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ABSTRACT

In the literature of information measure, there exist many well known parametric generalized information
measures with their merits and limitations. In the present paper a ‘useful’ R-norm information measure of

type @ and degree ,6’ is introduce and characterized axiomatically. This new measure is parametric

generalization of ‘useful’ R-norm information measures introduced and characterized by the authors earlier
refer to Hooda et al. [9]. Properties of the new generalized ‘useful’ R-norm information measure of type &

and degree [ have also been studied. The new measure has been applied in studying the lower and
upper bounds of a generalized ‘useful’ R-norm mean codeword length.
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1. INTRODUCTION

We consider the set of positive real numbers, not equal to 1 denoted by
o* :{R: R>O¢]}. Let A, with n>2 be the set of all probability distributions

Pz{(pl’ Pz,---,pn),pi 2 Oan(E p= }
=1

Boekee and Lubbe [4] considered R-norm information of distribution P defined for
ROO* by

HR(P) :% 1_(2 piRJR ’ R(> O) # 1. (1'1)

The R-norm information measure (1.1) is a real function A, — 00", where n>2and

[I%is the set of positive real numbers. This measure is different from entropies of
Shannon [13], Renyi [12], Havrda and Charvat [6], and Daroczy [5]. The most
interesting property is that in case R - 1, R-norm information measure approaches

to Shannon’s entropy(1948) and when R — oo, HR(P) —1-maxp,
0i=12...,n.

The measure (1.1) can be generalized in so many ways; Hooda and Ram [7]
defined the following journalized ‘useful’ information measure:

2-B

Héf(P):RJrLﬁ_2 1—[_2:1:p3";jR ,0<fB<1, R(>0Q#1 (1.2)
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The measure given by (1.2) was called generalized R-norm information measure of
degree [ as it reduces to (1.1) when S=1.

Hooda and Sharma [8] introduced and characterized parametric generalization of
(1.2) as given below:

2a-

n R R
Hg,ﬁ(p) L 1_£Zp|2”‘/3J ,a=1 0<pB< 1, R(> Q¢ 1l&R+p%# &

- R+8-2a =
(1.3)

(1.3) was called as the generalized R-norm information measure of type & and
degree £ and it reduces to (1.2) when a =1and further reduces to (1.1) when S=1.

Belis and Guiasu [2] considered qualitative aspect of events in an experiment and
attached a utility distribution U :{(ul,uz,... ,un) u > C} with the probability

distribution P such that U is the utility of an event having probability p .

Consequently, the following ‘qualitative-quantitative’ measure was defined and
characterized:

H(P;U):H(pl, P, pn;ul,uz,...,un).

=->uplogp,u>0, 0<ps<1 >p=1 (1.4)

i=1 i=1

Later on the measure (1.4) was called ‘useful’ information by Longo [11] of the
experiment.

To over come the limitations of the measure (1.4), Bhaker and Hooda [3] introduced
and characterized the following measure of ‘useful’ information:

2. uplogp
H(PU)=-2 (1.5)

dup
i=1

Hooda et al. [9] also characterized the following ‘useful’ R-norm information
measure:
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R R

>unp
Ho(PU)= R |1- le ,R(>0)#1, (1.6)
u;

P

which reduces to Boekee and Lubbe [4] when utilities are ignored.

As the parametric generalized information measures have more potentiality and
flexibility for applications point of view, so it is worthwhile to consider a two
parametric generalized ‘useful’ R-norm information measure as given below:

2a-p
n R R
R Zuipiza_ﬂ
HR” (PU) = R p—2a| V| R(>0)21a> 1,0 f< LER+S#% &
dup
-1 J

(1.7)

where U is the utility distribution corresponding to probability distribution P. We
may call (1.7) as the generalized ‘useful’ R-norm information measure of type & and

degree .

In the present paper the ‘useful’ R-norm information measure type @ and degree [ given by
(1.7) is characterized in section 2. In section 3 the properties of ‘useful’ R-norm information
measure of type & and degree Sare studied. In section 4 the new measure is applied in

studying the lower and upper bounds of a generalized ‘useful’ R-norm mean codeword
length and in the end conclusion is also given as section 5.

2. CHARACTERIZATION OF ‘USEFUL’" R-NORM INFORMATION MEASURE OF
TYPE a AND DEGREE £

LetS =A xA’ - R, n=23......... and G, be a sequence of functions of p, s

and uils,i =12,......... ,N, defined over S, satisfying the following axioms:

Axiom 2.1 G (P:U)= al+azzn:h(p,,ui), where a and a, are non zero
i=1

constants ration numbers and
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p.udJ ={(02)x(0,)} 0{(0,y)0< y < O{(e0,y'):0< y' < e0}.

