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1. INTRODUCTION  23 

 24 
Weed and Crop are both plants; crop is a desirable plant mostly cultivated; while weed is unwanted plant 25 
that always grow naturally. Weeds are generally defined as uncultivated plant species that proliferate in 26 
agricultural setting thereby, interfering with crop production. In fact, weed is a term applied to any plant 27 
that grows in a place it is not wanted. They exist only in natural environments that have been disturbed by 28 
humans such as agricultural lands, recreational parks, and irrigation dams [2]. However, plants are very 29 
important in the natural world, since they are the survival basis for all kinds of creatures, including human 30 
being, animals and microorganism [7,10]. The weeds of natural areas often differ from those affecting 31 
agricultural fields. The agricultural weeds are frequently annuals which colonize bare ground. Weeds of 32 
natural areas are often perennials or biennials that are capable of invading established natural areas and 33 
are hard to get rid of. 34 

Population dynamics involve the study of population growth (numerical change in time), composition and 35 
spatial dispersion. The objectives are to identify the causes of numerical change in population and to 36 
explain how this cause act and interact to produce the observed pattern. Not until recent past population 37 
models were concentrated mainly on the use of differential equations. Although, most populations such 38 
as weeds and organisms whose classification are based on their developmental relationships live in 39 
seasonal environments and for this reason, have yearly rhythms of reproduction (birth) and death. 40 
Besides, measurements are often made once a year because interest is centred on change in population 41 
from one season to another. Continuous-time models (differential equations) are not well suitable to 42 
describe these types of dynamical processes. Hence, there is need for other modelling techniques, 43 
especially when interested in population with only annual reproductive tendencies or predictable changes 44 
that happen seasonally. Discrete-time models are better suited for organism with annual or seasonal 45 
reproductive patterns [3,4,5,9]. Since plant has discrete generations (seasonal reproduction), difference 46 
dynamical equations are proper mathematical tool to describe the behaviour of population with no 47 
overlapping generations such as weeds. Furthermore, many researchers  have paid attention in recent 48 
times to discrete-time population models, since it is governed by discrete systems which are more 49 
appropriate when the populations under consideration have non over lapping generations [11]. 50 

In this study we intend to employ biological process to develop discrete-time models for the dynamics of 51 
weed-crop competition. This research work considered homogeneous population competition between 52 

A model for the dynamics of homogeneous population competition between two species of weeds 
and a crop is formulated to gain in-sight into the behaviour of crop growing with weeds. We used 
assumptions based upon reasonable biological process to derive from single weed model equation, 
the systems of difference equations that described the dynamics of weed-crop competition. Steady-
state solutions of the model are obtained and analyzed for local stability or otherwise. The results 
show that the extinction steady-state is not stable without control and the conditions for stability of two 
plants steady-states are given. The weed-crop coexistence steady-state of our model is locally 
asymptotically stable. Besides, the graphical profile of the model shows that the crop’s growth may be 
stagnated by the weeds’ densities. Hence, we conclude that the crop’s growth may be stagnated, but 
survive in the mixture of the two species of weeds. However, application of effective control measure 
to eradicate the two weeds species will enhance crop growth at its optimum capacity. 
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weeds and crop to understand the deleterious effects and gain in-sight into the behaviour of weeds 53 
growing with a crop plant.  54 

2.0 MATERIALS AND METHODS 55 

2.1 Formulation of the Model Equations  56 
Baseline for studies of population dynamics of weeds as with most plant species are usually on analysis 57 
of single species in defined habitats and often experimentally manipulated.  58 
In this section, we formulate from the simple model equation proposed to described the dynamics of 59 
single weed species proliferation as stated in [8], thus 60 
 61 
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This is a non-linear difference equation for the density of mature single-species of weed. 63 
In modelling weed-crop interaction in continuous arable cropping, we assumed that an annual crop 64 

species is sown at approximately the same density each cropping season and two species of weeds 1n  65 

and 2n  which may be superior competitors are growing in mixture with the crop (a desirable plant). We 66 

