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Abstract

Some new sufficient conditions are established for the oscillation of all solutions of

the second order neutral difference equation of the form
A (P (Tn + T + WTio)) + PaTo g, + GuTip = 0, 1> ng,

where ) > 1/r, < oo. The results obtained here are new and further improve and
complement some known results in the literature. Examples are provided to illustrate
the main results.
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1 Introduction

This paper deals with the oscillatory behavior of solutions of second

order neutral difference equation of the form
A (rpA (z), + axp—r + bTpio)) + prto_i + C]n93§+m =0, n>ngy (1.1)

where ng is a positive integer, A is the forward difference operator
defined by Az, = x,.1 — z,, and a and [ are ratios of odd positive
integers. Further, we assume the following conditions without further
mention:
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(C1) {r,} is a sequence of positive real numbers for all n > ny with
> g 1/ < 00;
(C2) a and b are nonnegative real constants;

(C3) {pn} and {g,} are nonnegative real sequences, and not identically

zero for many values of n;

(C4) 7, 0, k and m are nonnegative integers.

By a solution of equation (1.1), we mean a real sequence {z,} defined
for all n > ng — 0 where #; = max {7, k} and satisfies equation (1.1)
for all n > ny. Let 65 = max{o,m}. Clearly, if the initial conditions
T, = ¢y for all n € [ng — 61, n9 + 65 — 1] are given, then equation (1.1)
has a unique solution satisfying the initial conditions. A solution of
equation (1.1) is said to be oscillatory if it is neither eventually positive

nor eventually negative, and nonoscillatory otherwise.

In recent years, there has been an increasing interest in obtain-
ing sufficient conditions for the oscillation and nonoscillation of so-
lutions of neutral type difference equations, see for example [1, 11,
15, 19, 20, 22, 24], and the references cited therein. In [2, 4-6, 13,
16-18, 21] the authors considered equation of the form (1.1), and estab-
lished some sufficient conditions for the oscillation of all solutions when
Zf;no 1/r, = oco. This is because such equations have applications in

science and technology [3].

However when b = 0 and either p, = 0 or g, = 0, there are some
results available in the literature dealing with the oscillatory behavior of
equation (1.1) with Zzozno 1/r, < oo, see for example [1, 11, 15, 22], and
the references cited therein. In particular in [21], the authors considered

equation (1.1) under the condition (C1), and obtained criteria which



imply that all solutions of equation (1.1) are either oscillatory or tend

to zero as n — o0.

Equation (1.1) may be considered as a discrete analogue of the con-

tinuous equation
(r(t)(z())) + p(t)a(t — k)* + q(t)z(t +m)” =0 (1.2)

where z(t) = x(t)+azx(t—7)+bx(t+0). The oscillatory and asymptotic

behavior of solutions of equation (1.2) is studied in [7, 9, 22| under

various conditions on the known functions. However we have found

some results on the oscillatory behavior of solutions of equation (1.2)
. o0

for the particular case b = 0, ¢(tf) = 0 and fto 1/r(t)dt < oo, see for

example [12], and the references contained therein.

Therefore the natural question arises whether all solutions of equa-
tion (1.1) are oscillatory if the hypothesis (C1)is satisfied. Our purpose
in this paper is to give answer to this question in a affirmative way by
obtaining some new sufficient conditions which ensure that all solutions
of equation (1.1) are oscillatory. In Section 2, we present some prelim-
inary lemmas and in Section 3, we obtain some new oscillation criteria
for equation (1.1). Section 4 contains some examples to illustrate the
main results. Thus, the results obtained in this paper are new and

further improve and complement to those established in [11, 15, 21,
22].

2 Some Preliminary Lemmas

In this section we present some lemmas which will be needed to prove

the main results. For the sake of convenience, we define the following



notations:

Zn = Tp Tt QTp—r + bxn—koa
Pn = nmn {pna Pn—r1s pn+0} )
Qn = min {Qna dn—r Qn—l—a} )

n—1 1 00 1
R, = Zr_s , and Anzzr_s'
s=nyg s=n

We begin with the following lemma.

Lemma 2.1. Let {z,} be an eventually positive solution of equation
(1.1). Then one of the following two cases holds for all sufficiently

large n:

(1) z, >0, r,Az, >0, A(r,Az,) <0;

(II) z, >0, r,Az, <0, A(r,Az,) <O0.

Proof. The proof can be found in [20]. O

Lemma 2.2. Let A> 0, and B >0 . Then for v > 1 ,we have
A+ B> L (A+ B).

