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ABSTRACT

In this paper we present a hybrid optimization algorithm for solving constrained nonlinear
optimization problems. The hybrid algorithm is a combination between one of the intelligence
techniques (genetic algorithm) and chaos theory to enhance the performance and to reach
the optimal solution. The proposed algorithm is operates in two phases: in the first one,
genetic algorithm is implemented to solve nonlinear optimization problem. Then, in the
second phase, local search referred to chaos theory is introduced to improve the solution
quality and find the optimal solution. The results of numerical studies have been
demonstrated the superiority of the proposed approach to finding the global optimal solution.

Keywords: Constrained Nonlinear Optimization Problems, Optimization Algorithm, Genetic
Algorithm, Chaos Theory.

1. INTRODUCTION

Optimization problems, especially constrained nonlinear optimization problems, are very
important and frequently appear in the real world, such as structural optimization,
engineering design, very-large-scale integration design, economics, allocation and location
problems [1-2].

Unfortunately, there is no known method of determining the global maximum (or minimum)
to the general constrained nonlinear optimization problem. The algorithms for constrained
nonlinear optimization problems are classified to an indirect and direct methods. All of these
methods are called traditional optimization techniques, which are local in scope, depending
on the existence of derivatives, and they are insufficiently robust in discontinuous, vast
multimodal, and noisy search spaces [3].
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Some optimization methods that are conceptually different from the traditional techniques
have been appeared labeled as modern or non-traditional optimization techniques and are
emerging as popular methods for the solution of complex engineering problems. These
methods are based on certain characteristics and behavior of biological, molecular, swarm of
insects, and neurobiological systems. Furthermore, non-traditional optimization techniques
overcome difficulties and limitations of traditional techniques and are less susceptible to
getting 'stuck’ at local optimal. In addition they require fewer parameters without requiring the
objective function to be derivable or even continuous [4].

Among the existing non-traditional techniques, well-known algorithms are Genetic algorithms
(GA) [5-6], Simulated annealing (SA) [7-8], Particle swarm optimization (PSO) [9-10], Ant
colony optimization (ACO) [11-13], Fuzzy optimization[14,15] and Neural-network-based
methods[16-17], etc.

Genetic Algorithm (GA) is one of this non-traditional algorithms and is presented as an
efficient global method for constrained nonlinear optimization problems. GAs are well suited
for solving such problems and it enjoys an increasing interest in the optimization community
and many industrial applications. For instance, Elsayed et al. [18] presented a new genetic
algorithm for solving optimization problems, and successfully solving a set of constrained
optimization problems. Furthermore, genetic algorithms was applied for optimal design of a
welded beam in [19]. In addition, genetic algorithms concepts and design for optimization of
process controllers is proposed in [20].

The fundamental of genetic algorithms is based on ‘Random’. This randomness may make
premature convergence to reach to the global optimal solution taking a large number of
iterations to reach to it and the optimization may get stuck at a local optimum. New
researchers introduced improved methods based on the hybridizing algorithms with genetic
algorithms to improve its results trying to find global optimal solution. For instance, Tsoulos
[21] introduced a heuristic modified method based on the genetic algorithm for solving
constrained optimization problems. Juan and Ping [22] optimized the fuzzy rule base with
combination of the GA and Ant Colony; their results show that the hybrid method can be
more useful than the basic GA. Additionally, Sun and Tian [23] developed an efficient hybrid
method for image classification with PSO and GA; where the authors used features of fast
convergence of PSO and diversity of GA to improve their method.

Chaos theory was initially described by Henon [24] and was summarized by Lorenz [25]. It is
study in mathematics that has applications in several discipline: meteorology, sociology,
physics, engineering, economics, biology, and philosophy. Chaos is a common non-linear
phenomenon in nature, which fully reflects the complexity of the system that will be useful in
optimization. Chaotic maps (including logistic maps) can easily be implemented and avoid
entrapment in local optimal [26-30]. The inherent characteristics of chaos can enhance
genetic solution by enabling it to escape from local solutions and increase the convergence
to reach to the global solution.

Many researchers proposed a combination between chaos theory and optimization
algorithms to improve the solution quality. For instance, in [31] the authors presented hybrid
chaos-particle swarm optimization algorithm for the vehicle routing problem with time
window. While, in [32] chaotic genetic algorithm based on Lorenz Chaotic System for
optimization problems is proposed.