observed that, it is rare to find a single weed species growing in a particular arable area, although one 67 
may be in abundance or dominates. 68 
 69 
In order to study the population dynamics of weeds in mixture with crop, the single-species weed model 70 
(2.1) is first extended to a model of two weed species for the competitive effect of introducing the second 71 

species 2n  into monoculture of the first 1n . The term tna ,212  is introduced to reflect the reduction per 72 

capita rate of growth or yield per unit area of the first species. Therefore, the dynamics of the mixture is 73 
described by the model equation;   74 
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In the same manner, the addition of the term tna ,121  , crowding density of individuals of the first specie 1n76 

into monoculture of the second 2n  will lead to reduction in its growth (second species) but may not 77 

necessarily be of the same magnitude. Hence, similar model equation is 78 
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where, 11a and 22a  are intra-specific coefficients (competitions) of species 1 and 2 respectively.  80 

In order to study (account for) the effect of one species on the other in the mixture, we find the relative 81 
crowding effect of each species by normalizing (2.2) and (2.3) via changing of variables, as follows; 82 
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where,     
22

12
12 a

a=α   and 
11

21
21 a

a=α .  86 

here 12α and 21α  are inter-specific competitions effect of species 2 on 1 and 1 on 2 respectively. 87 
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Therefore, equations (2.4) and (2.5) are coupled non-linear difference equations, which give inter-species 88 
model for competition between homogeneous densities of two weed-species in the absence of crop. For 89 
the crop interaction, since crop is a plant like weed but a desirable one, when the three plants are 90 
competing, their fitness will be adversely affected. Hence, a two-weed species competition model 91 
equation (2.4) and (2.5) are extended to three competing plants. The dynamics of weed proliferation in 92 
the presence of crop density is described by a system of difference equations (2.6) – (2.8); 93 

The Figure 2.1  is a schematic representation of the model. Subsequent 94 

 95 
 96 
 97 
 98 
 99 
 100 
 101 
 102 
 103 
 104 
 105 
 106 
 107 
 108 
 109 
 110 
 111 
 112 
 113 
 114 
 115 
 116 
Figure 2.1  Schematic Model for Weed-Crop Competiti on of Homogeneous Population 117 
Density 118 
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where tcN ,  
is the density of established crop seed sown in the cropping season, t , which survived to 122 

maturity and produce seeds for the next season, tN ,1  density of mature weed species 1 in the growing 123 

year t and tN ,2  is the density of mature weed species 2 in the growing year t. Here, cβ , 1β  and 2β  are 124 

the recruitment factors (the growth factors) of crop and two weed species respectively. icα  and ijα  are 125 

competition coefficients of crop and weeds respectively. While iγ  is the residual seeds of the weeds.   126 

The following assumptions are taken into consideration in the formulation of the model equations for the 127 
above ground competitions among established homogeneous densities of two species of weed and a 128 
crop.  129 
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1. There are enough growth resources; e.g. nutrients, light, and water that promote continuous 130 
growth of at least two plant species. 131 

2. Between the two populations of weed and crop there are inter- specific competitions. 132 
3. All the dormant seeds are viable and no predation by insects, 133 
4. All the crop seeds germinated (so there no dormant or residual crop seeds) 134 
5. All parameters involved with the model formulation are non-negatives.  135 

The resulting model equations (2.6) – (2.8) was to establish the conditions in which a crop could coexist 136 
with two species of weed through their competitive interactions for space with each other (since it was 137 
assumed that other growth resources are enough). 138 