Axiom 2.2 For POA_ ,UOA,P'OA
property:

andU'0OA; ,G,,, satisfies the following

m?

Grm(PP’:UU'):Gn(P:U)+Gm(P':U')—iGn(P:U)Gm(P’:U’).

Axiom 2.3 h( p,u) is a continuous function of its arguments p and u.

Axiom 2.4 Letall p, s are equiprobable and U s are equal, then

-pB+2a-R
Gn(l,...,é;u,...,uj:L 1-n R :
n n R+ [ -2a

where n=23...,anda 21 0<B<1,R(>0)21,0<R+ 3% 2

Firstly, these lemmas are proved to facilitate the proof of the main theorem.

Lemma 2.1 Using axioms 2.1 and 2.2, we get the functional equation which is
given below:

n(p )= 2 Sn(n.u)

n

2

i=1

h(pl.up), (2.1)

5

1l
ik

NgE

1l
-

J

where (p,,u,) (p'j,u )DJ fori=12,...n and j=12,..m.

U
! j

Lemma 2.2 The continuous solution that satisfies (2.1) is the same as that of the
functional equation:

h( pp’,uu) :[%jh(p,u)h(p’,u’), (2.2)

where @, and &, are arbitrary constants.

Proof: This Lemma can be proved on following the lines of Hooda et al [9].
Next we obtain the general continuous solution of (2.2).

Lemma2.3 One of the general continuous solutions of equation (2.2) is given by
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_ v\
h(p,u):(—aij(pﬂu j ﬂ, where 4z0,v#0 (2.3)

and

h(p,u)=0. (2.4)

Proof: Taking g(p,u)=( a?z Jh(p,u) in (2.2), we have

g(pp,us)=g(p,u)g(p,u). (2.5)
The most general continuous solution of (2.5) (refer to Aczel [1]) is given by
pﬂuv %I
g(p,u) :( j ,Whereu# Oand # ( (2.6)
pu
and
g(p,u)=0. (2.7)

On substituting g(p,u):( aizjh(p,u) in (2.6) and (2.7) we get (2.3) and (2.4)

respectively. This proves the lemma 2.3 for all rational p D]O,:I{ andu >0, However,
by continuity it holds for all real p [ ]O,][ andu>0.

Theorem?2.1 A xioms 2.1 to 2.4 together with Lemmas determine the measure (1.7)

Proof: Substituting the solution (2.3) in axiom 2.1, we have

o (o Vo
G,(PU)=4a kZ(ﬁj ., uvz0. (2.8)

Taking p, 21 and U, =u for eachiin (2.8), we get
n

1 1 e
Gn(ﬁ,...,ﬁ,u,...,uj:a{l—n”u”}, n=23..., (2.9)
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Axiom 2.4 together with (2.9) gives

p vl R -B+2a-R
a|l-n“u# |=————|1-n R |
R+ (-2a

It implies

__R R
R+£-2' 20—

&

Putting these values in (2.8), we have

" R VR
D Ui py2as
G”(P;U):R+;—2a Sl
u. p.
2P
=Hg#(P,U).

Hence this completes the proof of theorem 2.1.

3. MAIN PROPERTIES of HZ”(P;U)

The following properties are satisfied by the generalized ‘useful’ R-norm information

measure H3* (P;U)

Property 3.1: H gﬁ (P;U) is a symmetric function of their arguments, if permutation

of p’and u’ are taken together, i.e.

HE” (Py Pare s Pygs Py iU Uy Uy ) S HEP (B, P3P 5o Py o Hy Mgl o Uy )

Property 3.2: H;”'ﬁ(é% ;1,1J=1 ,incase d=f=1and R=2.
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n 2a- 20-p
. 2up R
137 Proof: HZ#(P;U)= 1-| 12
R+ 3-2a %
Zui Pi
=1
138 Fori = 1,2, we hav
2a-p
R R R
2a-08 2a-6
139 HZA(PU)=— 1| WP ", WP,
R+ﬁ—20’ U p; u,p,
140  Setting
1 1
141 pj_:g, pzzg,ulzl,u2=l,a:lﬁ:1and R:2.’Weget
_ -
1) (1) ]?
11 (8j (sj
142 HY=,211|=21-~F— 4+~
’ (8 8 lj 1 1
8 8
1
143 =2 1—(1)2 -1,
4

144  Property 3.3: Addition of one event having probability of occurrence as zero or

145  utility as zero has no effect on ‘useful’ information, i.e.

