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Abstract

In papar [1] Ahmad et al investigated the use of sharp funclion, known from functicnal analysis., in|
image processing. The sharp funclion gives a measure of variations of a function and can be used
l as an edge detector [2), We extend the classical notion of sharp function to prove the classical
| Labesgue differentiation theorem and Marcinkiewicz (Feorem for the sublingar opasalor T, v)
Keywords: Maximal funcrion; Bounded mean ascilations (BMO); aharp function, distribution, aublingar
GfMErator.
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1 Introduction

The sharp function is a well known luncional analytic concept 12 measure the oscillatory behavior
of lunctions. 1t goes back 1o the maximal function which was introduced in Handy and Littlewood
5] to solve a problem In the theory of complex vasiable. Based on this idea John and Nirenberg
{6] introduced the concept of bounded mean osciltation {BMO) functions. Fefferman and Stein [4]
introduced the sharp function (denoted by /*} and found that a function f £ DO is eguivalant wilky
§# £ [™_ For more details we refer to Pefferman 3], Kuriz [7] and Wojtaszczyk [B). The idea of
applying the sharp operator to measure the oscillation and classification of images was first proposed
by Ahmad and Siddig| [1) where it was used 1o find & suitable comgpression technique.

In this paper, we use sharp function to prove the Marcinkiswicz Interpolation theoram for the
weak sublinear operatar T'{x, y} and for generalization of the concept of distribution. This paper also
includes a proef of Lebesgue differentiation theorem.

2 Maximal Function

In this section we give a shert infreduction to the maximal function and its background. There is a fich
theory behind it, and we are geing to point out some of the main results connected to it The Hardy-
Littlewood maximal function was developed fo solve a problem n the theory of functions of complex
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variable, Further it can also be used inthe proof of Lebesgus differentiation theoram, Fatou's theorem
and in tha thegry of singular integral operators.

Definition 2.1. Let B be the n-dimensional Euclidean space and f(x) be a real valued measurabe
function on ®*. For such a function f on B" its Hardy-Litllewood maximal function is defirad by the
formulka

Mfiz) = sup {#f |Halldy : @r.u",:r-;n:;}. (2.1)
gueg LM Jg
where the supremum ranges over all finite cubes ( in B and A(G}) is the Lebesgue measure of 01

Definition 2.2. Let B™ be the n-dimensional Euclidean space and fix) be a real valued measurable
functon on K", For such a funetion f on R™ its distribadtion is defined ty the formula

dyr(t) = A{{z € B® ¢ |flz)]| > t}), ot £ 20 (2.2]
It is 2asy to find a function whose maximal function is unbeundsd.

Example 2.1. For flx) = el wiltr £ = 0, we gat M [z} = oo, for pactirc € H,

Thearem 2.2. [Hardy-Littlewood maximal theorem] For gach funciion [ £ LY(R"] we have
Miz: Mtz > ) 6" U £ > 0 2.3)

Broaf. 1 ||f|ly = = then it is trivial, without the loss of genetallty, we can assume that || fll: = L

Far @ fixed £ 2 0, 6l & = {z: Mfi{x) = t}. Then for each = € E, there is a cuba . such thal
re Qe C foand

1
o { . mywy} St 24)

Thus,

UL > 5@e) or L > MQul- (2.5)

Let oy = muxiAiCle) - * € Eelos0 an & ¢4 Let us fix a cube Qs call it &}y such Lhat
ML) = Loy, Consider all cubes ). such that @ N ¢, = ¢ I there are no such cubes; wi Siop.
Otherwise we pul og = max{A{@=] : ¢ € B and Q= NGy = ¢} and fix such a cube Q4. call it
satistying MQ) > Lo Continuing in this way we get a sequence of cubes Gy, (. .., possitly fimite
such that

i the cubes (}; are disjoinl,
(i) A(Qs) > & max{A(Qs) = Qs NG =& for &= 12 B — 1k
fil) Fg-ng. =dbors=123,..5- 1, ten AQe] = TA(R],

Fromi2.4) and (i), we gol

M(B@) =M@ SHNTLE L L it T

It Is impartant to mention here that each Q. Intersects some ;. If there exists a Q. dsjoint
fram all £2,'s then our process was infinite, So from {2.6), we sea that A((,) — oe which contradicts
{iif). Mow for & given G, 188 Q). be the first G that intarsecis with .. Soby (i), AQ-} < 2MQ,) and
hence §, © 6 e G (Y oo we maan a cube wilk the same center a8 ) whose sides are c limes
largar than sides of Q, ¢ > 0}. Thus from equalion (2.6), we have
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M+ Mf(x) >t = MuQ)
= J'-':‘T'E‘:‘ h)
< Y MeoQ) @7
cey gt =l
[

A interesting application of the bAaximal Theor

trrQrgm,

Theorem 2.3. Let f € LY{R"}. For almost all = €
{2, }72, swch that ﬂj"'-?: = {x}, we have
I=

i

L
I—rea -:"-l@,l]
Proof. If f & LY{E") M CY
0= ¢« 1andwrita f =g+ hwithg € LR
anvd oy the definitien of Hardy-Litlhewood IR

Fizen SRk e Ii I.:qu 'F‘-"_. Siwldy - .Ir[i']l

i SYE

el

. i
dtea M) qy

lim sup

i

hiphy -

]
G Je,
j—'l-ﬁ-:
[z} + Mh{z).