2.2 Dynamical behaviour of the developed Weed-Crop Competition Model  139 

2.2.1 Steady-state Solutions and Stability Analysis  140 

The goal of this section is to employ analytic method to describe the nature and behaviour of our model 141 
for the two-species of weeds competing with a crop. This will be done without actually solving or 142 
approximating them, since in contrast with differential equations, the existence and uniqueness of 143 
solutions of difference equations initial value problems are always guaranteed [1]. Usually in the 144 
investigation of any dynamical system a primary step is to find its fixed or steady state solutions. So, for 145 
the steady-state (fixed points) of our three-species competition model equations (2.6) – (2.8), there are 146 
seven steady-states of interest; three single-species steady-state where one species is at carrying 147 
capacity and other two are locally extinct, three two-species steady-states when two species co-exist and 148 
the third is absent (extinct) and finally, one three-species steady-state when co-existence among all the 149 

three species is possible. To obtain these steady-state solutions, we let  ),,( 21 NNNE c  be the solutions 150 

of the system (2.6) – (2.8). So, zero steady-state E0(0, 0, 0) always exist.  For non-zero positive steady-151 

state, we let ititi NNN ==+ ,1,  in (2.6) - (2.8).  So, we have 152 

12211 −=++ cccc NNN βαα         (2.9) 153 

θαα =++ 21211 NNN cc         (2.10)  154 

φαα =++ 21212 NNN cc         (2.11) 155 

where 1
1 1

1 −
−

=
γ

βθ   and   1
1 2

2 −
−

=
γ

βφ . Here, θ  and φ  are the maximum steady-state population 156 

of each weed species in the mixture without a control. 157 

The steady-states solutions of interest when two species co-exist while the third is locally extinct and 158 
when co-existence among all the three species is possible were obtained next. 

 

159 

2.2.2 Two- Weed Species Dominance (infestation) 160 
 161 

If ,01 ≠N  and 02 ≠N  but 0=cN   This is equivalent to proliferation of two-species of weed without a 162 

crop. Now equations (2.10) and (2.11) become 163 
 164 

θα =+ 2121 NN          (2.12)  165 

φα =+ 2121 NN          (2.13)  166 

Solving equations (2.12) and (2.13) simultaneously, gives the non-negative steady-state as  167 
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 E1 exists provided 12112 <αα ,  φαθ 12>   and  θ
α
φ >

21

,  φθ = and 2112 αα ≠ . 169 

 Here, φθ = implies that the two weed species have equal possibility to attain their maximum densities 170 

at the steady-state. So, the population density dynamics of the two weeds species depend on inter-171 

species competition coefficients, such that 112 <α and 121 <α  where  
  2112 αα ≠ . 172 

2.2.3 Crop and Weed Species Dominance  173 

If 02 =N  and ,0,01 ≠≠ cNN equations (2.9) and (2.10) become 174 

111 −=+ ccc NN βα          (2.15) 175 

θα =+ 11 NN cc          (2.16)  176 

Solving equations (2.15) and (2.16) simultaneously, to obtain the non-zero steady-state  177 
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E2 exist provided 111 <cc αα ,  θαβ 11 cc +>   and .

1

1 )(
c

c

c β
α

αθ
>

+

 

 179 

Also, from equations (2.9) and (2.11) when ,0≠cN  02 ≠N , but 01 =N ,we have the non-zero steady-180 

state  181 
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E3 exist provided 122 <cc αα ,  φαβ 21 cc +>   and c
c

c β
α

αφ
>

+

2

2  183 

2.2.4 Crop coexistence with two-weed species  184 
The fixed points are obtained when a crop survives (grows) in the presence of two species of weeds. At 185 

non-zero steady-states, that is when 0≠cN , 01 ≠N  and 02 ≠N   equations (2.9) - (2.11) written in 186 

matrix form 187 
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This is equivalent to matrix equation BNA = . The values of cN , 1N  and 2N  are obtained from (2.19) 189 

as 190 
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So, the non-zero steady-state ),,( 214 NNNE c  as given in (2.20) exist provided the following conditions 192 

hold 12112 <αα , 2121 ααα cc < , 
1212 ααα cc <

, 
122 <cc αα ,  cc 2121 ααα < ,  

2112 ccααα < , 1
11 <
cc αα ,  193 

2112 ααα cc <   and  cc 2121 ααα < besides 0,, >φθβ c . 194 

The conditions are summarized in table 2.1 below. 195 

Table 2.1 Conditions for existence of Steady State Solutions 196 
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2.2.5 Local Stability of the Steady-States for the Model Equations of Weed-Crop Competition 198 

