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Abstract

In this paper, we use Sumudu Transform Method and Adomian Decomposition Method to find solutions of
heat and wave — like equations. This method is called the Adomain Decomposition Sumudu Transform
Method (ADSTM).

Keywords: Adomian Decomposition Method, Sumudu Transform, heat and wave — like equations and Adomain
polynomials.

1. Introduction

Heat and wave — like models are the integrals part of applied mathematics and arise in various physical phenomena.
Several techniques such that characteristic, modified variation iteration, Adomian decomposition method and Hé s
polynomials have been used for solving these problems (see [6-10]).

In the present paper we introduce a new method called Adomian Decomposition Sumudu Transform Method (ADSTM)
for solving the nonlinear equations. It is worth mentioning that the proposed method is an elegant combination of the
Sumudu transform method and the Adomian decomposition method which was first introduced by Adomian (see [11-17]).

2. Sumudu Transform and Adomian Decomposition Metho d

Watugala (see [5]) introduced a new integral transform, named the Sumudu transform which was applied to the ordinary
differential equations and partial differential equations in controlling engineering problems. Sumudu transform is defined
over the set of functions

A=1f(t):0M,7,,7,>0,|f(t) <Me",if tO(-1)" x[0,e)

By the following formula
f(u)=s[ft)]=]f(ut)edt ,ui(-7,7,)
0
Some properties were established see ([1-3]), similarly, this transform was applied to one — dimensional neutron equation

sees [4].
We consider a general nonlinear non- homogeneous partial differential equation with initial conditions of the form
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DU(x,t) + RU(x,t) + NU (x,t) = g(x,t)
U(x,0)= h(x) ,Ut(x,O) = f(x),

2
where D is the second order linear differential operatorD=W, R is linear differential operator of less order than D ,

1)

N represent the general nonlinear operator and g (X,t) is the source term.

Taking the Sumudu transform on both sides of Eq. (1), we get

SIDU bt SR G+ SIN Gt = Sla (et ®
Using the differentiation property of the Sumudu transform and given initial conditions, we have

su (x,t)] = u? g (x,t)] +h(x) + u f (x) - u? S[RU (x,t) + NU (x,t)]. ©)

Now, apply the inverse of Sumudu transform to both sides of Eq. (3) we get
U (x,t) = G(x,t) - s*|u? S[RU (x,t) + NU (x,t)]], @

where G (X,t) represents the term arising from the source term and the prescribed initial conditions. Now, apply the
Adomian decomposition method

U (x,t) = Z.;Un(x,t), (5)

The nonlinear term can be decomposed as

NU (x,t)=> A (U). 6)
n=0
For some Adomian polynomials A, (U) that are given by
_1d [ (e _
AU,U,.U,, ..U, )= P _N(%A UHHM ,n=012,.. @

Substituting Eq. (5) and Eqg. (6) in Eq. (4), we get

S0 6e) =6(c) - 5 {u28:R§U n(x,t)+§An(u)ﬂ | ®

n=0

So that the recursive relation is given by

Uo(x’t) = G(X,t),
U (Xt) = - S‘l[u2 S[RU, + A, ]] . k=0. ©)

3. NUMERICAL APPLICATION
In this section, apply the Adomian Decomposition Sumudu Transform Method (ADSTM) to solve heat and wave — like
equations.

EXAMPLE3.1 Consider the following one — dimensional initial value boundary problem

1

U, =EX2UXX ,0<x<1,t>0, (10)
With boundary conditions

u(,t)=0,uU(wt)=¢, (11)
and the initial condition

U (x,0) = x?. (12)
Taking the Sumudu transform on both sides of Eq. (10) and substituting the initial condition obtained

1
s[u (x,t)] = x2+§x2uS[Uxx]. (13)

Applying the inverse Sumudu transform implies that
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U (x,t) = x? +%x2 st [u S[Uxx]] :

Using the Adomian decomposition method as a series, we get

iun (x,t)= x2 +%x2 S‘1|:u S(
n=0

This leads to the recursive relation

U, (x,t) = x2,
1
Uk+1 X, t _E
This gives
Uo(x,t): x2

Ua(xt)= 2 s uslv,), ] = ¢4

n=0

s us{u). ]

s*lusfo). ] =t

0. ) =5x2 s-l[us[(ul)xx]] ot

and so on. The solution in a series form is given by

t2

3
U (x,t) = x? {1+t+—+t—+.........} :
2 3

The closed form solution is given by

U (x,t) = x2€.

Example3.2  Consider the following two — dimensional initial value boundary problem

S.), (x,t)j]

U, :%(yzuxx +x°U,,), 0<x,y<1,t>0,

With boundary conditions

and the initial condition

U(x,y,0) = y2.