27T

Proof. The proof can be found in Chapter I11, page 70 of [10]. []

Lemma 2.3. Let {x,} be a positive solution of equation (1.1) satisfying
case(l) of Lemma 2.1. Then

Zn > RyrplAz, (2.1)

and {]’3—"} 1s nonincreasing for all n > N.

Proof. The proof of (2.1) can be found in [13]. Further

Zn — _ 1 =T RnAzy 1 — 1 1
A(Rn) = rn[ R ] < 0 since AR, = - The proof is now

completed. ]



Lemma 2.4. Let {x,} be a positive solution of equation (1.1) satisfying
case(Il) of Lemma 2.1. Then

2y > —Anrn Az, (2.2)
for all n > N.

Proof. Since r,,Az, is nonincreasing, we have
reAzy < r,Az,, s>n2>N.

Dividing the last inequality by 4 and summing it from n to [, we obtain
L1
211 < zp + 1Az, —, Il >n>N.
+1 S E . >n =

S=n s

Letting [ — oo, we have
0<z,+ A,r,Az,, n>N.

The proof is now completed. []

3 Oscillation Theorems

In this section, we obtain some new sufficient conditions for the oscil-
lation of all solutions of equation (1.1). We begin with the following

theorem.

Theorem 3.1. Assume that 1 < < a, 0<a,b<1,k—7>1 and

m — o > 0. If the difference inequality
Pn g—k

a—1 a
4 (1 +af + 22—1)

has no eventually positive nonincreasing solutions, and the difference

Awy, + wy_pyr <0, m > nyg, (3.1)

inequality

Qn Ag—l—m B

- v >0, n > ny, (3.2)
(1 + a’ + 22—_1

Awn >5 n+m-—o

)



has no eventually positive nondecreasing solutions, then every solution

of equation (1.1) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of equation (1.1). Without
loss of generality, we may assume that x,_g, > 0 for all n > N; > ny,
where Nj is chosen so that both the cases of Lemma 2.1 hold for all

n > Nj. From the equation (1.1), we have

A (r,Azy) + pxp_p + an§+m +a’A (Tn—rAzp_7) + aﬁpn_Txg_k_T

n—r n+m—r1 n+o n—+o 26_1pn+a n—k+o

2p-1
b’ 3
+2ﬂ_1 Un+oLptmto = 0, n=> N1(3'3)

Since f < a,a <1 and b <1, we have

bHo
A (raAzy) + P A (rp_rNzp_y) + 7772 (rnvoaz,.,)

bOZ
+ P, [xgk +aTy, o+ Wxgkw}

5 85 s
+Qn [xn+m +a" Ty T F'@H—m—i—a] <0, n=> Ny.

Using the Lemma 2.2, we obtain

bHo
A (TnAzn + aﬁrn—’TAZ’n—T + FTH—HIAZTH—U)
Pn n
ok T %zﬁm <0, n> Ny (3.4)

Next we consider the two cases of Lemma 2.1.
Case(I). Assume that Case(I) of Lemma 2.1 holds for all n > N;. From

(3.4) and Lemma 2.3, we obtain

b8 P. .
A <yn + aﬁynfT + FZUWA’O’) + FRn—kyn—k S 07 (35)

where vy, = r,Az, and y, > 0 is nonincreasing for all n > N;. Now we



define, w,, =y, + aﬁyn_T + ng’—iynw, then w, > 0, n > Ny, and

o
wy, < <1 +a’ + %) Yp_ry 1> Ny
Using the last inequality in (3.5), we obtain that inequality (3.1) has
an eventually positive nonincreasing solution, a contradiction.

Case(II). Assume that Case(Il) of Lemma 2.1 holds for all n > Nj.

From (3.4) and Lemma 2.4, we have

v’ Qn
A <yn + aﬂyn—f + Fyn—i—a) - 45_1A§+my5+m > 07 (36)

where vy, = —r,Az, and y, > 0 is nondecreasing for all n > N;. Now

we define
8 L g, bV
Wy = yn—l_a' yn—7+ Fyn+a S (1 +a” + F) Yn+o, M 2 Nl‘
Using the last inequality in(3.6), we obtain that the inequality (3.2) has
an eventually positive nondecreasing solution, a contradiction. This

completes the proof. []

Corollary 3.1. Assume 0 < a, b <1, a=p=1,k—7>1, and
m — o > 0 hold. If

o n—1 R I4+k—T
lim inf S_;_kPSRS_k > M (Hk—_7> , (3.7)
and
n+m-—o m—o 1+m—o
lim inf ; QuAsim > M (1+m—_0> (3.8)

where M = (1 + a + b) are satisfied, then every solution of equation

(1.1) is oscillatory.