Mow by equations (2.2) and (2.3), we et
Mz eR" ¢ jh{z]]| =

and

R MLz} = ) =

respectively. This shows that aulside the set {x € B
has measure af mosl Ot we have

lim sup
e

= .
Aledi)

[ 1y = fio)
=

7™}, then (2.8} holds for el £ € R™
Wy (R™) and || Rk
| funclion, we hane,

Jl' (g + B){w)dy — (g + h) ()
2 1

. ]
gly)dy — qlx) + Wan "

ain is & wersion of the Lebesgue difierentatan

R wmfempﬁamms#:gsememarwbas

(2.8)

. Given [ £ L'(R") we take « such that
« ¢, Then by the above chsarvation

h{ghdy — Wiz}

LTER

1
{m j; , u.{ywu} 4 [h()]

L) T

5" TI:I!IFI < ﬁn.‘..":

= . Mhix) > Jepudz e B ¢ hiz) = Wt} which

| s s 2245
oy |
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Since « was arbitrary small, we obiain

o i
i e j; fohdy = ft2)

]

Thix Hardy-Litlewood maximal operator M is & significant nonlinear operator wsed in real and
harmonic Bnalysis. 11 takes a locally integrable function f : B® —+ and retums asother function A F
that at aach ¢ & B gives the madmal average walue thal § can have on cubes condaining the poim
x & ;. Hardy-Littlewood maximal inequality states that M is bounded &S a subfinear oparatar from
IP{R"} o iteelf for p > 1. '

Definition 2.3. A measurable function f on R" has boundiad p-mean oscillation, 1 = p < oo il

I . Lip
Iy = ‘!Lp{ﬁi JI; \ftz) = fiak um} co0

where the sup ranges over all finite cubes ¢ in B and fo = o Jp fix)dx is tha mean value of the
function f on the cube (&

The sat of all functons of bounded p-mean pscillation is denoted by BMOLR™L [[feso, &
“aimasi® & norm sing2 it has the {ollowing properties

i NF + glloso, 5 1M lawe, + l8linro,
W) [laflleso, = el e,
(i) Wl wsro, =11 i f=comstant a.,
whare f and g are the measusable funct:ons on B and o is some scalar quantity.

Example 2.4. The function

1 #zelll]
il {n iz ¢ [0,1]

f5dn MO ]
Let ¢ = [, 1], then

‘l—i_n'J::mﬂf] -J"-cll'!1’-13=J||;L [fiz) — Udz =0 < oo

Every bounded funciion has a bounded p-mean oscillations.
Thatis, L=[R") ¢ BM(h(R"),1 < p < .

Example 2.5. For fiz) = |=]" with o € (—1,0), we find maximal function M iz} of fiz) as

. i :
site) =sp{ / e}
We know that M f(z) = max{M [.(z}, M7_(z)}. Assume that = > 0, then clearly,

s 1 . - | g
MFfx)=Mf [J’-_l-—ili[.:f_ HJII: | el -:ﬁgjrz——_yj:. L¢{ ™ ol
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Further. to obiain sup we congider y < 0, then we have

| {l:{“‘l :
penB—3 Latk],’

M flz] = sup

Sincg i < (0, 80 that choese y = ~ g, where s = O then

IR 50 e il
““’“E&E;w{ a1 }

B 1 o1 4 {.::,-'_:}“"'j}
_?Z_I.E:{I+[a,.f;)}{ a1

3 Y
e i {{H-cnfu-mnu']}'

Putting £ =t = 0, we get

. la 14t e
Mflx)l==z %&E{H+tj“ Hﬂ}—; Car

1 tends to 0 as ¢ goes to infinity and the supremum is obtalned.

3 Sharp Function

Sharp function is a very pawertul tool that mediates batween L¥ spaces and the space of bounded
mean mx:lﬂiﬁum‘l, e BMG,,

Definition 3.1, For locally integrable function f on E" (e sharp function is given Dy

# = _].. apy — ) i g
“’]‘;ﬂ’q{A{mL”m Ial du} < oo

Thus, f & BMO is identical with the statement F# & L™, The interest in 7* lies in the fact that
¥ & 17, p < 0o implies that f € L".