In this paper, we present a hybrid optimization algorithm for solving constrained nonlinear
optimization problems. The hybrid optimization algorithm is a combination between genetic
algorithm and chaos theory. The proposed algorithm is operates in two phases: in the first
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one, genetic algorithm is implemented to solve constrained nonlinear optimization problem.
Then, in the second phase, local search referred to chaos theory is introduced to improve
the solution quality and find the optimal solution. The results of various numerical studies
have been demonstrated the superiority of the proposed approach to finding the global
optimal solution [33].

The paper will be as follows. In section 2, we will define constrained nonlinear optimization
problems. In sections 3, genetic algorithm is briefly introduced. In section 4, chaotic maps is
briefly introduced. Proposed approach is proposed and explained in detail in section 5.
Numerical studies and discussions are presented in section 6. Finally, we conclude the
paper in section 7.

2. CONSTRAINED NONLINEAR OPTIMIZATION PROBLEMS

Constrained nonlinear optimization problem can be formulated as follows [2]:

NLPP: Min f (x),

s.t. g,(x)<0,  for i=12...,p, O
h (x)=0,  for i =12,...,0;
x!<x, <xY, n=12..N,

wheref ,g,,...,g,,h,,....h, are functions defined on R, X is a subset of R,, and x
represents a vector of decision variables which take real values, and each decision variable
X, is constrained by its lower and upper boundaries [x,ﬂ,xﬁj]; N is the total number of

n
decision variables x,. The above problem must be solved for the values of the variables
X,,...,Xy that satisfy the restrictions and mean while minimize the function f. The function f is

usually called the objective function, or the criterion function. Each of the constraints
g, (x)so for j =12,...,p is called an inequality constraint, and each of the constraints

h, (x) =0 for i =12,...,q is called an equality constrain. If some of the constraints or the

objective function is nonlinear, the optimization problem called nonlinear optimization
problem.

3. THE BASICS OF GENETIC ALGORITHM

The genetic algorithms were introduced by Holland in 1970s as optimization approaches to
find a global or near-global optimal solution [5]. Genetic algorithms start with a set of
potential solutions (chromosomes). Next, genetic search operators such as selection,
mutation and crossover are then applied one after another to obtain a new generation of
chromosomes in which the expected quality over all the chromosomes is better than that of
the initial generation [20]. This process is repeated until the termination criterion is met, and
the best chromosome of the last generation is reported as the final solution [34]. Fig. 1
shows the pseudo code of the general GA algorithm.
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Generate an initial population

Check chromosome in constrains and repair out constrain values

Evaluate chromosome in the objective function

Do:

Children population [Select parents from population and recombine parents
(Crossover and mutation operators)]

Evaluate children in the objective function

Construct best population of parents and children population

While satisfactory solution has been found

Fig. 1 The pseudo code of the general GA algorithm.

4. CHAOTIC MAPS

Chaos theory studies the behavior of systems that follow deterministic laws but appear
random and unpredictable. Chaos being radically different from statistical randomness,
especially the inherent ability to search the space of interest efficiently, could improve the
performance of optimization procedure. It could be introduced into the optimization strategy
to accelerate the optimum seeking operation and find the global optimal solution [35]. In this
section, one dimensional and non-invertible maps are used to build up chaotic sequences.
Here we offer some well-known chaotic maps found in the literature.

Chebyshev map
Chebyshev map is represented as [36]:

X,y = cos(tcos™(x,));

(2)
Circle map
Circle map is defined as the following representative equation [37]:

X1 =X, +b —(a -2m)sin(27x, ) mod(1); (3)

where a =0.5 and b =0.2.
Gauss/mouse map
The Gauss map consists of two sequential parts defined as [38]:

|0 if X, =0 4
X Tk, else mod (1) @)

where imod(l) =t {iJ .
Xl Xl Xl

Intermittency map
The intermittency map [39] is formed with two iterative equations and represented as:
£+X, tex/ if 0<x,<p

a= - . ; 5
i X 7P elseif p<x <1 )
1-p
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where ¢ = 5

, N =2.0 and ¢ is very close to zero.

Iterative map
The iterative chaotic map with infinite collapses [40] is defined with the following as:

X,y = sin[g); (6)
Xt

where a 0(0,1).

Liebovitch map
The proposed chaotic map [36] can be defined as:

”X‘ 0<x, <p,
—X
Xiwa = Ei —pll P, <X, <p, ; (7)
1-B(1-x,) b, <x <1
1- - -1) - -
where a :w and ,8: ((pZ ) pl(pz pl)) .