Proof. The proof follows from Theorem 3.1 and Theorem 7.6.1 of [§].
[]



Corollary 3.2. Assume 0 < a,b<1,8=1a>1,k—7172>1, and
m—o > 0. If condition (3.8) holds and there exists a A > ﬁloga such
that

lim inf [P,RY_ exp(—e™)] >0, n >N

n—oo

then every solution of equation (1.1) is oscillatory.
Proof. The proof follows from Theorem 3.1,and Theorem 2 of [14]. [

In the following we derive some new oscillation criteria for the equa-
tion (1.1) where g, = 0 for all n > ng. In this case the equation (1.1)

takes the form
A (1A (xy + aZp—r + bTpio)) + ppxn_ =0, n > ng. (3.9)

Theorem 3.2. Assume that 0 < o < 1, (1 —a— b%%) > 0 for all

n > ng, and there exists a positive nondecreasing real sequence {p,}

such that for any constant My > 0

- Rn—i—a—k) “ Mll_aApn:|
wbn|l1l—a—0> — | = 0. 3.10
n;g [p b ( Rt R, (3.10)

If there exists a positive real sequence {6,} such that

On

Tnn

+ A6, <0, (1 - aég‘“k - b) > 0, (3.11)
n—=k

and for any constant My > 0

oo

Op—r— “ 1
Z [MéylpnAn—i-l <1 —a 5 —kk - b) T A +1] = 00 (312)

n=no

then every solution of equation (3.9) is oscillatory.

Proof. Let {z,,} be a nonoscillatory solution of equation (1.1). Without

loss of generality, we may assume that x,,_g, > 0 for all n > N > ny,



where N is chosen so that both the cases of Lemma 2.1 hold for all
n > N. From the equation (3.9), we have

A (rnAzy) + poxp_, =0, n> N. (3.13)

Case(I). Assume that Case(I) of Lemma 2.1 holds for all n > N. From
Lemma 2.3, we have {z,/R,} is nonincreasing for all n > N. By the

definition of z,, we have

I Ei Zn'_'azn—T'_'bZn+a
> (1—a-— bRn+g 2z (3.14)
- }%n n .

where we have used {z,} is nondecreasing and {z,/R,} is nonincreas-

ing. Using (3.14) in (3.13), we obtain

A (r,Az,) + B pnze . <0, n> N (3.15)
where B , = (1 —a — b%) . Define
n TLA n
wy, = p(:—z’ n > N.
Zn—k—l

Then w, > 0 and from (3.15), we have

rnAz PnTnAz
ank ankznflfk

Apprn Az,

where we have used (2.1). From the monotonicity of {r,Az,} and

S _/OnpnBa

0 < a <1, we have from the last inequality
Aw, < —pppnBy_) + Pn — 2 M{™® n >N, (3.16)

where My, = ry_pAzy_i. Summmg the inequality (3.16) from N to

n — 1, we obtain

n—1
Aps
0<w, <wy, — Z (pSpSBg‘k + =2 Mll_o‘) : (3.17)



Letting n — oo in (3.17), we obtain a contradiction to (3.10).
Case(II). Assume that Case(IlI) of Lemma 2.1 holds for all n > N.
Define

nAn
vy = 2> N (3.18)

Zn

Then v, < 0 for n > N. From Lemma 2.4, we have
Az,

Zn

By virtue of (3.18) and (3.19), we have

Ay

> —1 for all n > N. (3.19)

—-1<A,v, <0, n> N. (3.20)

On the other hand, it follows from (3.19) that

Az, 1
> — .
Zn — Apt
Then, we have
z )
A (2,/0,) > ——= T+ A, >0
(Z / ) 5n5n+1 [Anrn * ]

and then {z,/d, } is nondecreasing. Hence we obtain from the definition

of z, that

T, > <1 — aég_T — b) Zn, m > N. (3.21)

From (3.13) and (3.21), we obtain
A (rpAzy) + puch 20 <0, n >N (3.22)

where ¢! | = (1 — gl b> . From (3.18) and (3.22), we have

5n—k

Q « 2
_pncn—kzn—i—l—k . rn(Azn)

