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ABSTRACT

In the literature of information measure, there exist many well known parametric generalized information
measures with their merits and limitations. In the present paper a ‘useful’ R-norm information measure of

type @ and degree [ is introduce and characterized axiomatically. This new measure is parametric

generalization of ‘useful’ R-norm information measures introduced and characterized by the authors earlier
refer to Hooda et al. [9]. Properties of the new generalized ‘useful’ R-norm information measure of type

and degree [ have also been studied. The new measure has been applied in studying the lower and
upper bounds of a generalized ‘useful’ R-norm mean codeword length.
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Keywords: R-norm information; Mean codeword length; Kraft's inequality; Code alphabets
and Holder’s inequality.

1. INTRODUCTION

We consider the set of positive real numbers, not equal to 1 denoted by
a* :{R: R>O¢]}. Let A, with n>2 be the set of all probability distributions

Pz{(pl’ Pz,---,pn),pi > Oan(E p= }
i=1

Boekee and Lubbe [4] considered R-norm information of distribution P defined for
ROO by

He(P) =Ri_1 1—(2 ijR R(>0)# 1. ¢

The R-norm information measure (1.1) is a real function A, — O, where n>2and

O%is the set of positive real numbers. This measure is different from entropies of
Shannon [13], Renyi [12], Havrda and Charvat [6], and Daroczy [5]. The most
interesting property is that in case R - 1, R-norm information measure approaches

to Shannon’s entropy(1948) and when R — oo, HR(P) -1-maxp,
Oi=12...,n.

The measure (1.1) can be generalized in so many ways; Hooda and Ram [7]
defined the following journalized ‘useful’ information measure:

2-p

Hg(p):%ﬁ_z 1—[§n:p,HJR ,0<B<1, R(>0#1 (1.2)

i=1
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The measure given by (1.2) was called generalized R-norm information measure of
degree [ as it reduces to (1.1) when S=1.

Hooda and Sharma [8] introduced and characterized parametric generalization of
(1.2) as given below:

2a-

n R R
Hg,ﬂ(p) R 1-[292"‘/3J a=1l 0<pB< 1, R(> Q,t L&R+[#% 7
i=1

- R+ [ -2a
(1.3)

(1.3) was called as the generalized R-norm information measure of type a and
degree 5 and it reduces to (1.2) when a =1and further reduces to (1.1) when 5 =1.

Belis and Guiasu [2] considered qualitative aspect of events in an experiment and
attached a utility distribution U ={(u,u,....,u,),u, > G with the probability
distribution P such that u is the utility of an event having probability p .

Consequently, the following ‘qualitative-quantitative’ measure was defined and
characterized:

H(P;U)=H(p,, p,...., P,; Uy, Uy,..., U, ).

=->uplogp ,u>0, 0<p<l >Yp=1 (1.4)

i=1 i=1

Later on the measure (1.4) was called ‘useful’ information by Longo [11] of the
experiment.

To over come the limitations of the measure (1.4), Bhaker and Hooda [3] introduced
and characterized the following measure of ‘useful’ information:

Y uplogp
HPU)=-2

dup
i=1

Hooda et al. [9] also characterized the following ‘useful’ R-norm information
measure:

(1.5)
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He(PU) = 1-| = R(>0)%1, (1.6)

which reduces to Boekee and Lubbe [4] when utilities are ignored.

As the parametric generalized information measures have more potentiality and
flexibility for applications point of view, so it is worthwhile to consider a two
parametric generalized ‘useful’ R-norm information measure as given below:

2a-87]
n R R
- 2.up’
Ha’ (PU) = 7 1- lzliu.p. JR(>0)#1a21,0B< L&R+[B#% &
- 1=

(1.7)

where U is the utility distribution corresponding to probability distribution P. We
may call (1.7) as the generalized ‘useful’ R-norm information measure of type @ and

degree 3.

In the present paper the ‘useful’ R-norm information measure type & and degree ,8 given by
(1.7) is characterized in section 2. In section 3 the properties of ‘useful’ R-norm information
measure of type & and degree Sare studied. In section 4 the new measure is applied in

studying the lower and upper bounds of a generalized ‘useful’ R-norm mean codeword
length and in the end conclusion is also given as section 5.

