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Abstract

Some new sufficient conditions are established for the oscillation of all solutions of

the second order neutral difference equation of the form
A (rpA (g + aZpr + bTpyo)) + prto_ i + qnx§+m =0, n>ng,

where " 1/r, < oo. The results obtained here are new and further improve
and complement to some known results in the literature. Examples are provided to
illustrate the main results.
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1 Introduction

This paper deals with the oscillatory behavior of solutions of second

order neutral difference equation of the form
A (P (2, + Ay + DTnig)) + Put® 4+ o, =0, n>ng (1.1)

where ng is a positive integer, A is the forward difference operator

defined by Az, = z,41 — z,,and o and (3 are ratios of odd positive

te.mail: ethandapani@yahoo.co.in
Ze.mail: d.seghar@gmail.com
3e.mail: sandra.pinelas@gmail.com



integers. Further, we assume the following conditions without further

mention:

(C1) {r,} is a sequence of positive real numbers for all n > ny with
D oy 1/ < 00;
(C2) a and b are nonnegative real constants;

(C3) {pn} and {q,} are nonnegative real sequences and not identically

zero for many values of n;

(C4) 1, 0, k and m are nonnegative integers.

By a solution of equation (1.1), we mean a real sequence {x, } defined
for all n > ng — 0; where ¢ = max {7, k} and satisfies equation (1.1)
for all n > ng. Let 85 = max {o,m} . Clearly, if the initial conditions
x, = ¢y, for all n € [ng — 61, np + 62 — 1] are given, then equation (1.1)
has a unique solution satisfying the initial conditions. A solution of
equation (1.1) is said to be oscillatory if it is neither eventually positive

nor eventually negative, and nonoscillatory otherwise.

In recent years, there has been an increasing interest in obtaining
sufficient conditions for the oscillation and nonoscillation of neutral
type difference equations, see for example [1,11,14,18,19,21,23|, and the
references cited therein. In [2,4-6,12,15-17,20] the authors considered

equation of the form (1.1) and established some sufficient conditions for

o)
n=n

the oscillation of all solutions when »_ ~ 1/r, = oo. This is because

such equations have applications in science and technology [3].

However when b = 0 and either p, = 0 or ¢, = 0 there are some
results available in the literature dealing with the oscillatory behavior of
equation (1.1) when > % 1/r, < oo, see for example [1,11,14,21], and

the references cited therein. In particular in [20] the authors considered
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equation (1.1) under the condition (C1) and obtained criteria which
implies that all solutions of equation (1.1) are either oscillatory or tend

to zero as n — oo.

Equation (1.1) may be considered as a discrete analogue of the con-

tinuous equation
(r(t)(2(6))") + p(t)x(t — k) + q(t)z(t +m)” =0 (1.2)

where 2(t) = z(t) + ax(t — 7) 4+ bx(t + 0).The oscillatory and asymp-
totic behavior of solutions of equation (1.2) are studied in [7,9,22] un-
der various conditions on the known functions.However we have not
found any result on the oscillatory behavior of equation (1.2) when
ftzo 1/r(t)dt < oc.

Therefore the natural question arises that when all solutions of equa-
tion (1.1) are oscillatory if the hypothesis (C1)is satisfied. Our purpose
in this paper is to give answer to this question in a affirmative way by
obtaining some new sufficient conditions which ensure that all solutions
of equation (1.1) are oscillatory. In Section 2, we present some prelim-
inary lemmas and in Section 3, we obtain some new oscillation criteria
for equation (1.1). Section 4 contains some examples to illustrate the
main results. Thus, the results obtained in this paper are new and

further improve and complement to those established in [11,14,20,21].

2 Some Preliminary Lemmas

In this section we present some lemmas which will be needed to prove

the main results. For the sake of convenience, we define the following



notations:

Zn = Tp+ aTp_r + 0Ty,
Pn = mn {pna Pn—rs anra} 3
Qn = min {qu dn—r Qn—l—a} y

n—1 1 00 1
R, = j{:;; ,and <An::j£:;;.
S=n s=n

We begin with the following lemma.

Lemma 2.1. Let {z,} be an eventually positive solution of equation
(1.1). Then one of the following two cases holds for all sufficiently

large n:
(I) z, >0, r,Az, >0, A(r,Az,) <0;

(II) z, >0, 7r,Az, <0, A(r,Az,) <0.