In this section, Perron’s approach to the stability analysis is adapted to our model equation. Hence, 199 

The linearization of system (2.6) – (2.8) about the steady state ),,( 21 NNNE c yields the partial derivative 200 

matrix (variation matrix). 201 
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2.2.6 Stability of the extinction Steady-State  E0 (0,0,0)  203 

Evaluating (2.21) at E0 (0,0,0) gives 204 
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The eigenvalues of )( 0ED  are the main diagonal elements. That is 206 

cβλ =1 ,  112 γβλ += , and 223 γβλ +=
.
 207 
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So, the stability of E0 depends on 1<cβ , 111 <+ γβ and 122 <+ γβ . However, from the conditions for 208 

the existence of the steady-states 1>cβ , 111 >+ γβ  and 122 >+ γβ .Hence E0 is unstable without 209 

control. 210 

2.2.7  Stability of the Steady-State for Two- Speci es of Weed Dominance  211 

For the coexistence steady-state of the two-species of weeds, (2.21) evaluated at  ),,0( 211 NNE  gives  212 
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213 

Further simplification using (2.9) – (2.11) when 0=cN  gives 214 
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The matrix )1(ED in (2.24) is a block lower rectangular matrix. So, its eigenvalues are equal to the 216 

eigenvalues of the 2 x 2 and 1 x 1 matrices involved. It is observed that the eigenvalues of the 1x1 matrix 217 
which is the single element of that matrix has magnitude less than one. That is 218 

1
1 <

cβ
  since 1>cβ  219 

Therefore, the local stability analysis of the steady-state E1 depends on the analysis of the block 2x2 220 
matrix in (2.24), thus; 221 
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The stability of A is determined by the Trace - determinant analysis [6]. So,
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For stability we need to show that 1det1 <<− AtrA . To do this it is sufficient to show that 226 

 (a)  AtrA det1+<     (b)  1det <A   . First consider  227 
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(a) AtrA det1+<  228 
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Further simplification using  1
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Using (2.13), we have 233 
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Substituting for 1N  using (2.14) gives 236 

θ
γαβγβ

φαγαβγβααγβ
<

−−−
−−−−−

−
)]1()1([

)]1()1([)1(

221112

12221112211221     237 

Compactly written as    238 

θφα <−− )( 121B          (2.26) 239 

where  240 

)]1()1([

)1(

221112

211221
1 γαβγβ

ααγβ
−−−

−
=B         241 

Now, the second inequality of the stability conditions   242 

(b) 1det <A  requires  243 

1
)1(

)1(

)1(

)1(
212

12121
2

21212 <+
+
+

+
+
+ γγ

φ
αβγ

θ
αβγ NN

      244 

Similarly, further simplification using (2.13), gives 245 

1])1()1([)1( 1
2

21121
2

122
2

211 <−−−−− Nγβγαγβγγβγ      246 

θ
γβγαγβγ

ααγβγφαγβγαγβγ
<

−−−
−−−−−−−

−
])1()1([

)1](1)1([])1()1([
2

21121
2

122

2112
2

21112
2

21121
2

122   247 

Compactly written as   248 

θφα <−− )( 212 B .         (2.27) 249 

where, 250 

])1()1([

)1](1)1([
2

21121
2

122

2112
2

211
2 γβγαγβγ

ααγβγ
−−−

−−−−
=B  .      251 

If the inequalities (2.26) and (2.27) are fulfilled, this implies that the two stability conditions are 252 
automatically satisfied. Therefore E1 is locally stable. 253 

2.2.8 Stability of the Steady-state for a Crop and one species of weed coexistence 254 
The coexistence fixed points of a crop and a species of weed that survive the control (a weed died out 255 

due to control) is analyzed. Evaluating (2.21) at )0,,( 12 NNE c , using (2.15) and (2.16) it becomes 256 
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