2. CHARACTERIZATION OF ‘USEFUL’" R-NORM INFORMATION MEASURE OF
TYPE a AND DEGREE [

LetS =A_xAY - R*, n=23,......... and G, be a sequence of functions of p, s

and uils,i =12.........,n, defined over S, satisfying the following axioms:

Axiom 2.1 Gn(P:U)= a1+a2ih(pl,ui), where @ and a, are non zero
i=1

constants ration numbers and
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p,uDd ={(01)x (0,2} 0{(0,y)0< y < § O{(e0,y') :0< y' < o},

Axiom 2.2 For POA UOA.,P'OA
property:

andU'0A; ,G,, satisfies the following

m?

Gm(PP':UU'):Gn(P:U)+Gm(P’:U’)_%Gn(P:U)Gm(P’:U’)'

Axiom 2.3 h( P, u) is a continuous function of its arguments p and u.

I

Axiom 2.4 Letall p; s are equiprobable and u, s are equal, then

-f+2a-R
Gn(l,...,i;u,...,uj:L 1-n R ,
n n R+ [(-2a

where n=23...,anda 21 0<B<1,R(>0)#1,0<R+B# Ar

Firstly, these lemmas are proved to facilitate the proof of the main theorem.

Lemma 2.1 Using axioms 2.1 and 2.2, we get the functional equation which is
given below:

iih(ﬂp},uﬁu})=(%jih(p.,ui)_ h(pj.u). (2.1)

i=1 j=1 i=1 i

3

1
=

where(pi,ui),(p'j,u})DJ fori=1,2,...n and j=1,2,... m.

Lemma 2.2 The continuous solution that satisfies (2.1) is the same as that of the
functional equation:

h(pp’,uu’) :(%jh(p,u)h(p',u'), (2.2)

where a, and &, are arbitrary constants.

Proof: This Lemma can be proved on following the lines of Hooda et al [9].
Next we obtain the general continuous solution of (2.2).

Lemma2.3 One of the general continuous solutions of equation (2.2) is given by
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- v\
h(p,u):(imj(pgﬂ J " where 4#0,y %0 (2.3)

and

h(p,u)=0. (2.4)

Proof: Taking g(p,u)z( :2 jh(p,u) in (2.2), we have

g(pp',ur’)=g(p,u)g(p'.u). (2.5)
The most general continuous solution of (2.5) (refer to Aczel [1]) is given by
p,uuV %1
g(p,u):( . J ,whereu# Oand # ( (2.6)
u
and
g(p,u)=0. 2.7)

On substituting g(p,u)=( a?zjh(p,u) in (2.6) and (2.7) we get (2.3) and (2.4)

respectively. This proves the lemma 2.3 for all rational p D]OJ{ andu >0, However,
by continuity it holds for all real p D]OJ{ andu>0.

Theorem2.1 A xioms 2.1 to 2.4 together with Lemmas determine the measure (1.7)

Proof: Substituting the solution (2.3) in axiom 2.1, we have

0 (g Y
G,(PU)=4 1—2(4} , uv#0. (2.8)

=1\ By,

Taking p, :1 and U, =U for eachiin (2.8), we get
n

1 1 e
Gn(ﬁ,...,ﬁ,u,...,uj:a{l—n”u”}, n=23..., (2.9)



129  Axiom 2.4 together with (2.9) gives

p vl R -B+2a-R
130 a|d=n‘u :m{l‘” R }
— 20

131 It implies

:L = R
R+3-2 H 20-8'

I
-

132 a

133  Putting these values in (2.8), we have

n R 20/_%_
R U; P 20-4
134 Gn(P;U)=R+ﬂ_2a 1-| =
2P
i=1
135 =HZ?(PV).

136  Hence this completes the proof of theorem 2.1.

137 3. MAIN PROPERTIES of HZ#(P;U)

138  The following properties are satisfied by the generalized ‘useful’ R-norm information

139 measure H3” (P;U)

140  Property 3.1: H “A(P;U)is a symmetric function of their arguments, if permutation
R

141 of p’and u’ are taken together, i.e.

