......... ,N, defined over Sn satisfying the following axioms:

Axiom 2.1 G (P:U)= al+azzn:h(pl,ui), where a and a, are non zero
i=1

constants ration numbers and
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p.udJ ={(02)x(0,0)} 0{(0,y)0 < y<1} O{(e0,y):0< y' < oo},

Axiom 2.2 For POA,UOA’,POA
property:

andU'0A] ,G,, satisfies the following

m?

Grm(PP’:UU’):Gn(P:U)+Gm(P’:U’)—éGn(P3U)Gm(P'3U')-

Axiom 2.3 h(p,u) is a continuous function of its arguments p and u.

Axiom 2.4 Letall p, s are equiprobable and u sare equal , then

-pB+2a-R
Gn(i,...,i;u,...,uj:L 1-n R :
n n R+[(-2a

where n=23...,anda 21 0<B<1,R(>0)#1L0<R+[% Xr.

Firstly, these lemmas are proved to facilitate the proof of the main theorem.

Lemma 2.1 Using axioms 2.1 and 2.2, we get the functional equation which is
given below:

ih(p,p},uiu’j):(%j:lh(pi,ui)ih(p'j,u'j), 2.1)

i=L j=1
Where(pi,ui),(p'j,u’j)DJ fori=212,............ ,nand j=12............ ,m

Lemma 2.2 The continuous solution that satisfies (2.1) is the same as that of the
functional equation:

h(pp’,uu’) = (%jh( p,u)h(p’,u’), (2.2

wherea, and a, are arbitrary constants.

Proof: This Lemma can be proved on following the lines of Hooda et al [9].
Next we obtain the general continuous solution of (2.2).

Lemma2.3 One of the general continuous solutions of equation (2.2) is given by
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_ v
h(p,u):[_aij(p;z J ﬂ, where y#0,v#0 (2.3)

and

h(p,u)=0. (2.4)

Proof: Taking g(p,u) :( :2 Jh(p,u) in (2.2), we have

g(pp,uu)=g(p,u)g(p,u). (2.5)
The most general continuous solution of (2.5) (refer to Aczel [1]) is given by

p/luV %I
g(p,u):( - j ,Whereu# Oand # ( (2.6)
and
g(p,u)=0. 2.7)

On substituting g(p,u)=( a‘?}h(p,u) in (2.6) and (2.7) we get (2.3) and (2.4)

respectively. This proves the lemma 2.3 for all rational p D]O,][ andu >0, However,
by continuity it holds for all real p ] ]OJ{ andu>0.

Theorem2.1 A xioms 2.1 to 2.4 together with Lemmas determine the measure (1.7)

Proof: Substituting the solution (2.3) in axiom 2.1, we have

o (o Vo
G,(PU)=1 PZ[ﬁJ , v #0. (2.8)
i=1 (]

Taking p, :1 and U, =U for eachiin (2.8), we get
n

11 e
Gn(ﬁ’-..,;,u,...,UJ:ai I-n*“u* |, n=23.., (2.9)

Axiom 2.4 together with (2.9) gives



p vl R -B+2a-R
120 a1 1_nﬂU'u :m{l_n R j|

121  Itimplies

122 a

123 Putting these values in (2.8), we have

n R 20/_%_
R U; p, 2a-5
124 G”(P;U):R+,8—2a 1-| =
2P
=1
125 =HZ?(PU).

126  Hence this completes the proof of theorem 2.1.

127 3. MAIN PROPERTIES of HZ”(P;U)

128 The following properties are satisfied by the generalized ‘useful’ R-norm information

129  measure H3” (P;U)

130  Property 3.1: H S"g(P;U) is a symmetric function of their arguments, if permutation

131 of p’and U’ are taken together, i.e.

132 HR”(Py, Pareers Progs P ilplpee Uyt ) S HRZ (P P 1P oo Po gl WgM g U )
133

|+

|+

134  Property 3.2 Hg'ﬁ[ ,1,1) =1 ,incase a=LF=1and R=2.
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n 2a-p 2a-3
n R
o). R _iZ:l‘,U.p.
roof: H{ (P’U)_R+,B—20' 1 -
u. p.
le P

Fori =1, 2 wehave

2a-06
R R R
2a-p 2a-p
HZ# (PU) = i 1-| P~ UoPo
R+ [ -2a u, p, u,P,
Setting
1 1
Ps :§ » P2 :§ U, =1,u,=1,0=14=1and R=2. we get
5 G|
H21,1 E,E,l,l =21- 8_+8_
8'8 11
8 8

Property 3.3 Addition of one event having probability of occurrence as zero or utility

as zero has no effect on ‘useful’ information, i.e.