Proof. The proof can be found in [19]. O

Lemma 2.2. Let A >0, and B> 0. Then for v > 1 ,we have
AT+ B> L (A+B).

271

Proof. The proof can be found in [10]. O

Lemma 2.3. Let {x,} be a positive solution of equation (1.1) satisfies

case(I) of Lemma 2.1. Then
2n > Ryrnz, (2.1)
and {g—”} 1s nonincreasing for allm > N.

Proof. The proof of (2.1) can be found in [12].Further

A(é—’;) — _TL" —Zn;%’:ﬁfzn] < 0 since AR, = %H.The proof is now
completed. -



Lemma 2.4. Let {x,} be a positive solution of equation (1.1) satisfying
case(Il) of Lemma 2.1. Then

zn > —A,rn Az, (2.2)
for allm > N.

Proof. Since r,Az, is nonincreasing, we have
reAzg < r,Az,, s>n>N.

Dividing the last inequality by s and summing it from n to [, we obtain
!
1
2101 < zp + 1Az, E —, [ >n>N.

S
S=n

Letting [ — oo, we have
0<z,+A,r,Az,, n>N.

The proof is now completed. []

3 Oscillation Theorems

In this section, we obtain some new sufficient conditions for the oscil-
lation of all solutions of equation (1.1). We begin with the following

theorem.

Theorem 3.1. Assume that 1 < < a, 0<a,b< 1, k—7>1 and

m — o > 0. If the difference inequality
Py n—k

a—1
4 (1+a5+22—ﬂ1

has no eventually positive nonincreasing solutions, and the difference

Aw, + o <0, n > no, (3.1)

)a wnfk+7'

nequality
Qn Ag—i—m B

Aw, — 451 i 5wn+mfa
<1 + CLB + 25—_1>

>0, n > no, (3.2)

5



has no eventually positive nondecreasing solutions, then every solution

of equation (1.1) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of equation (1.1). Without
loss of generality we may assume that z,_g, > 0 for all n > N; > ny,
where Nj is chosen so that both the cases of Lemma 2.1 hold for all

n > Ni. From the equation (1.1), we have

A (TnAZn) + pnxg—k + qnxg—i—m + aﬁA (Tn—TAZn—T) + aﬂpn—Txg*k*T

+ad g2l + iA (TntoAzZnio) + —bﬂ T
An—7Lpim—r 25_1 n+o n+o 25_1pn+0 n—k+o

b’ 3
+F€M+an+m+o =0, n2 N1(33)

Since f < a,a <1and b <1, we have

bo

FA (rn+oAzn+U )

bO[
+P, lﬂfg—k +a%@,_p_, + Fxg—kw]

A (r,Azy) +a’ A (ry_ Az, +

bB
+Qn [$§+m + aﬁ$£+m_7 + Fajg—km—l—o} S 07 n Z Nl-

Using the Lemma 2.2 , we obtain

bP
A (T”Azn + aﬁrn—TAZn—T + FTTL-FJAZTL‘FU)
P, n
+4a—1zg—k + 4%2_1Z7€+m <0, n=>DNg. (34)

Next we consider the two cases of Lemma 2.1.

Case(I).Assume that Case(I) of Lemma 2.1 holds for all n > Nj. From
(3.4) and Lemma 2.3, we obtain

bﬁ Pn e} «
A (yn + aﬂyn—T + Fyn—i-a) + FRn—kyn—k < 07 (35)



where vy, = r,Az, and y, > 0 is nonincreasing for all n > N;. Now we
define, w,, =y, + aﬁyn_T - zg—élynw, then w, > 0, n > Ny, and
bs

>yn T n>N1

Using the last inequality in (3.5), we obtain that inequality (3.1) has
an eventually positive nonincreasing solution, a contradiction.
Case(II). Assume that Case(II) of Lemma 2.1 holds for all n > Nj. From
(3.4) and Lemma 2.4, we have

8 b’ @n 5
A Yn + A" Yn—7 + Fyn-&-(f 48— 1A —|—myn+m > 07 (36)
where vy, = —r,Az, and y, > 0 is nondecreasing for all n > N;. Now
we define

b? b?
Wy, = Yp + aﬁ'yn_T + Fyqﬂ_g ~ <1 + a,ﬂ + 26—) Ynt+o, N Z Nl-

Using the last inequality in(3.6), we obtain that the inequality (3.2) has

an eventually positive nondecreasing solution, a contradiction. This

completes the proof. []

Corollary 3.1. Assume 0 < a, b <1, a=p=1,k—7>1, and
m — o > 0 hold. If

n—1 k — T 1+k—71
lim inf Z PRy > M (—) : (3.7)

n—00 1+k—7
s=n+717—k

and

n—00 l+m-—o

n+m—o . 1+m—o
lim inf Z QsAgiy > M <—0) (3.8)

where M = (1 + a + b) are satisfied, then every solution of equation
(1.1) is oscillatory.