142 HR?(Pu Poees s Paogs P iUz U Upo g Uy ) = HRZ (P PP v P 1l HgH g W)
143

144  Property 3.2: HZ? }l,l,l =1 ,incase =L =1and R=2.
" 8’8
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— R A
n 2a-B \2a-p
. 2up R
Proof: H,Z”B(P;U): 1-| =
R+ B-2a -
Zui P
i=1
Fori =1,2,we hav
2a-p
R R \'R
2a-8 2a-p3
Hoo (PU)=— | g WP WPy
R+ﬁ_2a Ulpl u2p2
Setting
1
plzg ,P=2 0 =1,u,=1,0=15=1and R:2-,weget
— E_
&G
11 8 8
HM =, =:11|=21 +
Hosm 1
8 8

Property 3.3: Addition of one event having probability of occurrence as zero or

utility as zero has no effect on ‘useful’ information, i.e.

Hg’ﬁ(pl’ pz""’pn’O;ul’UZ"" “n+l): ngﬁ(pMpZy.. 1pn U1U2-... lrjn)
=H&? (Pu Pare-+ s PosasUp Uy U, ,0)
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Proof: Let us consider

Hg’ﬂ ( Pus P2y Py '0;u1 Uy, “n+1)

2a-p
R R R R
R e up ™ uwe
R+[-2a WP, UyP, Un Py
=Hg?(P;U).

Property 3.4: HZ” (P;U) satisfies the non additivity of the following form:

R+[-2a

HZ# (P*QU*V) = HZ# (RU) + HZ# (QV)- HE? (RU)HZ? (QV)

where  P*Q=(p,0y,. .., Pilm; P2y -+ PaClims Palise-s Poli)

U*V = (UVy ooy UV UN e, UM UV e UV )

1M 2%me n'm

R+ [ -2a

Proof: R.H.S.=H2#(P;U)+H 27 (Q;V)- HE# (PUHA#(QV)

2a-p
n R R
R :E:uivi(piqi)igjﬁ
— 1_ i=1
R -2 :
vh-2a zuiv Pid;
i=1

=H2?(P:QU:V)
=LH.S.

Property 3.5: Let A, A, be two events having probabilities p;,p; and utilities

U;,u; respectively, then the utility uof compound event An Al is defined

Up +Uu;p;

u(AnA)= D

(3.1)
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Theorem 3.1: under the composition law (3.1) following holds:

B ] ", ] [}
wHE (PLy Py Py P PT5 U Uy Uy, U U)

I

P

= HE? (Pu Pareee s Py iUps U Un, o) + (P + p”)Hg'ﬁ(

Proof: ., H2?(p., Pys.ees Prus P P"3U Uy, U, U U")

[ n ! lp " ’u' ’u"j )
p+p p+p

2a-p8
R R R
. R urpIZ(]—ﬂ unp" Za—ﬁ
:n Hg’ﬁ(pl' p2""' pn+l'ul’u2""'un+l)+ R+ﬁ_2a 1_ urpr + unp"
B 2a0-p
R R R
! 2a-p8 " 2a-p
R u,( I E Ilj u”( !?_ Ilj
I n p p p p I n
= HE? +————|(p'+ p’)- S+ ; (b +p)
R+ ﬂ - 20’ ur p u" p
pl+ pll p!+ pll
= Ha,ﬁ+ "+ " Ha,ﬂ p' ’ p" ;ur’u" .
n R (p p) R |:pr+p" pr+p"
This completes the proof of theorem 3.1.
4. APPLICATION IN SOURCE CODING
Here we introduce a new generalized ‘useful mean code word length as given

below:
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~N

n _Ii(R+ﬁ—2a)
- 2upD " F
L”Fg'ﬁ(P;U):R+IB_2a - , (4.1)
unbp
2P

In case a =land S=1, (4.1) reduces to average code word length that was given

by Hooda et al. [9] and again if utilities are ignored, i.e. i=1 for all i =12,...,n it

reduces to
n o (RL
LR(P):i{l—Zp,DI'(R)}, (4.2)

which is average codeword length due to Boekee and Lubbe [3]. Thus (4.1) is a

valid non-additive ‘useful’ mean codeword length.

Next we study the lower and upper bounds of L‘é’ﬁ (P;U)) in terms of ‘useful’ R-norm

information measure of type & and degree 8 H§# (P;U) given by (1.7).
Theorem 4.1: If |, ,i =12,...,n is length of codewords X 's, then
Ha? (PU)< L%’ (PU),R(21)>0a21,0<B< 1 (4.3)

under the condition

Zn:uiD"' < Zn:ui P, (4.4)
i=1 i=1

where (4.4) is the generalization of Kraft's inequality [10].