Ha? (P Paveee s Poy Oty Uy M) = HRZ (PP Py Uilsee W)

146 o
=H&? (Pu Pase-+ s PryasUp Uy U, ,0)

147
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Proof: Let us consider

HE? (Py Pavee s Py Oy g - He)

2a-8
_R _R _R R
2a-4 2a- 2a-f
= R g JUP T WP T, WP T g
R+ (6 -2a u p, u,p, u,p,

=HZ”(PU).
Property 3.4: H F'Q"'B(P;U) satisfies the non additivity of the following form:

R+[(-2a

HE? (P*QU*V) = HZ? (RU)+ HEA (QV) - HE? (RU)HE? (QV)

where  P*Q=(p,Gy,- -+, PoGumi PoChs+-s PoGims PaGls--+s Polim)

U*V =(UV, ..., UV, UV UM UV UV )

n-m

R+ (6 -2a

Proof: RH.S.=HZ#(P,U)+HZ#(QV)- He? (PU)HE#(QV)

n R )R
R iZ:l:UiVj(pqu')z"_ﬁ
“Rep-2a|"

Zuivj P:d;
=

=HZ*(P:QU:V)
=L.H.S,

Property 3.5: Let A, A be two events having probabilites p;,p; and utilities

u;,u; respectively, then the utility uof compound event An A‘ is defined

Up +u;p,

U(AnAj): P+ P

(3.1)
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Theorem 3.1: under the composition law (3.1) following holds:

B ] ", ] "
wr HE (Pr Paeos Praas P T3 U Ug e Uy U, U)

—_ a, . I n a, p' p" _— "
n HRE(pl’p2”"’pn+l’ul’u2”"’un+l)+(p+p)HRﬁ(pr+p"’pr+p" ’u ’uj
Proof: . HZ? (P, Poreves Posys Py P73 Uy, Uy, U U L")
2a-p
R R R

. R urpl Zg—ﬁ unp" 20—,5
:n Hsyﬁ(pl'p2""'pn+l’u1'u2""'un+l)+R+'8_2a 1_ ulpr + unp"

B 2a0-p8

R R R
! 2a-8 " 2a-f
R u,{ I E "J u"{ !i "j
I n p p p p I n
:anvﬁ+— (p+p)_ ] + n (p+p)
R+ ﬂ - 20’ ur p un p
pl + pll p! + pll
= HIP +(p' +p")HI* P : P uu” .
n R (p p) R |:p!+p" pl+p"

This completes the proof of theorem 3.1.
4. APPLICATION IN SOURCE CODING
Here we introduce a new generalized ‘useful’ mean code word length as given

below:
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n _Ii(R+ﬁ—2a)
= 2upb t F
Lg'ﬂ(P;u):R+ﬁ_2a S M (4.1)
up
2P

In case a =land S=1, (4.1) reduces to average code word length that was given
by Hooda et al. [9] and again if utilities are ignored, i.e. i=1 for all i =212,...,n it

reduces to

L (P) =Ri_1{1-§ pD’ (RRW, (4.2)

which is average codeword length due to Boekee and Lubbe [3]. Thus (4.1) is a

valid non-additive ‘useful’ mean codeword length.

Next we study the lower and upper bounds of L‘F’gﬁ (P;U)) in terms of ‘useful’ R-norm

information measure of type @ and degree 8 H&5* (P;U) given by (1.7).
Theorem 4.1: If |, ,i =12,...,n is length of codewords x 's, then
Ha? (PU)<LEY?(PU),R(2)>0a21,0p< 1 (4.3)

under the condition

Zn:uiD"‘ < Zn:ui B, (4.4)
i=1 i=1

where (4.4) is the generalization of Kraft's inequality [10].

Proof: By Holder’s inequality we have
1

(lepj:’(z yf‘jq SZ,W, (4.5)

i=1
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1.1
where X ,Y, 20 foreach i and —+—=1.

P q

_ R 20-p
R+[6-2a R 2a-B-R

20—
u, p2e’

Setting x = nu,_p, D",y =

zuipl zui P
=1

i=1

- R"‘,BF;‘ 2a ndq= 2C;_’B,_Rand putting in (4.5), we have
R 2a-f3
n , (M] R+f-2a ( n _R_Nea-p-R
Supo Supe? [ Suo
— i=1 S S— g
zuipl Zuipl Zui P
= i=1 i=1
It implies
2a-p R
n R YaapRr [ -1 (ReEr2a) \2apoR
zui p Zui pD "
i=1 < | [=L

n

dup, dup,
i=1

i=1

Case 1 When R+[(<2a , raising Power

2a-F-R
R

(4.6), we have

2a-p
R R

iui p iui pD
=1 < =1

dup dup
i i=1

- [R+,l;—2a)