Zn+1 Znin+1
1}2
a a—1 n
< PGy — g n>N, (3.23)
n

Av,,

10



where we have used {z,} is positive and decreasing. From (3.23), we

have
02
Av, + MY p,ct  +-2<0, n> N, (3.24)
'n
for some constant My = zy,1_x. Multiplying (3.24) by A, 1 and then

summing it from N to n — 1, we have

2
% <0, (3.25)

rs

n—1 n—1 n—1
Z As—HAvs + Z MgailpsAs—i—lC?_k; + Z As—f—l
s=N s=N s=N

Using the summation by parts formula in the first term of (3.25), and

then rearranging, we obtain

n—1 n—1 )
z : -1 Z (% v
S= S=

Using completing the square in the last term of the above inequality,

we obtain
n—1 n—1 A . 1 2
-1 s+
Apv, — Ayvn + Z MZO[ psAs-i-lcg—k; + Z e (Us + 24, 1>
s=N s=N +
n—1 1
N S
S—N 4TsAs+1
or
n—1 1
Ayv, < Anvy — Z (Mga_lpsAsHC?k - m) .
s=N +

Letting n — oo in the last inequality and using (3.20), we obtain a

contradiction to (3.12). The proof is now completed. O

Theorem 3.3. Assume that o > 1, (1 —a— %) > 0 for alln >

n—

ny, and there ezists a positive increasing sequence {p,} such that for
any constant M > 0 such that

. Rn—a—k “ 1 (Apn)an—k o
Z [pnpn (1 a—>b R > Y o = 00. (3.26)

n=ng

11



If there exists a positive real sequence {0, } such that (3.11) holds and
for any constant D > 0

o0

adn—T—k “ «
WAS (1 — —-b| — = 2
Z |:p n+1—k < 5n—kz > Da_lAs—krs—k o0 (3 7)

n=ng

then every solution of equation (3.9) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.2, we see that Lemma
2.1 holds for all n > N > ny.
Case(I). Assume Case (I) of Lemma 2.1 holds. Define

rnl\z,
Wy = Pn—y
Zn—k—l

Then from (3.28) and (3.5), we obtain

. n>N. (3.28)

n A n n AZQ* —
Aw,, =< —pupa By + Dp HZTHL Py STl > N (3.29)

n—k Pn+1 n—k—1

By Mean Value Theorem
AZY = at* Az,
where z, 11 <t < z,_}. Since a > 1, we have

AZS > a2 Az g (3.30)

Using (3.30) in (3.29) we obtain

a—1
Apn Pn “n—k—1
Wnp41 — & Wn+41 P
Pn+1 Pn+1 p—k—1

AZTL—k—l
Aw, < —pupnBy ;. +

, n>N(3.31)

Since {z,} is increasing and {r,Az,} is nonincrasing, we have from
(3.31)

Apn 0 Ma—l
Pn+1 Pn+1 Tn—k

where M = zy_j. Summing the last inequality from N to n — 1, and

using completing the square we have

n—1

0<w, <wy— Z [pspngk -
s=N

1 (Ap8)27as—k
4o M1 s

12



Letting n — oo in the last inequality, we obtain a contradiction to
(3.26).
Case(IT). Assume Case (II) of Lemma 2.1 holds. Define

rnl\z,

, n>N. (3.32)
n—k

Then v, < 0 for n > N. From Lemma 2.4, we have

rnl\z,

An—k 2_17 nZN

Zn—k
Then

Tz (—1rpAzy,)* !
— ~ At < 1.
Zn—k

So, by A(—=r,Az,) > 0 and (3.32), we have

a1 < v, Ar . <0, n>N, (3.33)

where D = —ryAzy. From (3.32), we have
A(r,Azy,) rn\z,

Ay = 2@ z¢ 2@
n—k+1 n—k~n—k+1

Azy .
By Mean Value Theorem
Az = at* Az,
where z, 11 <t < z,_;. Since a > 1 and Az,_; < 0, we have

Az, < az®"l Az,

n—k+1
Therefore
Do ar, Az
Av, < -kl — T Az g (3.34)
“n+1—k “n—kAn—k+1

From (3.21) and (3.34), we obtain

Avy +pucn_ . <0, n> N. (3.35)

13



Multiplying (3.35) by Af,; and then summing it from N to n — 1, we

have
n—1 n—1
Z A pAvs + Z A kpsCyp < 0. (3.36)
s=N s=N

Summation by parts formula yields

n—1
Z Al wAvg = Ao — A pun — Z U AAL
s=N
By Mean Value Theorem, we obtain
a Ay
AAY . > — :
Ts—k
Since v, < 0, we have
n—1 a—1
owSAS
> AL A > A v, — AY o+ Z T—’“ (3.37)
—N s—k