Ha? (P Poveev s Poy Oty Uy M) =HRZ (PrDoy e P, Uil W)

= Hg’ﬁ ( p]_’ p2)--- ] pn+1;ul,u2,... ,Un ’

Proof: Let us consider
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Hgﬁ ( Py Pose-0 Py ’0;u1 Uy :Un+1)

2a-p
_R_ _R_ _R_ R
2a-p8 2a- 2a-
— R 1_ ulpl +u2 2 +“.+unpn + .+0
R+[-2a U p, u,p, U, P,

=HZ?(PU).
Property 3.4 H S"g(P;U) satisfies the non additivity of the following form:
R+ [ -2a

R
where  P*Q=(p,q,..., PO PoChir--» PoOyys Pulise--s pnqm)'

HE? (P*QU*V) = HZ (RU)+HI* (QV) - 1 (RU)HE’ (@V),

U*V =(UV, .. UV, UV UV UV e UV, )

n-m

Proof: RH.S.=HZ#(P;U)+ Hg’ﬂ(Q;V)—wR_ZGHS'”(P;U)H A (QV)
r 20-8 "]
n R R
R Zuivj(piqj)ﬂ
- 1- i=1
R -2 3
th-2a Z_lluivj Piq;

=HZ?(P:QU:V)
=L.H.S.

Property 3.5 Let A, A]- be two events having probabilities [3; , P; and utilities U, U,

respectively, then the utility Uof compound event A N AJ IS defined

up +up;
Pt P

u(AnA)= (3.1)

Theorem 3.1 under the composition law (3.1) following holds:
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it HE(PL Payeees Press P P ULL U

= HE? (P Py PrsgiUp Uy Uy, o) +(P'+ p")H;"ﬁ(

u,,,u’,u")

1 n+l?

I

n

. a.p U ", ] "
Proof: . HEZ?(Py, Pore-es Powgs Py PT3Ug, Uy, U U U")

~n Hgﬁ(pv P2y--es Ppas Uy, Uz

. e
R+[(-2a

— a,p [ " a,B p
_nHR +(p+p)HR |:pl+pn’pr+p"’

This completes the proof of theorem 3.1.

(p'+p")-

U

! n+1)

[ p n ! lp " ;U, ’u"J -
p+p p+p
2a-p8
R R R
1~12a-43 nn22a-
+ R up Lup
R+ﬂ_ 20' u:pr unpn
2a-8
R R
! 2a-f8 " 2a-f8
U'( 1 EJ_ nj u"( [ 2 nj
p+p p+p -
5 > (" +p’)
U' [ " U" r "
p+p p+p

n

p

4. APPLICATION IN SOURCE CODING

', u"} .

Here we introduce a new generalized ‘useful’ mean code word length as given

below:

R

>u oo

R

Lz? (PU) =

R+ -2a

dup,
i=1

(4.1)
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In case a =1land =1, (4.1) reduces to average code word length that was given

by Hooda et al. [9] and again if utilities are ignored, i.e. i=1 for alli=12,...,n it

reduces to

L (P) =Ri_1{1-§ pD (RRW, (4.2)

which is average codeword length due to Boekee and Lubbe [3]. Thus (4.1) is a

valid non-additive ‘useful’ mean codeword length.

Next we study the lower and upper bounds of L‘é’ﬂ(P;U)) in terms of ‘useful’ R-norm

information measure of type & and degree [ Hg'ﬂ (P;U ) given by (1.7).

Theorem 4.1 If |, ,i =12,...,n is length of codeword X satisfying, then
HZ#(PU)<LL?(PU),R(21)>0a0210<B< 1 (4.3)

under the condition

Zn:uiD"i < Zn:ui o (4.4)
i=1 i=1

where (4.4) is the generalization of Kraft's inequality [10].

Proof: By Holder’s inequality we have

(Zl:xpj; (Z yf‘j; < iZ:,&yi, (4.5)

i=1

, 1. 1
where X;,Yy, 20 foreach i and —+—=1.



R 2a-p8
R+pB-2a R 2a-B-R

2a-
u p*”’

188 Setting X = nu'—p' D™, vy,

Zui B Zui P;
i =

189 p= %Fz_zaand q= 26;_ p-R and putting in (4.5), we have
R 2a-
n - (R+ﬂ—2ﬂ) R+f-2a ( n _ R N2a-p-R n
Zui pD " Zui piza_ﬂ U D™
190  — =2 <= <1
D up 2.up U p
i=1 i=1 i=1
191 It implies
2a-p R
n _ R \2g-B-R n _|i(R+/3—2”] 2a-B-R
Zui piZa—,B Zui pi D ®
192 e S| B . (4.6)
Zui P Zui P
i=1 i=1
193 Case 1 When R+ [ <2a , raising Power 20'——R,8—R > 0 both sides of
194 (4.6), we have
2a-p8
n R YR 0 (M)
. up*” 2upD + F
195 R <=
D UP D UP
i=1 i=1