Proof. The proof follows from Theorem 3.1 and Theorem 7.6.1 of [7].
[]

Corollary 3.2. Assume 0 < a, b <1, 0 =1,a>1, k—7>1, and
m—o > 0. If condition (3.8) holds and there exists a A > ~=loga such
that

lim nf [PnRgfkexp(—e)‘”)} >0, n>N

n—oo

then every solution of equation (1.1) is oscillatory.
Proof. The proof follows from Theorem 3.1,and Theorem 2 of [11]. [

In the following we derive some new oscillation criteria for the equa-
tion (1.1) where ¢, = 0 for all n > ng. In this case the equation (1.1)

takes the form
A (rpA (zy, + axp—r + b2pip)) + ptn_r. =0, 1 > ng. (3.9)

Theorem 3.2. Assume that 0 < a < 1, (1 —a— %) > 0 for all

n > ng, and there exists a positive nondecreasing real sequence {p,}

such that for any constant My > 0

= Rn+a—k> “ Mll_aApn]
wPnll—a—0> — | = 0. 3.10
H;O [p b < R s R, (3.10)

If there exists a positive real sequence {0, } such that

5n 571—7'—]4:
Ad, <0, 1— —b) >0, 3.11
T’an * o < ¢ n—k > ( )
and for any constant My > 0
- Snrk ° 1

My pApg ([1—a>"2—b) ——| = 3.12
2 [ 2 et ( o ) 4rnAn+1] o B

n=no

then every solution of equation (3.9) is oscillatory.
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Proof. Let {x,} be a nonoscillatory solution of equation (1.1). Without
loss of generality, we may assume that x,_g, > 0 for all n > N > ny,
where N is chosen so that both the cases of Lemma 2.1 hold for all
n > N. From the equation (3.9), we have

A (rpAz,) + ppxn . =0, n> N. (3.13)

Case(I). Assume that Case(I) of Lemma 2.1 holds for all n > N. From
Lemma 2.3, we have {z,/R,} is nonincreasing for all n > N. By the

definition of z,, we have

In Z Zn — AZp—7 — bzn+a
> (1-q-pf) (3.14)
= Rn n .

where we have used {z,} is nondecreasing and {z,/R,} is nonincreas-

ing. Using (3.14) in (3.13), we obtain

A (r,Az,) + BY ipnze . <0, n> N (3.15)
where B |, = (1 —a— b%*—:’“) . Define
wy = LB
“n—k—1

Then w,, > 0 and from (3.15), we have

r,Az r, Az
Zn—k Zn—kzn—l—k
Apprn Az,

< —p,p,B®
= PnPny + Rf{,k (Tn—kAZn—k)a

where we have used (2.1). From the monotonicity of {r,Az,} and

0 < a <1, we have from the last inequality

Aw, < —pppnBy_ ;. + ﬂMll_o‘, n > N, (3.16)



where M7 = ry_;Azy_g. Summing the inequality (3.16) from N to

n — 1, we obtain

n—1
Aps
0 <w, <wy, — Z (pspng‘_k + RTlel_a> . (3.17)
s=N s—k

Letting n — oo in (3.17), we obtain a contradiction to (3.10).
Case(II). Assume that Case(Il) of Lemma 2.1 holds for all n > N.
Define

nA'rL
vy = 25y > N, (3.18)

Zn

Then v, < 0 for n > N. From Lemma 2.4, we have
Az,

n

By virtue of (3.18) and (3.19), we have

A,y

> —1 for all n > N. (3.19)

—1<Av, <0, n>N. (3.20)

On the other hand, it follows from (3.19) that

Az, 1
> — .
2y Apry
Then, we have
Alenfon) > —— | O ag | >0
Zn/On) = — n| —
5n5n+1 Anrn

and then {z,/d, } is nondecreasing. Hence we obtain from the definition

of z, that

n

Ty > (1 — a(sg_T — b) Zn, m > N. (3.21)
From (3.13) and (3.21), we obtain

A (rnAzy) 4+ puchy 120 <0, n >N (3.22)