+
+

+
−+

+
+

+
−

−−+

=

2
2

2
1112

12
11

2
111

2111

2

)1(
00

)1()1(
)1(

)1(

)1(

)(

γφ
β

θ
βαγ

θ
αβ

θ
βα

β
α

β
α

β
α

NNN

NNN

ED ccc

c

cc

c

cc

c

c

.    (2.28) 257 

The (2.28) is a block upper rectangular matrix. However, row-operation method is used to reduce it to 258 
upper triangular matrix. Thus,  259 

























+
+
+

+−−
+

++−

−−+

=

)1(

1
00

)1(

}{)1(

)1(

)1()1(
0

)))1(

)(

2

122111111

2111

2

φ
φγ

βθ
βαααγ

θβ
θγβαγ

β
α

β
α

β
α

c

cccc

c

ccc

cc

c

cc

c

c

NNBN
c

NNN

ED
 . (2.29)  260 

(2.29) is an upper triangular matrix, so, its eigenvalues are equal to the elements along the principal 261 
diagonal. For the stability it requires that 262 

1
)1( 11

1 <
+

=
c

c N

β
αλ ,  1

)1(

)1()1( 111
2 <

+
++−

=
θβ

θγβαγλ
c

ccc BN
 , 1

)1(

1 2
3 <

+
+

=
φ

φγλ  .
 

263 

where  11 NB cc αβ −=  264 

Simplifying  1
)1(

1 2 <
+

+
φ

φγ
 gives 12 <γ , this implies 13 <λ .  265 

So, the stability depends on 1λ  and 2λ .  Now simplify 1λ , that is 1
)1( 11 <

+

c

c N

β
α

.   266 

Using (2.16), we have  267 

)1)(1()1( 11111 ccccccc ααββααθα −−<−−
.
       268 

Further simplification yields 269 

θ
βα )1(

1

−
< c

c .          (2.30) 270 

It implies that 11 <λ , provided the inequality (2.30) holds.  271 

Also, simplifying  2λ  ,thus  272 

1
)1(

)1()1( 111 <
+

++−
θβ

θγβαγ
c

ccc BN
  implies ccc BN θβα <1 .      273 

   274 

Substituting for cN  gives  ])1([)1( 11111 BB cccccc αααθβθαα −−<+−     275 

  276 

Substituting for B then 1N  gives 277 

)]1([
)1(

)1()1(
)1( 11

11

11111
111 ccc

cc

ccccccc
cccc ααθβ

αα
βααθαααβθαααβ −<









−
−+−−

+−  278 

After simplification, it becomes 279 
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c

ccccc

ccc β
αθααααθ

αθθαα
<

++−

++

)]()1([

))(1(
1

111
2

11

11
2

 .     (2.31) 280 

So, 12 <λ , provided the inequality (2.31) holds.    281 

Similarly, evaluating (2.21) at the steady- state ),0,( 23 NNE c , applying row-operation, it becomes 282 

