(4.6)

> 0 both sides of
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Subtracting both sides from 1, we get

2a-p8
R

R+ﬁ—20]

Zn:ui |0|D_Ii [ R

n R
> oup¥
-2 =21-= . (4.7)

dup dup
i=1 i=1

1

Multiplying (4.7) by —— > = 0l both sides, we have

R+ [ -2a
_ 2]
n R R n - [R+ﬁ—20j
20— R
R ;Ui p R ;Ui p.D
R+ 20| | < “Rep-2a| n
zui P zui P
=1 i=1
Hi? (PU) < LY (PU). (4.8)
Case 2 When R+ 8> 2a , Raising power Za——lf—R <0 both sides of
(4.6), we get
2a-p
n R R n -, (R+,3—20)
dup*? 2upD + F
i=1 > =l . ) (4.9)

dup dup
i=1 i

Subtracting both sides from1, we get

2a-
n  _RYR n o (R”H)
2- ' R
up*” upD
i

<1--

=
zui B Zui P
i=1 i=1

1-
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Multiplying (4.9) by > 0both sides, we get

R+ [ -2a

2a-8")
R

n R n - (
2a-

1- <

R+[-2a
R

J

R+f-2a Sup TR+f-2| Sup
=1

Hg’ﬁ(P;U) < L‘F’;ﬁ(P;U).
Thus theorem 4.1 is proved in both cases.

In (4.3) equality holds if and only if

: R>O(¢1) or

Dup,
i=1

R

n
2_
R zuipiaﬂ

|, =~log, p7™ +logs | =5

dup,
i=1

n _R_ n _R_
2a- 2a-
__R Zuiplaﬁ __R zuiplaﬂ

log, p **7 | H—— |<l <logy p > | H—— |+ 1.

Z U p; Z U p
= =1

It implies

(4.10)

(4.11)
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n R D R
R Z u p2*” __R_ Z upe’
p| 2a-F | i=1 <D I < DpI 20-p 0=t . (412)

Z up, Z up
i=1 i=1

In the next theorem, we obtain an upper bound on L”R"B(P;U) in terms of

H&”(PU).

Theorem 4.2: Let I,l,,...,l, be the codeword lengths satisfying (4.12),

then following inequality holds:

p 2a-B-R p R 2a-B-R
a, . R a, . — R
L2#(PU)<D Ha (P’U)+—R+,6’—20/(1 D j (4.13)

Proof: From the R.H.S. of (4.12), we have

n _R
0 Z u p>*
D' < Dp i=1 _ (4.14)

dup,
i=1

Here two cases arise:

Case 1 When O<R+[<2a raising both sides of (4.14) to the power

w_—ﬂ_R>O,We get

2a--R
R R

n
o, (R+ﬁ_2aj 2a-p-R R+p-2a zui pIZG—ﬂ
D R /<D R p2f | : (4.15)

dup
i=1




231

232

233

234

235

236

237

238

239

240

241

242
243
244

i Pi

D up,
i=1

Multiplying both sides of (4.15) by and summing overi , we have

2a-B-R
R R R

n _| (R+B-2a n n
Z upD II [ ® ) 2a-B-R Zui p** Zui p*’
i=1 < D R i=1 i=1

D Up 2up 2 up
= = =

or
2a-p3
n o [R+/3—20/) n R R
! R 2a-

2.upD 2a-pr| D UPZF
i=1 = < D R i:ln

dup dup

i=1 i=1

Subtracting both sides from1 and multiplying by RL <0, we have

+ [ -2a

r 2a--R p R 2a-6-R
@, 5 R a, . — R
L2 (PU) <D HE (P'U)+—R+,8—Za[1 D } (4.16)

Similarly, we can prove that (4.16) holds when R+ 3> 2a . Hence theorem

4.2 is proved

Thus (4.3) and (4.13) together give

2a-pB-R R 2a-B-R
Ha? (P:U)< L’ (PU)<D R Hg'ﬁ(P;U)+—R+’B_2a[l—D 3 ]

5. CONCLUSION

In this paper we have defined a new generalized ‘useful’ R-norm information
measure analogous to Hooda and Sharma’s (2008) R-norm information measure

and characterized axiomatically. Some important properties have also been studied.
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The new generalized measure has been applied in obtaining lower and upper
bounds of the generalized ‘useful’ mean code word lengths. This can be generalized
parametrically and applied in source coding. The measure can be further

generalized parametrically and can be applied in source coding.
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