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Abstract: The effect of the density of the liquid on thes$limg in partially filled tanks is studied.
The liquid is assumed to be almost-homogeneous dileuid whose density in equilibrium is
practically a linear function of the height, whidiifers very little from a constant). In this cabe
linearized Euler’'s equation of the liquid is preteel and analyzed, the relevant operators are

studied.The Weyl's criterion is used for computing the gpam of the fundamental operatdy; .

We obtain nonclassically spectrum with continuoas filling an interval.
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domain occupied by the liquid
domain occupied by the (elastic or rigid) body

horizontal free surface

wall of the tank wetted by the liquid
wall of the tank wetted by the gas

unit vector normal t2 [ o (and y) and directed to the exterior 61
acceleration of the gravity
the maximum height of the liquid

density of the liquid

constant pressure above the free surface



Ox %, % orthogonal coordinate systen®x x, being of the plan ofy and Ox, directed

upwards)
At the instant t:

U(x, t) displacement of a particle of the liquid from itpudibrium position

p()gt) dynamic pressure of a particle of the liquid thmtcupies the position
X(%, %, %)

u'(x ) displacement of a particle of the body from itsiglaium position

1. Introduction

Liquid sloshing constitutes a broad class of prolsleof great practical importance with
regard to the safety of liquid transportation systesuch as tank trucks on highways, liquid tank
carriages on rail roads, ocean going vessels akfant tanks in liquid rocket engines.

The overall observation from the experimental rsspkesented in [1] gives an idea that
sloshing in a tank is a function of various parargesuch as liquid depth, the dimensions of the
tank, the amplitude, and frequency of excitatiod density of the liquid.

For sloshing of an inviscid or viscous homogenelgsd in a rigid tank we refer to the
pioneering book by Moiseyev and Rumiantsev [12}, fhe@ computational mechanics point of
view, the reader may find in [13] appropriate vAomal formulations and associated finite
element analysis for the linear liquid sloshinglastic tanks. The case of a viscous homogeneous
liquid has been studied by using computational wdghn [10, 11] and for a theoretical study of
a viscous heterogeneous liquid we refer to thereeice [2].

The general case of an heterogeneous inviscigidligas not been studied yet, most of the
researchers preferred a homogeneous liquid in gtedies because the problem in the case of
heterogeneous liquid is more complicated, in tlisecwe obtain nonclassically spectrum (an
essential spectrum appears).

In this work, we propose to investigate the thrameeshsional linear sloshing problem of an
incompressible inviscid liquid in partially fillethnks, taking into account the effects of the
density of the liquid, which has usually negéetin practice [1], and has been the object of
limeted specific studies before : Capodanno andoiisborators in the planar case [3, 4, 5].

Considering the particular case, introduced by @apoo [3, 4, 5], of analmost-
homogeneoukquid, i.e. whose density in equilibrium positi@practically a linear function of
the height, differing a little bit from a constarthis hypothesis modifies significantly the



spectrum of the problem, and the main difficultyisists in studying and computing the spectrum
of the fundamental operatdk ; which appears in the linearized Euler’s equatibthe liquid.
Using Weyl's criterion [9], we show thatr(A,) = o, ( A,) =[0,89] and we argue that the

presence of the essential part of the spectruresta the hypothesis of almost-homogeneity, in
contrast to the classical case in which the fléchomogeneous and the spectrum is entirely

discrete [6].

2. Problem statement

Figl: Model of the System

Let consider an elastic (or rigid) body that ocespa domainQ' bounded by a regular closed
fixed surfacel’ and an regular closed internal surface. The dorhaimded by this surface is
partially filled by an heavy incompressible invigdiquid, that occupies in equilibrium position, a
domain Q bounded by a surface and the horizontal free surfage ; we denote by the part

of the internal surface of the body that is ab&¥eand is wetted by a gas with constant pressure
PO.

We use an orthogonal coordinate sys@ix, x, Ox x, being of the plan of/ and Ox, directed
upwards. The system is supposed at the constamtetatare and in a constant gravity field
g=-0%.

We study the small oscillations of the liquid abds equilibrium position in the framework of

the linear theory.

3. The case of the almost homogeneous liquid



Let be h the maximum height of the liquid in the equilibrigposition.

We suppose that density in equilibrium positionhia form
P (%) = P(1- %) + o[ 1),
where pand 3 are positive constantg,being sufficiently small so thafsh)®, (sh)’,...are

negligible with respect tgh .

Then, the liquid is calletialmost-homogeneous i .
Like in the Boussinesqg approximation of the conwectmotions of the viscous liquids, the
linearized equation of the liquid takes the for@ ¢])

Pl =-gradp- pBgu% in Q 1)
whereti(x 1), p(xt) are the displacement from the equilibrium of tiaetiple that occupies the

position x(x, x,, %) at the instantt, the dynamic pressure in this point.