+
−
−

+
+

−−+

=

c

c

c

cccc

c

cc

c

cc

c

c

NNNN

NNN

ED

β
αγ

φβ
βααβαα

γ
θ

β
β

α
β

α
β
α

)1(

)1(
0

0
)1(

0

1

)(

222
2

2
222122212

1
1

2122

3
 .  (2.32)  283 

 The characteristic equation is 284 

0
)1(

)1(

1 222
1

122 =







−

+








−+

+







−

+ λ
β
αγλγ

θ
βλ

β
α

c

c

c

c NN
 .   285 

So, its eigenvalues are    286 








 +
=

c

c N

β
αλ 22

1

1
 , 








+

+
= 1

1
2 )1(

γ
θ

βλ  and 






 +
=

c

c N

β
αγλ )1( 222

3  .  287 

For the stability it requires that 288 

1
1 22

1 <
+

=
c

c N

β
αλ  implies   cc N βα <+ 221   and simplified using (2.18) to obtain 289 

φ
βα )1(

2

−
< c

c           (2.33) 290 

Also
 

291 

1
)1( 1

1
2 <+

+
= γ

θ
βλ           292 

Since weed N1 is extinct (due to control) 01 =β , it implies  11 <γ       293 

Similarly 294 

1
)1( 222

3 <
+

=
c

Nc

β
αγλ   implies   cc N βγαγ )1( 2222 −<       295 

employ  (2.18) and simplified to obtain  222 γβφαγ −< cc
 
 , hence 296 

φγ
γβα

2

2
2

)( −
< c

c .         (2.34) 297 

The eigenvalues have a magnitude less than one provided the inequalities (2.33) and (2.34) hold. Hence, 298 
E3 is locally asymptotically stable 299 
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Table 2.2 Stability Conditions of the Steady-States  for Two Plant Species Interaction  300 

Steady -state  Condition   Stability Result  
E0 1>cβ , 122 >+ γβ , 111 >+ γβ  Unstable 

E1 
1

1 <
cβ

 , θφα <−− )( 121B  , θφα <−− )( 212 B  
Stable 

E2 
 12 <γ  , 

θ
βα )1(

1

−
< c

c ,    

c
ccccc

ccc β
αθααααθ

αθθαα
<

++−
++

)]()1([

))(1(

111
2

11

11
2

1  

Stable 

E3 

 11 <γ ,  
φ

βα )1(
2

−
< c

c  , 
φγ
γβα

2

2
2

)( −
< c

c  
Stable 

 301 
2.2.9 Stability of a Crop and Two-species of weed c o-existence steady-state 302 

The linearization of system (2.6) – (2.8) about the steady state, ),,( 21 NNNE c  as given in (2.20) the 303 

partial derivative matrix (2.21) after simplification yields 304 

























+
+

++
+

−
+

−
+

−+
+

++
+

−

−−++

=

22
12122

2
2221

2
222

2
1112

12
21211

2
111

212211

4

)1(

)1(

)1()1(

)1()1(

)1(

)1(

)1(

)(

γ
φ

ααβ
φ
βα

φ
βα

θ
βαγ

θ
ααβ

θ
βα

β
α

β
α

β
αα

NNNN

NNNN

NNNN

ED

ccc

ccc

c

cc

c

cc

c

cc

         

 305 

For easy analysis it is expressed as 306 

























+
++

−
+

−
+

−
+

++
−

−−

=

22
22

2
2221

2
222

2
1112

12
11

2
111

21

4

)1()1()1(

)1()1()1(
)(

γ
φ

β
φ
βα

φ
βα

θ
βαγ

θ
β

θ
βα

β
α

β
α

β

XNN

NXN

NNX

ED

c

c

c

cc

c

cc

c

c

     (2.35) 307 

where, 308 

22111 NNX ccc αα ++=  ,  21211 1 NNX cc αα ++=   and 12122 1 NNX cc αα ++= , 309 

The characteristic equation of matrix (2.35) is given by 310 













++
−







−

+
++









−

+
++









−=

22
21212112

2
2

2
22

2
1

2
11

)1()1()1(

)1(

)1(

)1(
)(

φθ
ββααλ

φ
γφβλ

θ
γθβλ

β
λ NNXXX

f
c

c  311 

 












+
+







−

+
++

−
2

22212
2

2
2

221
2

111

)1()1(

)1(

φβ
ααλ

φ
γφ

β
α

θ
α

c

cc

c

ccc NNBXBNNB
 312 

 





















−

+
++

+
++

− λ
θ

γθβ
β

α
θβ

βαα
φ

βα
2

1
2

112
2

11121
2

222

)1(

)1(

)1()1(

XNNNN

c

cc

c

ccc    313 

It is simplified to obtain 314 
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+= 3)( λλf315 

2
22

2
1

2
11

2
2

2
22

22
2

2
221

2
11 ]))()[())(( λ

φθβ
φγθβθγφβθφγφβγθβ

c

cc XXXXXX +++−+++
 316 

λ
φθβ

γφβγθβφθβααβαα
22

2
2

221
2

11
22

22221111 ))()]((1[

c

ccccccc XXXNNNN +++−++
−

 