P, P, -1
Logistic map
Logistic map [41] demonstrates how complex behavior arises from a simple deterministic
system without the need of any random sequence. It is based on a simple polynomial
equation which describes the dynamics of biological population [42].

X, =X, (1-x,); (8)

where  x,0(0, 1), x, 0{0.0, 0.25, 0.50, 0.75, 1.0} and when ¢ =4.0 a chaotic

sequence is generated by the Logistic map.
Piecewise map
Piecewise map [40] can be formulated as follows:

- 0<x <p
p
X, =P -
<x, <05
_ 05-p P =X _ o
T (1-p-x,) 05< ' ®
R — 5<x, <1-p
05-p
(1-x,) 1o <
0 p<x, <1

where p 0(0,0.5) and x 0(0,1).

Sine map
Sine map [43] can be described as:

X1 :%sin(ﬂxt); (10)
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Where 0<a <4.
- Singer map
One dimensional chaotic Singer map [44] is formulated as:

X, = 1(7.86x, —23.31x] +28.75x} ~13.302875x,"); (11)

where £0(0.9,1.08).

- Sinusoidal map
Sinusoidal map [42] is generated as the following equation:

X,,, =ax.sin(7mx,); (12)
where a =2.3.
- Tent map
Tent map [45] is defined by the following iterative equation:
x, 10.07 X, <0.7
Xy = 13
o %(1.o—xt) X, 20.7 &

5. THE PROPOSED ALGORITHM

In this section, we describe the proposed approach which is a combination between GA and
chaos theory for solving constrained nonlinear optimization problems. The proposed
algorithm is operates in two phases: in the first one, genetic algorithm is implemented to
solve nonlinear optimization problem. Then, in the second phase, local search referred to
chaos theory is introduced to improve the solution quality and find the optimal solution. The
details of the proposed algorithm is described as follows:

Phase |I: GA

Step 1. Initial Population: The population vectors in the first generation are initialized
randomly satisfying the search space S (the lower and upper bounds for each variable),
using the following equation.

Each individual position| =L +(U~L)xrand; (14)

where i =1..,N_,, and N is the size of the population; L is the lower bound; U is the

upper bound, and rand is random numbers uniformly distributed within the range [0,1].

Step 2. Initial reference point: The algorithm needs at least one feasible reference point
(i.e., feasible point) to enter the evolution process (i.e., complete the algorithm procedure),
the reader is referred to Osman et al. [46].

Step 3. Repairing: Repair the infeasible individuals of the population to be feasible. The
idea of this technique is to separate any feasible individuals in a population from those that
are infeasible by repairing infeasible individuals. This approach co-evolves the population of
infeasible individuals until they become feasible, the reader is referred to [34].

Step 4. Evaluation: Evaluate the desired optimization fithess function in n variables for each
individual.
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Step 5. Create a new population: Creating a new population from the current generation by

using the three operators (Ranking, selection, crossover, and mutation).

» Ranking: Ranks individuals according to their fitness value, and returns a column
vector containing the corresponding individual fitness value, in order to establish later
the probabilities of survival that are necessary for the selection process [20].

» Selection: There are several techniques of selection. The commonly used techniques
for selection of individuals are roulette wheel selection, rank selection, steady state
selection, stochastic universal sampling, etc.. Here we will use Stochastic Universal
Sampling (SUS) [47] where, the most important concern in a stochastic selection is to
prevent loss of population diversity due to its stochastic aspect.

e Crossover: In GAs, crossover is used to vary individuals from one generation to the
next; where it combines two individuals (parents) to produce a new individuals
(offspring) with probability (Pc). There are several techniques of crossover, one-point
crossover, two-point crossover, cut and splice, uniform crossover and half uniform
crossover, etc.[34,48]. Here we will use One-point crossover involving splitting two
individuals and then combining one part of one with the other pair. This method
performs recombination between pairs of individuals and returns the new individuals
after mating, and gives offspring the best possible combination of the characteristics of
their parents.

» Mutation: Premature convergence is a critical problem in most optimization techniques,
which occurs when highly fit parent individuals in the population breed many similar
offspring in early evolution time. Mutation is used to maintain genetic diversity from one
generation of a population to the next. In addition, Mutation is an operator to change
elements in a string which is generated after crossover operator [48]. In this study, we
will use real valued mutation; which means that randomly created values are added to
the variables with a low probability (Pm).

Step 6. Migration: In this step, a migration of the new offspring with the old population to
create the new population by taking the best individuals of parents and offspring population
[48,49].