10



where ¢, = <1 — gk b> . From (3.18) and (3.22), we have

5nk

« « 2
I L e rn(Azn)

Av, <
“n+1 Znln+1
,02
a—1 n
S PulnkFnyip — o 2N, (3.23)
n

where we have used {z,} is positive and decreasing. From (3.23), we

have

2
Avp + M \poc® , + -2 <0, n> N, (3.24)
T

n

for some constant My = zy.1-x. Multiplying (3.24) by A, 41 and then
summing it from N to n — 1, we have

02

S

n—1
ZAS+1AUS—|—ZM LpgAgi1c? k+ZAS+ =<0, (3.25)
s=N

T's

Using the summation by parts formula in the first term of (3.25), and

then rearranging, we obtain

Apvy, — Anun + Z “IpgAgiict  + Z ( s+1> < 0.

Using completing the square in the last term of the above inequality,

we obtain
2
o1 s+1 1
A,v, — Anoy + ZNM psAsi1csy + Z (Us + 2A5+1>
: 4T3A5+1 o
or
n—1 1
a—1 (e
Apv, < Ayuy — _ZN (Mz PsAsiiCsy = 47“3As+1> '

Letting n — oo in the last inequality and using (3.20), we obtain a

contradiction to (3.12). The proof is now completed. O
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Theorem 3.3. Assume that o > 1, (1 —a — %) > 0 for alln >

ny, and there exists a positive increasing sequence {p,} such that for
any constant M > 0 such that

- Rn—o—k’ “ 1 (Apn)Zrn—k o
Z [pnpn (1 a—>b R ) S = 0. (3.26)

n=ngo pn

If there exists a positive real sequence {6,} such that (3.11) holds and
for any constant D > 0

o0

N a0y “ o
Z |:pnAn+1k (1 - - - b> - Doa-1/4 T —k:| = (3.27)

)
n—=no n—k

then every solution of equation (3.9) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.2, we see that Lemma
2.1 holds for all n > N > ny.
Case(I).Assume Case (I) of Lemma 2.1 holds. Define

rnAz
Wy, = pPn Z . n>N. (3.28)
“n—k—1
Then from (3.28) and (3.5), we obtain
A «
Awn :S _pnpnt—k + Apnrn-&—laAZn—&—l - Pn Wn+1 in—k—l) n Z N. (329)
“n—k Pr+1 “n—k—1

By Mean value theorem
AZY o, =at* Az, g

where z, 1 <t < z,_}. Since a > 1, we have

AV ozzg:,i_lAzn_k_l. (3.30)
Using (3.30) in (3.29) we obtain
Ap, N ol Az
Awn S _pnpnBz‘_k _|_ _pwn+1 — p wn+1 Zn_k_ol[ : i 1, n Z N(331)
Pn+1 Pn+1 Pn—k—1

Since {z,} is increasing and {r,Az,} is nonincrasing, we have from
(3.31)
Apn On Ma—l )

Wp+1 — & — Wy

Awn < _pnpnBrOL[—k + 2
pn+1 IOn+1 T'n—k
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where M = zy_;. Summing the last inequality from N to n — 1, and

using completing the square we have

n—1

0<w, <wy — Z [pspsB?—k‘
s=N

1 (Ap5)27“8_k
4o Mot s '

Letting n — oo in the last inequality, we obtain a contradiction to

(3.26).
Case(II).Assume Case (II) of Lemma 2.1 holds. Define
TLA n
vy = 22 > N (3.32)
“n—k

Then v, < 0 for n > N. From Lemma 2.4, we have

rnl\z,

14n—k

> —1, n> N.
Zn—k

Then
_rnAzn(—rnAzn)o‘*

«
ank

So, by A(—=r,Az,) > 0 and (3.32), we have

1
AY <1

~ P <v,Ar . <0, n>N, (3.33)
where D = —ryAzy. From (3.32), we have
Av, = BnB2) | _TnlE e
“n—k+1 “n—k*n—k+1

By Mean Value theorem
AzZY = ot Az,
where z, 11 <t < z,_;. Since a > 1 and Az,_; < 0, we have

Az, < az® L Az,

n—k+1
Therefore
PnTs ar, Az
Av, < —=nbil T Az (3.34)
“ntl—k “p—k*n—k+1

13



From (3.21) and (3.34), we obtain
Avy, + ppeny 1 <0, n> N, (3.35)