Proposition 3.1. FFf* is 8 fuvaciion in LP(E™), and 1 < p < oo, Hhen
dyult) < 1 IFF IR (3.1)
and s
& el = f ' il e (1)t (3.2
[+
Proal, By the definition af tha distribution
dya(f) = Az € R 1 [f¥ () = t])

o3 f ix (22
| e ¥ L)
or,
iy () = f t"dx
[wE= | f* [=]]= 1) (2.4)

5 JI'; | 7% () |"ee.
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Since 7 is integrable on B, than we have
thd e (1) < || (225

dyelth £ 17" * {25
Far the ramaining part we define the set A © B" = 0,00} 88 A = {{z, 4] - < [ r* ()™ Using

Fubini's theoram, we gel
1™ eF
J'r |f* (=)"dr = f f Ldsdr
g ET J0

f 1 [, #)dfscls
| R TR
= [7 e 1# @ > ohids
qa
Putting s = ¥ = ds = pt* " dt in the above integral, we nhtain

Jﬁr f® ()P = Jf ® e P >
X i (3.5)
= FJI.[_-._ VA |FF () = £)

Therstora, .
”Jr*':t”lF =FF o Itf_r- (i hdt.
o
O

Definition 3.2. An operator T definad on some dlass of measurable lunctions ard mapping it ifle
measurabie funclions is called subliness i

[TiF + gilzl| < [Tz} + [ Tighz}| e
and
[T(AS2)] = (AT )], o,
tor all admissible functions f, g and all scalars A

Definition 3.3. A subfinear operator T' form LV (R™) into LO{R" ) &3 said 1o be of weak type gkl =
n < oo, ¢ < o |l there exists & constant G such that dor each § € LP(R") and aach ¢ = (we hawe

~H q
e i > < ( Sz )

It iz clear that each linear aparalos s gublinear. It immediately follows from (3.1} thas if a sublinsar
aperator T satisties

LTl = ClLflh.
then T°is of weak type (1,1}

Thearem 3. [Marcinkiewicz] Suppase T /5 38 sublinear operator defined on LYR™) + L*=({R")
winch is of weak type {1,1) and for some ' satisfies

ITF* Noe € €I Noe- [3.6)
then fareachp, | = p < oo, there axlals @ consfant Cfp} such lal

(T1#1p € OISl where Ofp) = =20
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Proaf. We are given that T is & sublinear operator defined on LYE™) + L2 (R*) and is of weak type
[1,1) then by the definition of 7" wa &an say withoul the loss of generality that for & =1andt >0

Mz Tf* () =th = ﬁ”—‘

And also T satisfies (3.8}, Le.,
T e Ol =

af,
W oo S 107 llos-
Now for f# € L"(R") and given t = 0. wea wiite f¥(z)} = Julz) + ['iz), where Flz) & LY[RY),

Fe) e L=(R") and
# i1}
_f"{.r:l={"r [ ] 3:31

(¥ L
o ey T
f"‘ﬂ_{n # >k

Thus falx) = Ty, ”..mlﬂlj*-::j. Since f* is a maasurable function and 7' is a sublinear
operator, therefore T §# is also a measurable function. Then by countable subadditivity, we have

{z - |']"_|'"°‘I:_-=§[ _‘:\-'!} = {I: |T_|"¢_.-g[:l=]| = !E}'IJ‘-[;; |T.|r'."3{1.]| =, :!E}

So from (3.2), we oblain

irrg= [ et

=pfn: Pt Al o [T (2] > ¢hhde

{5 i .
'r'TJ’“IIHFj: f"‘iﬂr-ll"h,ml}%}:]erj; t"'lA({.c;!Tf‘“ezn};‘i}}dr_

But we suppose that T satishes (3.8) with € = 1, and this implies that |T#i2k= = £ and thus, the
second integral is zero. Then by the definition of sublingar operator and {3.2) we get,

{3.7)

or,

A M T
=2 ﬁg“‘":‘ | 7% () et
pﬁ Jl:r:l.f"'ulr:;l FAHEE

. 1r® =]
—2 [ 1= f N et e

B *"‘f:_ * tm]lpf (2 ()|}
2'p .
) M LR

< Cipf¥ll, 12p=<roa
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The relalionship bewwecs weak (p q) inequalities and the almes! evarywhera LOMVErgence is
gihven by the foliowing resin,

Theorem 3.2. Let {T.} be a family of linear operators on LM(R™);1 < p < and define
I f#{z) = auplTe [ (=)l
I is weak (p,q) then the sel
[f* € L(R") : Jim Tuf* (=) ST (e) e}
is clogad in LF(R™],
Progf. Let {f.} be a sequenca of functians which corverges 1o f% in LY(R™) such that T¥ix)

converges to (=) a.e.
Now, pi{f* € AR « invsupi T f# (2} - A = AP
]

pl{f* e ER Ry lilfnsrupl':’}f""ir] — falz) + fulz) = R (2) = AN

&

plLf* € 7R s limauplT 1% — fu)(s)] > h

+ul{r* e LR} li:r-}‘BrUJ:'I[J" — fa)(z]] = %H

1y

Wl * € LR U~ fa)i)] > %})

(€ L) £ 7% () — Fala)| > 3
(2tehyn @) - et + (304451 - ulily ) -
Sinca T* is weak (p, q) and f. — f* asn — oo, iheralore

pi{f® e LP(R%) lirflls:ul'?:.f“{'r] — fH =) =01

15

T ulir® € LR limaup(Tif* () - £¥ ()l > =
w1 =1t

0.
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