4. Weyl's decompositions

We suppose thai belong to the spaces
def 3
agJ(Q) :{UD 2(Q)=[2(Q)]; divu= 0] :

we seek it in the form

with

VDJO(Q)z[Y/D #*(Q); divu=0; y = o}
G,(Q)={U=grat> ; ®OH!(Q) ;] @da= 0; diI=a0= p

In accordance to the orthogonal decompositionf{Q) [6]

3(9)=13,(2) 0 G (0)
Let us recall [6] that

2(Q)=3,(Q)0G6(Q),
where G(Q) is the space of the potential fields and that

6(2)=6,(2)0 G(9)

where



G, (Q) ={gradq , q0 Hy(Q)} .

5. Transformation of Euler’s equation

Let U’(xl, X %, t) the displacement of a particle of the body frosnatjuilibrium position to its

position at the instartt.

We introduce the space [6,7]

a e N )= Y. 1 — .
W:[Uj; U'D:l(Q)—{L“:lzl(Q), LHF—C},
v={ U=gra® ;o0 Hl(Q)z[q:D HY(Q) if, ®d(eQ)= }) :

y

divi =0 ;Un‘yDLZ([—) : Udz :u’dz [ H1/2(z)

equipped with the hilbertian norm defined by

WG =l + [ |0 c+|

)

The spacegr, completion ofv for the norm associated to the scalar product

Un‘ y

2 2
() . ()

and, setting

(w,vv)X :jg,p'u OW &' +jQpUDfJ @
The Euler’s equation (1) can be written
§+U0 ?%ﬁip-ﬂg\éx—ﬁ 90U,
Consequently , if, is the orthogonal projector from? (Q)into J,(Q), we have
V=-BoR (%)~ B gB( LX) (2)

In order to obtain a definitive form of this equmtj we introduce a few operators.
We set

BIR(wX%)= AV ;. BIR(Usk)= A W.
A, (resp A, )is bounded fromJ, (Q) (resp x ) into J,(Q).

Then, the equation (2) can be written



V+ A V+ AW=0 3)
and we have
.[Q'Bg V3v3dQ:( Al @)’ .[Q'Bg U3\73d9:( AW ~\)J0(Q)
A, is self-adjoint and not negative. Its spectruni lé studied in the following paragraph.

On the other hand, we have ff1J,(Q) , WO x :

;

[, B9 wOsl= o,

*(Q) = Q”#\HJD(Q) H W}(’

wherec, andg, are suitable positive constants.

Therefore , we can write

IQ,BQ VsﬁsdQ:( A21V,\7\/) 4)

X

A,, being bounded frond, (Q) into x .

It is easy to see thah,, and A,, are mutually adjoint.

Indeed, we have

(AW, vv)X =[ Bolua=( A W%O(g) =("v 4{%0(9, |

6. The spectrum of the operator A,

In order to study the spectrum of the problemsihécessary to study the spectrum of the self-

adjoint operatorA; .

Since
0<(AV.Y), o) :IQ'BQ |y < p da‘”jo(sz) ’
we have
[Adl< Ao
and o(A;)0[0.89] .

We have the following



Theorem

Let o(A,)the spectrum of the operatey, and g,.( A, )its essential spectrum.

ess

We have
U(Ail) = Jess( All) = [o!ﬂg] .
Proof:

We are inspired the proof given in the book [6]thee Coriolis operator.
Using Weyl’'s criterion [9], for eachy , O<u <1, we are going to construct a sequence

{v}03,(Q) such that

1,
H AN — 1Y
A9 Jo(Q)
= -0 whenk - +o.
[V %()
i) We must construct the sequer{sg} , so thatwe can calculaté, v, .

We can set
AV =R(Bow%)=4 g\(%—%@ﬁ# , sincegradp 1G(Q) .
Since A,v0 J,(Q) , we have
div(A,v) =0 and consequentipg = pBgdiv(v%) ;
A, v[h=0 onoQ and consequentl%% = pBav,% [ onoQ .

Then, if v, is known, ¢ is solution of a Neumann problem and we hay® . We must choosg

so that we can calculate explicigy

i) In order to construct Weyl's sequence, we take
v, = aﬂ + b%
0%, 0%
V= Vz:‘%ﬂ_b‘mq , (6)
0% 0%
—_0Ag_0Aq
ook 0%

where qD.@(Q) andb is a constant that will be determined in the fwileg.

We have easilyivy =0andv, =0, andvlJ, (Q).



On the other hand, we have

_°Aq aquJ

div(v.x,)=A
V(%) (axﬁxs OXD X,

Consequently, the Neumann problem fois

2 2
A¢=—p,6’gA(a A9 + 9 qu inQ ,
0x0%;,  0x0% @)
%= onoQ
on
The problem has the obvious solution
9°q 9°q
=- +
’ pﬂg(axlaxs 6><26><J’
so that we have
(S — £ aqu
— A V=V % +gra + :
g TR {6&6& 0%0 %,
i.e
0°q ., 0%
0X0%,  O%0XD %,
1 9% 9°q
i V= + (8)
5o ™| axaxax 9% x
_[aAq_'_ 2%q j_(aAq_ aqu
ox, 0x0% ) \ 0% 0xX9%

Now, we are going to construct Weyl's sequefig .
At first, we consider a sequen{@,  } with

a=cn (¥ = €™y ( Y, ©
with ¢ 0.2(Q)does not depend on and m and is equal tolin a sphepe-x|<r (% 0Q),

r being sufficiently small so that this sphere igiior to Q.