Multiplying (3.35) by A%, and then summing it from N to n — 1, we

have
n—1
Z A1 Avs + Z A kpsCsp <0 (3.36)
s=N

Summation by parts formula yields

n—1
Z Adn 1 Avs = Ay op — Ay jon — Z Vs AAL
s=N
By Mean value theorem, we obtain
ozA?_’kl
AAY . > —
Ts—k
Since v,, < 0, we have
owSAO‘ !
Z As+1 kAUs > Aa —kUn — AN kUN + Z T—Zk (3'37)
Using (3.37) in (3.36), we obtain
« O/USACSI kl — «Q (o}
An_kvn — ijN + Z o + ZpsAs—i—l—kCS—k S O (338)
5~ s=N
Therefore from (3.33) and (3.38), we obtain
1 2 a
"~ Do-1 < A _pun < AJ_pun — SZ;V [ s A1 wCop — DalAS_krs_k] ’

Letting n — oo in the last inequality, we obtain a contradiction to

(3.27). This ends the proof. O

Theorem 3.4. Assume that o > 1, (1 —a — b%%};’“) > 0 for alln >

ny, and there ezists a positive nondecreasing sequence {p,} such that
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for any constant M > 0, (3.26) holds. If there exists a positive real
sequence {6,} such that (3.11) holds, and

o0 1 n—1 CL5 [6%
a n—1—k .
g - E PsAy i (1 S b) = 00 (3.39)

n=no S=No

then every solution of equation (3.9) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.3, we see that Lemma

2.1 holds and Case(I) is eliminated by the condition (3.26).
Case(II). Proceeding as in the proof of Theorem 3.2(Case(Il)), we

have
-t > =Tz Ay > —rnAzn A, = dA,—y,
where d = —ryAzy. From (3.22) we have
A(=rpAzy) > dpuey 1 Ay s 1> N.

Summing the last inequality from N to n — 1, we obtain

n—1

—rnlzy, > —ryAzy +d° Z PsCs ik ASi1 k-
s=N

Dividing the last inequality by r, and then summing from N ton — 1,

we have

n—1 s—1

1
IN > AN — 2p > d Z p ZptcfikAtaka.

s=N ° =N
Letting n — oo in the last inequality, we obtain

00 n—1

1
> - D Pl AL < o
n

n=N s=N

a contradiction to (3.39). This ends the proof. O
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4 Examples

In this section we present some examples to illustrate the main results.

Example 4.1. Consider the neutral difference equation

1 1
A (2n+1A (xn + =Ty o+ —a;nﬂ)) +22(2")xn3 +2"Tp12 =0, n>1. (4.1)

2 4
Here, r, = 2" o= =1, a = 1/2, b= 1/4, p, = 22(2"), g, = 2",
T:2,J:2,k:3,andm:2.Thean:———nandA .Itis

easy to verify that all condition of Corollary 3.1 are satisfied and hence
every solution of equation (3.41) is oscillatory. In fact {z,} = {(—1)"}

is one such solution of equation (4.1).

Example 4.2. Consider the neutral difference equation

3 1
A (2n+1A (xn - 4 + §$n+2)> +exp(et™)a) o+ 2" 0 =0, n>1. (4.2)

Here, r, =2 o =3, =1, a = %, b= %, P, = exp(e'™), q, = 2",
T=1,0 =2,k =2, and m = 2. Thean:——ﬁ and A, :2%.
It 1s easy to verify that all conditions of Corollary 3.2 are satisfied and

hence every solution of equation (4.2) is oscillatory.

Example 4.3. Consider the neutral difference equation

A <2"+1A (a;n + 1—16m + %xm» +45(2" e, =0, n> 1. (4.3)
Here, 1, = 2" o =3, a 16,6—% n=45(2""2), 7 =2,0=1, and
k= 2. Thean:———ncmdA .Bytakzngpn:land5—2n,zt

18 easy to see that all conditions of Theorem 3.2 are satisfied and hence
every solution of equation (4.3) is oscillatory. In fact {x,} = {(—=1)*"}

is one such solution of equation (4.3).

We conclude this paper with the following remark

16



Remark 4.1. From the known results [ 11,14,20,21] it is not possible
to conclude that all solutions of the equations in Fxamples 4.1-4.3 are
all oscillatory. But the theorems obtained here ensure that all solutions
of equations (4.1)to (4.3)are oscillatory. Therefore our results improve

and further complement to some of the results in [11,14,20,21].
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