Step 7. Termination test: The algorithm is terminated either when the maximum number of
generations is achieved, or when the individuals of the population coverages, convergence
occur when all individuals positions in the population are identical. In this case, crossover will
have no further effect. otherwise, return to step 3.

Phase 2: Chaos search

Step 1. Determine variance range of chaos search boundary: The range of chaotic local
search [a,b] is determined by X -&<a, X, +&>b; where X/ :(xlxzxn) is the
genetic result, and ¢ is specified radius of chaos search.

Step 2. Generate chaos variables: In this step, a chaotic random numbers z* is
generated by the Logistic map (Equation 8) which is used extensively by using the following
equation.

2" = uz* (1-2z*), 2°0(031), z° 0{0.0, 0.25, 0.50, 0.75, 1.0}, k =12.....  (15)

Step 3. Mapping chaos variable into the variance range: Chaos variable z* is mapped
into the variance range of optimization valuable [a,b] by:

X, =X, —&£+2ez* 0 =1..n (16)



279 Step 4. Update the best value: Set chaotic iteration number as k =1- Do
280 X =x-&£+2ez Oi=1..n.

281 Iff(xk)<f(x*)thensetx*:x".

282 Else if f (x" ) >f (x) then give up the kth iterated.
283 Result x .

284 Loop runs until f (x) is not improved after k searches.
285

286 Step 5. Update the boundary value: Choose the boundary value [a,b] of the new optimal

287 point X, as the new chaos search range. Chaos variable is mapped into the new search
288 range by (16), then go to step 2.
289

290 Step 6. Stopping Chaos search: If f (x) is not improved for all k searches, stop Chaos

291  search process and put out x " as the best solution. The flow chart of the proposed algorithm

292 showing in Fig. 2.
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Fig. 2 The flow chart of the proposed algorithm
6. NUMERICAL STUDIES

For evaluating the performance for global optimization, the proposed algorithm is tested by a
set of constrained benchmark problems taken from the literature [33].Table 1 lists the
variable bounds, objective function and constraints for all these problems [33]. Our study
consists of the comparison of performance with other optimization algorithms to demonstrate
the efficiency and robustness of the proposed algorithm.

The proposed algorithm is coded in MATLAB 6.0 and the simulations have been executed
on an Intel core (TM)i7-4500cpu 1.8GHZ 2.4 GHz processor. As any non-traditional
optimization algorithms, the proposed algorithm, involves a number of parameters that affect
the performance of algorithm. The parameters adopted in the implementation of the
proposed algorithm are listed in Table 2.

Table 1. Constrained benchmark problems

Problem | VaMable | opjective function f (x) and constraints C (x )
bounds
— 2 2
x, 0[-10,10] f(x) o
i 0[-1010] Ci(x)=x,-3=0
AT e ) =2-x, <0
1 2 X X
f =— 2 2)" 1 Z2y41
- x, 0[-10,10] :(x) 4000(X1 +x;) cos( ) cost )
x,0[-1010] | C.(x)=x,-3=0
C,(x)=2-x,<0
f,(x)= —sin(27x,)°sin(271x,)
P3 XlD[O'l’]'O] ' X13(X1+X2)
x,0[0,10] C,(x)=x-x,+1<0
C2(x)=1-x,+(x,-4)*<0
f,(x)=(x, -10)° +(x, - 20)°
x, 0[13,100] T
P4 C,(x)=~(x, =5)* = (x, ~5)* +100< 0
x,0[0,100] o :
C2(x)=(x, —6)+(x,-5)*-8281<0
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f,(x) =5.3578547x 2 + 0.8356891x,X , + 37.293239x, — 40792.141

C,(x ) =85.334407 + 0.0056858x ,X ; +0.006262x X , — 0.0022053x ;X ; ~92< 0
C,(x) = -85.334407 - 0.0056858x , , —0.006262x X, + 0.0022053X ,X, < 0
C,(x) =80.51249 + 0.0071317x X, + 0.0029955x X , + 0.0021813x  ~110< 0
C,(x) = -80.51249 - 0.0071317x X, — 0.0029955x X , —0.0021813x 2 + 90 < 0
C.(x) = 9.300961 + 0.0047026x X + 0 — 0012547x X , + 0.0019085x . , — 25< 0
C,(x) = -9.300961 - 0.0047026x X , — 0.0012547x X , — 0.0019085x ;X , + 20 < 0

x, 0[-1]]