Calculating the first derivatives of,, , and the first derivatives ofq, ,and noting that the
derivatives ofyy are bounded irfQ and equal to zero in the sphb«e >§)| <r, wherey =1, by

virtue of (6) we find



Voo =—im(nf + )y &™)+ @ A+ 1)
Voo =—im(nf + )y &™) + pif A+ M)y €™+ O v B (10)
Vyma = in(nf + 7)™ ™) + A+ )

O(n2 + n12)

n? + m?

where is uniformly bounded i2 and equal to zero in the sph¢x& >g)| <0.

iii) Calculating the third derivatives @f, , and using (8), (9) we find
-inmy ™™ + o f+ m)
ﬁiphv =| O(rf + nf)
° in’ye™*™) + O 1t + nf)
Then, it is easy to calculate the components of

1
_Aﬁ. vnm_/‘vnm
Bg

and to prove that they a@(n2 + mz) if we choose

So, we have
vnm,2=0(r|2+ nf) ,

the other components are unchanged and

2

1 - -
%Allvnm_nzrl—nfvnm:qﬁ-k Tﬁ) (11)
iv) For applying Weyl's criterion, we must estimgte m”Jo(Q) .
We have
IV, :(n2 + mz)?’|z//|2 + C{( rf+ n"r)m) (12)

and consequently
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(n2+ n"F)3 , (C'Z:ci(meaQ)).

4

so that
Y ,
”Vn m”Jo(Q) =G
In the sphere , wherg =1, O(n2 + ): 0, and by virtue of (12) we have
10, o = (2 + me)’ (13)
and then
SR L2 _ 3 . 4m?
v, m”Jo(Q) 2.[‘X_%‘Sr Voo dQ= Q( rf + rﬁ) : [Co =73 j
Finally, we are obtain the double-sided estimate
, 3 . 2 3
Co(nz + mZ) S”\Am”JO(Q) s (;( ﬁ+ Iﬁ)
Let 120]0,1 . For everye >0, we can find a rational number such that
n
< ﬁ2 = 1 <U+E
’LI ﬁ2 + r—n2 (mJZ /'1
1+ —
n
m andn are defined by ande .
Choosingm= km, k integer, we have
< n2 <U+E&
H e H
We have
1, . - 1 - n’ n® e
— ANV, — UV <l ANV . ———V -
ﬁg A.l hm ~H nmJO(Q) Hﬁg Ail nm nz+ nf nvNJO( ) ( I’f+ Iﬁ ,U]" Vm"JO(Q)
Since
1 n’
— AV V= F+ ni),
IBgAllvnm n2+rnzvnm q )
we can write
Hipilvnm_ Zn2 Vn Sd\%(rf-i- rﬁ) ! (Cé>o)
,Bg n’ + nt Jo(Q)
so that
v <+ m)+efg( A+ n’1)3/2
J(Q)

1
_Ai vnm_luvnm
Hﬂg '

Using the inequality
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||\7n m"JO(Q) 2 \/a( nZ + rrf)sl2 !

we obtain

s
B9

%

nm

A.lvn m - /.1_\7” /r‘ , l l T
2@ | G Tie 3
() {\/a\/ﬁ“szk %

The first term of the right-hand side tends to aeh@nk - +«, so that, fork sufficiently large,

we have

AV km ~ MV, Rrv)

Consequently, the sequendd, ,} is Weyl's sequences.

H Q )
lé g C.
JO( ) <2¢ [—= (14)

U

vkﬁ, kﬁ1||J0(Q) CO

Finally we haveyg0]0,89) = uBglo( A,)
Then, sinceg(A,) is closed, we havf0,8g] D o(A,), and theno(A,) =[0,B9] .

Consequently, there is not a discrete spectrunthabthe spectrum ofA, coincides with its

essential spectrunz,(A,): o(A,)=0.(A,) =[0.89] and, obviously|A | = Bg.

Remark

In another work, using variational equation of ttwupled system (liquid — tank) and Euler's
equation in the three dimensional case, we argat ttte problem have a discrete spectrum
comprised of a countable set of positive real eiglkres, whose accumulation point is the infinity

in the domaif3g, +oo| : [3, 4].

7. Conclusions

i) The spectrum of the problem is composed by améakeart, which fills the closed
interval [O,,Bg], and a discrete part that lies outside this yatieand is comprised of

a countable set of positive real eigenvalues, wlagsemulation point is the infinity.
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i) Physically, the interval[O,,Bg]is a domain of resonancand a system studied

present high risk of instability.
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