196 Subtracting both sides from 1, we get
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206

2a-6

n R R n -, (R+,3—20

2.up’ 2upb  F
1-| 22— >1-= 4.7)

2 Up 2 UPp
i=1 i=1

Multiplying (4.7) by —————— < 0 both sides, we have

plying (4.7) by R+ 24

_ 20
n R R n o, (R+ﬁ—20)
u _20—,8 u D R

R 21 P R 21 P

Rep-2a|" | < “Rep-| n
D Up D.Up
i=1 i=1
H&? (PU) < LL? (PU). (4.8)
- 2a R .
Case 2 When R+ 3 > 2a , Raising power <0 both sides of
(4.6), we get
2a-0
n R YR - (Re2e)
2.up’ upD ¥
e > =L (4.9)
Zui P U o
i=1 i=1

Subtracting both sides from1, we get

2a-p

n R Y R n -1 (R+ﬂ—2]
dup’” dupb ' ¥
1_ i:1n S 1_ i=1 -
dup dup
i=1 i=1
R

Multiplying (4.9) by ——————
plying (4.9) yR+ﬁ_2a

> Oboth sides, we get
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214

215

| n _R 2OIR_ﬁ_ n n R+,B—2a]
2a-8 ' R
R+[(-2a zuipi R+[(-2a Zulpl
i=1 i=1

He? (PU) < LEP (PU).
Thus theorem 4.1 is proved in both cases.

In (4.3) equality holds if and only if

o pf‘i‘*
D™ =— _ , R>0(z1) or

DoupX’
i=1

dup,

i=1

n R
R Z u; piza_ﬂ

l, ==log, p* +log,| =

zui Pi
=

n R

2 -

__R Zuipiaﬁ

<l <logy p 7| =L — |+ 1.

dup
i=1

n R
2 —_
__R zui piaﬂ

log, p e =

dup,
i=1

It implies
n R n R
__R zui plza—,/; __R Zui pi20—ﬁ
p| 2a-6 | i=1 < DI| < Dp. 2a-6 | i=1 .

dup
i=1

dup
i=1

(4.10)

(4.11)

(4.12)
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In the next theorem, we obtain an upper bound on L‘,’;’ﬁ(P;U) in terms of

HZ#(PU).

Theorem 4.2 Let I;,l,,...,], be the codeword lengths satisfying (4.12), then

following inequality holds:

r 2a-B-R r R 2a-B-R
a, 5 R a, . — R
L2? (P;,U) <D HE (P,U)+—R+ﬁ_2a(1 D ] (4.13)

Proof: From the R.H.S. of (4.12), we have

R

n

2_

e | up¥”
i=1

Dli < DpI ah -
dup,
i=1

(4.14)

Here two cases arise:

Case 1 When O0<R+ <2 raising both sides of (4.14) to the power
2a-F-R

>0, we get
2a-B-R
n R R
2 _
- [R+ﬂ—2a) 2a-p-R Rtf-2a Zui Y i
D R < D R pl 2a-p3 i=1 - . (415)

dup
i=1

U p

Multiplying both sides of (4.15) by ni—iand summing overi , we have

dup,
i=1
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n - (R+ﬁ—20/) n _R R n _R
upb * F sapr| DU PEF S U p=t
=1 : <D R i=1 : i=1 :
2 UP 2up 2 UPp
i=1 i=1 =1
or
n i [R+ﬁ—20) ] . 20/';ﬁ
Z ui IOI D | R 2a-p-R Ui p.za_ﬁ
1= <D R i=1

dup dup
i=1 i=1

Subtracting both sides from1 and multiplying by RL <0, we have

+[3-2a

r 2a-B-R a R 2a-B-R
a, 5 R a, . — R
L2# (P;,U) <D HS (P'U)+—R+,8—20[1 D } (4.16)

Similarly, we can prove that (4.16) holds when R+ 5> 2a . Hence theorem

4.2 is proved

Thus (4.3) and (4.13) together give

2a-pB-R R 2a-pB-R
Ha?(P:U)< Ly’ (PU)<D R HQ"”(P;U)+—R+,B_ZG(1—D R J

5. CONCLUSION

In this paper we have defined a new generalized ‘useful’ R-norm information
measure analogous to Hooda and Sharma’s (2008) R-norm information measure

and characterized axiomatically. Some important properties have also been studied.

The new generalized measure has been applied in obtaining lower and upper
bounds of the generalized ‘useful’ mean code word lengths. This can be generalized
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parametrically and applied in source coding. The measure can be further

generalized parametrically and can be applied in source coding.
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