317 

22
1

2
1122222

2
221111 )()(

φθβ
γθββααγφββαα

c

cccccc XNNXNN +++
+  318 

22
21212112122121212112 )()(

φθβ
ββααααααββααβ

c

ccccccc NNNNNX +−+−
  319 

Then re-expressed as 320 

λ
φθβ

φθλ
φθβ

φθθφλλ
22

21
22

432
22

2
1

2
2

22
213 )](1[)()(

)(
c

c

c

c AAXAAAAAAX
f

+−++
−

+−+
+=  321 

 22
654132 )(

φθβ
β

c

cc AAXAAAA −+−+
+  ,       (2.36) 322 

where, 323 

)( 1
2

111 γθ+= XBA ,  )( 2
2

222 γφ+= XBA ,  11113 NNBA ccc αα=  ,   22224 NNBA cccαα=
,

324 

212121125 NNBBA αα=  ,  2121211212216 )( NNNBBA ccccc αααααα +=
.
 325 

In a more compact form (2.36) becomes 326 

0)( 32
2

1
3 =+−+= aaaf λλλλ ,        (2.37) 327 

where 328 

22

2
1

2
2

22
21

1

)()(

φθβ
φθθφ

c

c AAAAX
a

+−+
=  ,

22
21

22
43

2

)](1[

φθβ
φθ

c

c AAXAA
a

+−++
= ,   329 

22
654132

3

)(

φθβ
β

c

cc AAXAAAA
a

−+−+
=  .      330 

In order to determine the stability of the positive coexistence steady state E4, we discuss the roots of the 331 
equation (2.37), which are the eigenvalues of matrix D(E4) by applying the Jury criteria for local stability 332 
test.  333 

The necessary and sufficient conditions for the characteristic polynomial )(λf  to have roots inside the 334 

unit circle ( that is all have magnitude less than 1)  are given as  ; 335 

,0)1( >f     ,0)1()1( 3 >−− f    and  ,13 <a    the Jury’s Criteria [12]. So, applying these to (2.37); 336 

01)1( 321 >+−+= aaaf          337 

0)(1)1()1( 321
3 >++−=−− aaaf         338 

 provided  1)( 321 <++ aaa . Furthermore, the constant term satisfies 339 

1
)(

22
654132

3 <
−+−+

=
φθβ

β
c

cc AAXAAAA
a ,      340 

cA

AAcXAAAA β
φθ

<
+

−−+
)( 22

5

654132 .      341 
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If the conditions for the Jury criterion are satisfied, it implies that the three roots of the equation (2.37) 342 

satisfy 11 <λ  , 12 <λ  , and 13 <λ . The linearization theory implies that the positive steady-state E4343 

),,( 21 NNN c  is locally asymptotically stable if the above inequalities hold. So, the coexistence steady-344 

state E4 of our model equations is locally asymptotically stable and the crop’s growth may stagnated, but 345 
survive in the mixture of the two species of weeds. However, if the effective control measure is applied to 346 
eradicate the two weeds species the crop will grow at its optimum capacity. 347 

3.0  RESULTS AND DISCUSSION 348 

In this section, the competition models are studied numerically by chosen parameter values to test 349 
(explain) the analytical results obtained. The values were carefully chosen to satisfy the necessary 350 
conditions for stability of the steady-states solutions. The values of the parameters for the graphical 351 
profiles are selected mathematically to let the model demonstrate the required dynamics. 352 
 353 

3.1  Two-Weed Species Coexistence  354 

The parameter values we employ were selected to satisfy the necessary conditions for stability of the 355 
steady-states solutions under consideration. Therefore, the parameter values selected for  numerical 356 

explanation of the coexistence fixed points of the two-species ( Nc , N1 , 0 ) are 2=cβ , 1=θ , 1=φ ,  357 

