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1 Introduction

The discrete version of Jensen’s inequality for functions is given in [5,p 1] as

<Z5(Pi Zplxl) < % Zpiqﬁ(xi), (1.1)
"=l " i=1

where ¢ is a convex function defined on an interval I in R, (z1,...,z,) € I"(n > 2) and (p1, ..., pn) IS
any non-negative n-tuple satisfying P, = >_7_, p; > 0.

Definition 1.1. [1] A function ¢ : [0,00) — R is superquadratic provided that for all x > 0 there exists
a constant P, € R such that

o(y) > ¢(x) + (y — ) Pr + ¢(ly — =) (1.2)

forally > 0.
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1.3
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Definition 1.2. [2] A function ¢ : X — R is said to be superquadratic,
if Ve, y € X
e(@+y) + (@ —y) > 2p(@) +¢(y)],

where X is a real vector space.
With the change of variable, x — y = a and z + y = b, (1.5) becomes

(a—i—b b—a
LA

2
1.3

1.7

) < 50(@) + 50(0) — p(°52).
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2 Main results

In this paper, we prove a new refinement of the Jensen’s inequality by using definition (1.2) of
superquadraticity, where we allow ¢ to be midconvex but not convex and ¢ is from [0, o) to [0, 00).

Proof

We establish (2.1) using induction.

Forn =1, (2.1)is (1.6).

Fix k € N,k > 1 and suppose (2.1) is true, that is

o(& + 2Z510) < Lo(a) + Ztod) — (S5, (=) (152 ).

Now
oo+ T = e+ T )
— p(pEE DLy
and so by inequality (1.6),
PR Z gy o L@@ oy Ly Rt 2y
R e Ly Y R L)

b=21)], from the inductive hypothesis.
: yp

But (& + 252b) < hla) + Lrted) — [ 25, (5=l

So it
¢z + 2 h)

< o) + 2t o) — 1[0 (55 e(| e

Thus

)]+ 500) — 555D

a 2kl _q 1 ok+1 _q oo b—a
‘p(2k+1 + ok+1 b) < ok+1 p(a) + W@(b) - [Z (W)‘PG 9 D]’

=1

which completes the proof.
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Definition 2.1. For A1 = 2, A2 = 2 we define a split of p(%a + &) to be

liaa+ (8- 2"~ hp

oG ).

To demonstrate the techniques in the proof of proposition (2.2), we first consider some examples for
given values of n, « and 5.

Example 2.1. We consider the case wheren =3, « = 3 and 8 = 5, that is

W55 = oGIT+T)
1:,3¢ b
= oG +7)+?])
< 3o+ Se®) - oGl - a).

using the split and (1.6).
From inequality (2.1)

3 b 3
(G +7) < o)+

N
BN
(=
=
—
N |

—~
o |
N—
Jr
~
o

SN—
=

So

o5 +3) < 30la) + go®) + 500) - 3 [50(1 73] +

o +3) < el + 5o~ o152 + 500 272D + oG o= )]

Example 2.2. We consider the case wheren = 4, « =5 and 8 = 11, that is

5a  11b 1:5a 116
(G+1) = *Glg %))
~ 1:5a+3b
1 ,5a+3b 1 5
< 5@( 3 )+§§0(b)—@(ﬁlb—a|)7

using the split and (1.6).

Now from example (2.1),

b—a
2

)+ 500272 + e (Glp—al)]

5a + 3b
o(

=) < 200+ 200) - [39(]

8 4
So

56 11b 5 3 Logi=apy 4 Lyl
(T 16) = 16°@+ 1590 — [gel(l—5=D + z0(==D]

— 5e(alb—al) + 50() — o (+5]b—al)

This simplifies to

)

1b
(@) + 1500) — [50( 252D + 3017 72D] - [0(a 1o~ al) +o( g5l - a))].

1

1

slg
+

o(

<
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Proof of proposition (2.2)
If « and 8 are both even, say 26 = aand 20 = Bwhere §, ¢ € Z*,thend + o = 2""* and so we
only need to prove the result for «, 8 both odd.
Leta =26+ 1and B3 =20+ 1, where §,0 € Z* U {0}, so
2(6 4+ o + 1) = 2" and therefore ¢ = 2"~ —§ — 1.
Without loss of generality let o > 4.
We consider the two special cases,n =1 and n = 2
Case 1 wheren =1,wehave § = o =0and o« = 8 =1, (n—2) is -1. But we cannot have a negative
number of splits, so we ignore the last expresswn in (2.2) and summing 4 from 1 to 1 since n = 1,
(2.2) reduces to
p(za+ 5b) < 2o(@) + 500) —o(| 252N,
which is precisely inequality (1.6).
Case 2 where n = 2, the number of splits is zero and we have only two odd numbers 1 and 3, thus
we have the expression ¢ (2£2%) to expand.
This is (2.1) a specal case of (2.2) for A\; = 1 and A\, = 2, giving

S0(‘”4‘133’) < %gp(a) + %so(b) - [%w(;b* a) + ‘P(i‘b* al)]

= 19@+ 200) - [ () (1 552D),

i=1

hence inequality (2.2) is true for the special cases where n = 1 and n = 2.