P5
x,0[-11]

f,(x) =5.3578547x + 0.8356891x X ; + 37.293239x, — 40792.141

x,0[78100] | ¢, (x)=85.334407 + 0.0056858x ,X,, +0.006262x,x, — 0.0022053 ;x; ~92< 0
x,0[3345] | C,(x)=-85.334407 — 0.0056858X ,X , — 0.006262x X , + 0.0022053X ;X , < O

P6 x;0[27,45] | C,(x)=80.51249 +0.0071317x ,x + 0.0029955x X , + 0.0021813x > ~110< 0
x,0[27,45] | C,(x)=-80.51249-0.0071317x X, ~ 0.0029955x x , ~ 0.0021813x 2 + 90 < 0
Xs[27,45] | Cy(x)=9.300961+0.0047026x ;X , + 0~ 0012547x X , +0.0019085x ;X , = 255 0
C,(x) = -9.300961— 0.0047026x ;X , — 0.0012547x X , — 0.0019085x ,X , + 20 < 0

Table 2. The proposed algorithm parameters

Generation gap 0.9

Crossover rate 0.9

Mutation rate 0.7

Selection operator Stochastic universal sampling
Crossover operator Single point

Mutation operator Real-value

GA generation 500-1000

Chaos generation 10000

Specified neighborhood radius 1E-6

6.1. The results

The proposed algorithm and augmented Lagrange particle swarm optimization (ALPSO) [33]
are applied to the set of Constrained benchmark problems. In [33] Sedlaczek and Eberhard
applied their method making 30 independent runs. Table 3 illustrates the comparison
between the optimal solution, the proposed algorithm result, and the best value obtained by
ALPSO [33].

As a result from Table 3, for the problems (P1, P2, P3,P5 and P6), the proposed algorithm is
found the optimal solution and near to the optimal solution for the problem P4. On the other
hand, ALPSO is found the optimal solution for the problems (P3, P5 and P6), near to the
optimal solution for the problems (P1 and P2) and smaller than the optimal solution for the
problem P3. So, the proposed algorithm more converges to the optimal solution and exhibits
a superior performance in comparison to ALPSO (i.e. the proposed algorithm found the
better solutions than ALPSO on average).

Table 3. The comparison between the optimal solution, the best value of ALPSO, and
the proposed algorithm result




The proposed
algorithm result
13.0000
0.01721
-0.09583
-6961.804
0.750000
-30665.5

ALPSO

12.9995
0.01719
-0.09583
-6963.57
0.75000
-30665.5

Best value of

Optimal solution
13.0000
0.01721
-0.09583
-6961.81
0.75000
-30665.5

P1

Problem
P1
P2
P3
P4
P5
P6

Fig. 3 shows the convergence rate of the proposed approach on the several constrained
benchmark problems. From these figures we can see that the proposed algorithm converge

more quickly to the optimal solution in particular, in the early generation (iteration).
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Fig. 3 The convergence rate of the proposed approach on different Constrained
benchmark problems

7. CONCLUSIONS

In this paper we present a hybrid optimization algorithm for solving constrained nonlinear
optimization problems. The proposed algorithm is a combination between one of the
intelligence techniques (genetic algorithm) and chaos theory and it is operates in two
phases: In the first one, genetic algorithm is implemented to solve constrained nonlinear
optimization problems. Then, in the second phase, local search referred to chaos theory is
introduced to find the optimal solution. The results of various numerical studies have been
demonstrated the superiority of the proposed approach to finding the optimal solution.

A careful observation will reveal the following benefits of the proposed optimization
algorithm:

1. It integrates the powerful global searching capability of the GA with the powerful
local searching capability of the Chaos search.

2. Unlike classical techniques, the proposed algorithm search from a population of
points, not single point. Therefore, it can provide a globally optimal solution.

3. It uses only the objective function information, not derivatives or other auxiliary
knowledge. Therefore it can deal with the non-smooth, non-continues and non-
differentiable functions which are actually existed in practical optimization problems.

4. It found better solutions than the other methods that reported in the literature.

5. It was demonstrated to be extremely effective and efficient at locating optimal
solutions.

6. Due to simplicity of the proposed algorithm procedures, it can using to handle
complex problems of realistic dimensions.

In our future works, the following will be researched:

a) Solving larger scale examples to demonstrate the efficiency of the proposed
algorithm.

b) Updating the proposed algorithm to solve the multi-objective optimization problems.

c) Using another chaotic maps to accelerate the convergence property of the proposed
algorithm and improve the solution quality.
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