8.01 =cα  , 12 =cα ,  5.01 =cα  , 9.02 =cα ,  4.112 =α , and  1.121 =α . 358 

These satisfy the algebraic criteria for the existence of the non-zero fixed pints, 2E . So the numerical 359 

results of the steady-states solution converges to 

 

( ) ( )0,33.0,83.00),(),( 1 =tNtN c . 360 

It gives the coexistence fixed points of a crop and a species of weed that survive the control (i.e a weed 361 
died out due to control). Besides, the steady- state is locally asymptotically stable since the parameter 362 
values satisfy the stability conditions in Table 2.1.  363 
 364 
3.2  Crop and Two-Weed Species Coexistence 365 
The parameter values employed for numerical explanation of the coexistence fixed points were selected 366 

to satisfy the algebraic criteria for the existence of the non-zero steady-state, 4E . Therefore, the 367 

parameter values are the following; 368 

2=cβ , 1=θ , 1=φ , 6.11 =cα  , 6.02 =cα ,  5.01 =cα  , 4.12 =cα ,  6.012 =α , and  .5.121 =α   369 

Using these values the steady- state solutions converges to )80.0,27.0,00.1(),,( 214 == NNNE c . That 370 

is, the crop would have its maximum population at the steady state. 371 

We obtain the characteristic equation  372 

07.194.11)( 23 =+−+= λλλλf .       (3.1)  373 

Table 3.1  Jury’s stability criterion for weed-crop  competition model  374 

 Condition  System  Stability Result  

1 0)1( >f  07.1)1( >=f  Satisfied 

2 0)1()1( 3 >−− f  07.17)1()1( 3 <−=−− f  not satisfied 

3 13 <a  17.17.1 >=  not satisfied 

   375 
Since the second and third conditions are not satisfied, the three roots of the equation (3.1) are not within 376 
the disk (not less than 1). Hence, the weed-crop competition model is not locally asymptotically stable for 377 

chosen values at the positive steady-state ),,( 21 NNN c . This implies that, the crop may not grow and 378 

survive (stagnated) in the mixture of the two species of weeds if the weeds densities are not controlled.  379 
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3.3 Graphical Profile for Crop and Two-Species of W eed Coexistence  380 

In this section, the graphical profile for a crop and two-species of weed interaction (co-existence) was 381 
obtained using Mathematica. 382 
 383 

 384 
 385 
Figure 3.1 Rate of growth of Crop and Two-Species o f Weed Coexistence 386 
 387 
Figure 3.1 depicts the dynamics of weed-crop competition model equations (2.6) - (2.8) using the time 388 
intervals of 1 week. The graphical profiles show that the density of the two weeds continued to be on the 389 
increase during the growing season as long as there are enough resources to promote their growth, but 390 
approach steady densities after 30 weeks. Besides, it supported the co-existence analysis result obtained 391 
in section 2.2.9 that, the growth of the crop may be stagnated if the weeds densities are not controlled. 392 
The 1st (first) and 2nd (second) weeds growth rates dominate that of the crop. While that of the 1st  

393 
dominates the 2nd (one overgrown the other). 394 
 395 
4.0   CONCLUSION 396 

The main idea studied in this paper is the formulation of a model to investigate the weed-crop competition 397 
dynamics for the above ground established weeds densities. The model equations were analyzed for 398 
stability based on variational principles. From the analysis, the following findings / conclusion can be 399 
drawn. 400 

i. The extinction steady-state point E0 (0,0,0) is not stable without control. 401 
ii. The coexistence steady state of weed-crop competition model is locally asymptotically stable.  402 
iii. Experimental work showed that the positive steady state solution of weed-crop competition 403 

model is not stable based on the chosen values. We conclude that the crop may not grow 404 
and survive in the mixture of the two species of weeds at certain level of weeds infestation. 405 
That is its growth may be stagnated as depicts in the model’s graphical profile.  406 

Based on the results, the crop’s growth may be stagnated, but survive in the mixture of the two species of 407 
weeds. However, application of effective control measure to eradicate the two weeds species will improve 408 
crop yield at its optimum capacity for sustainable food production.  409 
 410 

 411 
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