We consider n = 2 as our base point since the number of splits is zero

For any pair of odd numbers «, 8 such that a + 8 = 2",Vn € N,n > 2, the pair «, 3 is split recursively
until the pair (1, 3) is obtained, which is the base point.

Therefore we use the principle of mathematical induction to establish the result for the split for n > 3.
For n = 3, there is only one split.

n = 3,2" = 8 and we have the 4 odd numbers {1, 3,5, 7}, we consider those pairs whose sum is 8,
thatis (1,7) and (3, 5).

It is noted that the pair (3, 5) is the case of example (2.1) above. Therefore we consider the pair (1, 7)
to obtain

o) = e ()
= o2 )
< 30D 0(@) + 2o) - p(5[b—al),

using the split and (1.6).
using the base point ¢ (*£2%), we have

p(3a+3b) < o(a) + 20) — [Lo(3 ] —al) +(5[o—a])].

Hence

p(“ET) < S[3eta) + Se) — [3o

which simplifies to

(516 —al) + o (316 aD)]] + 500) — o( [0~ al).

Lo —al)].

Ib— !+ 3%( Ib—al)+so(8|
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2

= 50@+ L) - [ 3 (el 25 +Zzgz (u=gie )

=1
Fix k € N, k > 3 and suppose (2.2) is true, that is
¢(zka+ 4rb)
< Fre(@) + Fre(6) = Ty (70) e (| 52]) — Lhs () o (2522 o — al)).

For k 4+ 1 € N, we have k — 1 splits. Setting o = (26 + 1) and 8 = (20 + 1),

(204+1)  (20+1) 1.(204+1) (20+1)
[ ok+1 a Ok+1 b}i (5[ ok a ok b})
1:(20 +a+ (28 —25 — 1)b
:‘P(E[ ok +b])7
1 ,(264+1)a+(2*—26—1)b, 1 (26 +1)
<59 o o )+ 500) — (G lb -
SO
o[Gia+ G2t

< Jop (G0 4 L) — (G |b— al), using (1.6).
But from the inductive hypothesis, the first term of the immediate inequality becomes:

5 k_25—1)b
@((2 +1)a+éi 25—1) )

k_25— —a
< C5 () + TS o) - T () e (| %

€ —i)(a,B)
SF L () e (U b — a).

)_

Therefore
25+1 ok+1_95_1
((21«11)@ ( S )b)

s k1 _2s— —a
< @i?w(@ + & 2k+21 I)W(b) - Z?:l (2k+117i)‘p(’ bzi

Z?:s (2k+1177:)$0( Lol 1)((1’@ }b | SD (gii}) ’b ‘

which simplifies to

)_

265 ok+1_95_1
(G a+ B30

5 k+1_g5— —a
< @D o(g) + @2 o) - 32 () e[

Zf:;l (2k+11—i)§0( (kt1— L)(a ﬁ)|b |

as required.

Remark 2.1. 21 is the required minimum before the first split.
Hence inequality (2.2) is true for all N.

Remark 2.2. An inequality similar to that of inequality (2.2) is obtained, when o + 8 # 2".

|b—al)].
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Proof
Let o, 8 and m € N such that a + 8 = m # 2", where n € N.
Choose s € N such that 257! < m < 2¢ then

(D072 L oy 4 B+ (20— ) (S22,
= [T %(32’””(23;?)(%))]
< go(mtBimn A Bt E o)) pia- B
where B B, € N such that B, + B, = 3, 4 = (220 (E2)) g gy - (amtyss )

But o (2£5E8122)) simplifies to either inequality (2.1) or (2.2) depending on the values of a and By, as
shown in Propositions (2.1) and (2.2).

' Bowat(2°— 0wy 8wy
However for the expression ¢ (22225 2m,)1( ))we have,

- S _m axzy+Bxgy S
(Pt 2E2)) e + Zaplp(emtinn) D,

where D is the appropriate extra terms.
So
p(H52) < (@) +

Ship(wa) + B2 () + Bgip(aotben) — 57em 17 (Fhy) (| 22520 ]) —
Yl (=)o ((5 ve — o ]) - D,

(F)p(2mE022) < op(m1) + frp(wa) — 021" (7)o (| 252 ) -

St (g e (5
Thus

p(8EE2) < Bop(an) + Dople2) = 2500 () e (|25 ]) -

2SIl (el

ng:rl})fD.

xro — $1|) — %D

3 CONCLUSIONS

A simple calculation points to the fact that the inequality (1.3) which was due to S. Abramovich’s
definition of superquadratic functions is sharper than the refinement obtained in inequality (2.2) by
Smadijor’s definition.

However the new inequality obtained is sharper than the original Jensen’s inquality but allows the
freedom of non-continuity of the superquadratic functions involved.
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