In a similar way as above, we have

Zu (x, y,t) =y ;y S‘{uSH

This gives

(1, y,t) = 2sinht,
y(x,l,t): 2cosht,

(14)

(15)

(16)

17

(18)

(19)

(20)

(21)

(22)

(23)



Uo(x’y’t) =y?,
U, (x,y,t) =% y?sus|u,)., ] +%x2 sl S[(Uo)yy]] = x2t,

98 U,(x,y,t)= %yz S‘l[u S[(Ul)xx]]+%x2 S‘l[u S[(Ul)yy]] = y? g (24)
3

t
— 2
U3(x,y,t)— X 3

t4
— 2
U4(X7y7t) =y E’

99 and so on. The solution in a series form is given by

t? t* t* t°
100 U (x,t)= y2(1+—+—+ ......... J+x2 (t+—+—+ ........... j (25)
2 4 3 9
101  The closed form solution is given by
102 U (x,t) = y? cosht +x? sinht . (26)
103

104 Example 3.3 let us consider the following three-dimensional inhomogeneous initial boundary value problem
105 U, = x4y4z4+3—16(x2Uxx+yZUyy+22UZZ),0<x,y,z<1,t>0, (27)
106  With boundary conditions
u(@,y,z,t)=0, U (1,y,z,t):x4z“(et —1),
107 U(x,0,zt)=0, U (x1zt)=x*Z (et —1), (28)

U(x,y,0t)=0, U(x,y,5,t)=x" y“(et —1),
108 and the initial condition

109 U (x,y,z,0)=0. (29)
110 In a similar way as above, we have
111 iun (x, y,z,t) = x* y* z°t + 3716)(2 st {u SHZ”:(Un)XX (x,y, zt)]ﬂ

n=0 n=0

112 +3_16 y? Sllu S{(go(Un)yy (x.y. Zt)jﬂ +3_16 z° 51[“ S|:(§(Un)zz (x, y,z,t)ﬂ]. (30)
113  This gives
U,(x,y, z,t) = x* y* 2*t,
2

U, (x,yz,t)=x"y* z“t—,

2
114 3 (31)
U,(x,y,z,t)= x*y* 245 ,
t4
Us(x,y,z,t)= x*y*z* a
115 and so on. The solution is a series form is given.by
t? 8
116 U(x,y,zt)=x*y* 2 t +—+—+........ : (32)
2 3
117  The closed form solution is given by
118 U(x,y,zt)=x*y" 2 (e -1) . (33)

119
120
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Example 3.4 Let us consider the initial — boundary value problem

U, :%xzuxx ,0<x<1,t>0, (34)
With boundary conditions

u(0,t)=0, U(Lt)=1+sinht, (35)
and the initial condition

U(x,0)=x , U, (x,0)=x>. (36)

In a similar way as above, we have
iun (x,t) = x+ xzt+%x2 S{uZSKi(Un)xx (Xt)JH 37)
n=0 n=0

This gives

5 (38)

and so on. The solution in a series form is given by
t* t°
U(x,t)= x+ X[t +—+—+. ... : (39)
2 3

The closed form solution is given by
U (x,t) = x+ x*sinht. (40)

Example 3.5 Consider the following two-dimensional initial boundary value problem which describes the wave-like
models

Utt:é(2Uxx+y2UyY)’O<X’y<1’t>0’ (41)

Subject the Neumann boundary conditions
u.(0,y,t)=0, U, ({1 y,t)=4cosht,
u,(x,0,t)=0, U, (x,1,t) = 4sinht,

and the initial condition
U(x,y,0)=x*, U, (x,y,0)=y*. (43)

In a similar way as above, we have

ni;oun (x, y,t) = x*+y*t + l—lzx2 Sl{u2 SHn:O(Un)xx (x, y,t)m
darsles(So, o))

(42)

M

The components of solutionU (X, y,t) is given by
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Uy (x, y,t)=x*+y*t,

U, (x,y,t)= x“ﬁ+y4E
1 1 Y z 31
U, (x - Uyl
2 1y1t)_ X 4| +y 5|1
t° t’
U3(x,y,t): X4§+y4ﬁ’

and so on. The solution in a series form is given by

U(x,y,t)= x* PRI A SO At
2 4 5

!
The closed form solution is given by

U (x,y,t)= x*cosht+ y* sinht.

Example 3.6  Consider the initial — boundary value problem

U, = x>+ y*+2° +%(X2Uxx + yZUyy+22UZZ),O<x,y,z<l,t>0,

Subject to the boundary's conditions

Tlomy e oyl 2l 2, 0 (.20 = 1) e 1)
U(x,0,2,t)= x*(e -1)+ 2" -1),U (x,1,2,t) =(x* +1)(e' 1)+ 22(e™ -1),
Ulxy.0t)= (@+y?)e-1), U(xyLt)=(e+y)e -1+ -1)

and having the initial conditions
U(x,y,z,0)=0, U, (x,y,z,t)= x> +y>*-22.
In a similar way as above, we have

0 2
>u, (x, y,z,t) = (x2 +y? +22)t5 +(x2+y2 —22)t + %xz S'llu2 S[{
n=0

n=0

iun (x,y,z,t)

. %yz S_lluz Sl(g)Un (x,y, z,t)]yy“i 22 S‘llu2 Sl(gUn (x,y, z,t)]n“.

The components of solutionU (X, Y, Z,t) is given by

U, (x,y, z,t) = (x2 +y*+ zz)g + (x2 +y? - zz)t,

4

Ui(x.yz.t) = (X2+y2+22)% + (x2+y2—zz)t§,

6

U, [y z.0)= ey’ ez v (e ry?-22)t

G

8
Ua(xy,z,0) = (e ey ez)s

g (x2 +y?-

and so on. The solution in a series form is given by
U(x,y, zt)= (x2+y2) t+ﬁ+E Ly
) ) ) Z 3 4-! .........

The closed form solution is given by
U(x,y,zt)= (x2 + yz)et + et - (x2 +y? +zz)_

3

5

9

7

22)t

7

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)
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4. CONCLUSION

In the present paper, we have proposed the Adomian decomposition Sumudu transform (ADSTM) for solving heat and
wave — like equations.

The method gives the results reveal that the proposed method is very efficient, simple and can be applied to other
applications.
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