Using (3.37) in (3.36), we obtain

1 n—1
owsAo‘
o s—k
AY v, — AY ka+§ ek
s=N

Therefore from (3.33) and (3.38), we obtain

Ts—k

n—1
1 «
— < AY v, < AN L un — AY ey, —
Do-1 = n—kVn >~ AAN_EUN g [ s4lgt1—kCs—k Da_lAg—kTS—k] )
Letting n — oo in the last inequality, we obtain a contradiction to
(3.27). This ends the proof. N

Theorem 3.4. Assume that o > 1, (1 —a— %) > 0 for alln >
ng, and there ezists a positive nondecreasing sequence {p,} such that
for any constant M > 0, (3.26) holds. If there exists a positive real

sequence {0, } such that (3.11) holds, and

On—r— *
Z Zps s— k-l—l( _aénkk_b> =0 (339)

nno

then every solution 0f equation (3.9) is oscillatory.

14



Proof. Proceeding as in the proof of Theorem 2.3, we see that Lemma
2.1 holds and Case(I) is eliminated by the condition (3.26).

Case(II). Proceeding as in the proof of Theorem 3.2 (Case(Il)), we

have
-t = Tz Ay > —rnAzn A, = dA,—y,
where d = —ryAzy. From (3.22) we have
A(=rpAz,) > dpucy 1 Ap iy, n > N.

Summing the last inequality from N to n — 1, we obtain

n—1

—rpAz, > —ryAzy + d° Z PsCo i Agi1_p-
s=N

Dividing the last inequality by r,, and then summing from N ton — 1,

we have

n—1 s—1

1
AN > ZN — 2 > d” Z - Zptc?_kA?H_k.

s=N % t=N
Letting n — oo in the last inequality, we obtain

00 n—1

1
Z - ZPSC?—kA?H—k < 2N
n

n=N s=N
a contradiction to (3.39). This ends the proof. O

4 Examples

In this section, we present some examples to illustrate the main results.

Example 4.1. Consider the neutral difference equation

1 1
A <2”“A (xn + 3Tz + Z:cnﬂ)) +22(2") @0y + 2 Tpye =0, n > 1. (4.1)

Here, r, = 2" o= =1, a=1/2, b= 1/4, p, = 22(2"), q, = 2",

T=2,0=2 k=3, and m = 2. Thean:%—% andAn:%. It is

15



easy to verify that all condition of Corollary 3.1 are satisfied, and hence
every solution of equation (3.41) is oscillatory. In fact {z,} = {(—1)"}
is one such solution of equation (4.1).

Example 4.2. Consider the neutral difference equation

3 1
A <2”+1A (xn + —Tpo1 + —xn+2)) +exp(e™)ad_, +2"2,00 =0, n>1. (4.2)

4 2
HGT’@, Tn:2n+1704237/6:1;a:4§17b:%7 pn:€$p<e4n)7 qn=2n7
T:1,0:2,k:2,andm:2Thean:%_%andAn:%]t

1s easy to verify that all conditions of Corollary 5.2 are satisfied, and
hence every solution of equation (4.2) is oscillatory.

Example 4.3. Consider the neutral difference equation

16 8

Here, r, = 2" o = %, a = 1—16, b= %, pn=45(2""2), 71 =2,0 =1, and

k= 2. Thean:%—%n andAn:%n. Bytakingpnzlandc‘i:%n, it

1 1
A (2"+1A (:cn + —Tpo+ —$n+1)> +45(2" )2’ =0, n> 1 (4.3)

18 easy to see that all conditions of Theorem 3.2 are satisfied, and hence
every solution of equation (4.3) is oscillatory. In fact {x,} = {(—1)3”}

is one such solution of equation (4.3).

We conclude this paper with the following remark

Remark 4.1. The results given in [11, 15, 19, 20, 24] can not be
applicable to the equations (4.1) to (4.3) since these equations contain
advanced terms. Also the results in [2, 4, 5, 6, 16, 17, 18] can not
be applicable to the equations (4.1) to (4.3) since the condition (C1) is
not satisfied. Further from the theorems in [21] we conclude only that
all solutions of equations (4.1) to (4.3) are either oscillatory or tend
to zero monotonically. But the theorems obtained here ensure that all
solutions of equations (4.1) to (4.3)are oscillatory. Therefore our results

improve and further complement to some of the results in [11, 15, 19,

20, 21, 24).

16
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