Proof: By Holder’s inequality we have

(Z}K"f) (Z yf‘f < Z;,X Yis (4.5)

i=1
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where X;,Y; 20 for each i and %+§=1.

_R_ _2a-B
R+5-2a R 2a-p4-R

2_
u, p2’

Setting X = nu'—p' D",y =

zui B Zui P
= =

_ R"'i_ 2a ndq = ZC;_’B_ R and putting in (4.5), we have
R 2a-8
(R YA (R Yalg
R

iuip,D ' du p2F >uD™
i1 = < izl

zuipl zuipl ZUiQ
i=1 i i=1

<1

It implies
2a-8 R
n R \20-p-R n 0 (R+ﬂ—2aj 2a-5-R
2a- : R
2up? 2upD
i=1 < | d=L

dup dup
i=1 i=1

(4.6)

Case 1 When R+ [<2a , raising Power m_—F’f_R >0 both sides of

(4.6), we have

2a-0
R R

iui p** iui pD
i=1 < izl

dup dup,
i=1 i=1

‘h(R+€;20]
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209

210

211

212

213

214

215

216

217

Subtracting both sides from 1, we get

2a-p
R

R+ﬁ—2a]

Zn:ui pID_li ( R

n R
dup”
-2 21-2 . (4.7)

dup dup
i=1 i=1

1

Multiplying (4.7) by —— > - 0| both sides, we have

R+ [ -2a
_ 20— ]
n R R n - (R+,B—20)
u p2ak unpbD R
R 1_ ; 1 pl < R _ ; 1 pl
R+[6-2a 3 " R+p-2a 3
d z up o Z Ui B
i=1 i=1
Ha? (PU) <L (P;U). (4.8)
Case 2 When R+ 3 > 2a , Raising power 20'——F,f—R <0 both sides of
(4.6), we get
2a-
n R R n , (R+,8—2a)
Zui p2* Zui p.D A
= > = . (4.9)

dup dup
i=1

Subtracting both sides from1, we get

2a-4
R

(55

Zn:uiplD

n R
dup’”
I < 1_ i=1

dup dup
i=1 i=1

1
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Multiplying (4.9) by > O0both sides, we get

R+ (5 -2a
_ n - 20R:/3_ N a (R+ﬁ—20]
2a-f ! R
R |, ;uipi . R _;uip.D
R+pB-2a Zuipi R+p-2 Zuipi
=1 =1

HE? (PU) < L? (PU).
Thus theorem 4.1 is proved in both cases.

In (4.3) equality holds if and only if

D = b R>0(#1) or
n R '
2 up’
i=1 n
D Up
i=1
n R
R Zui piza_ﬁ
l; =—log, p*™ +log, | =
DUp
i=1
n L n R
__R Zui F)Iza_ﬁ __R Zui F)Iza_ﬂ
log, p, > |42— <l <log, p, **# |12 — |+1.

dup dup
i=1 i=1

It implies

(4.10)

(4.11)
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238

n R n _R_
R Z ui piZa—ﬁ R z ui pIZa—,G
p| 20-F | =1 < Dli < DpI 2a-p| 0=t . (412)

Z up z up
= =

In the next theorem, we obtain an upper bound on L‘é"g(P;U) in terms of

Ha?(PU).

Theorem 4.2: Let I,l,,...,], be the codeword lengths satisfying (4.12),

then following inequality holds:

P 2a-B-R p R 2a-B-R
a, 5 R a, . — R
LZ#(PU)<D HE (P,U)+—R+’B_2a(1 D j (4.13)

Proof: From the R.H.S. of (4.12), we have

n R

2_

e [ Dup¥”
T

dup,
i=1

D" < Dp

(4.14)

Here two cases arise:

Case 1 When O<R+ (<2 raising both sides of (4.14) to the power

Zal_—H>o’Weget

2a-pB-R
R R

n
| (R+ﬁ—20j 2a-p-R R+f-2a Zui p,za_ﬁ
D' R /<D R p%7¥ | —— : (4.15)

dup
i=1
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ipi

Zui Pi
=

Multiplying both sides of (4.15) by and summing overi , we have

R+5-2 R 22 bR R

n _| [Rtp—2a n R n

Supp 't r ) Su | | S

i=1 . <D R i=1 _ i=1n
;uipl ;Ui P ;Ui P

or

n i (R+ﬂ—2£¥) n R ZOIR—ﬂ

Zui pD A 2a-B-R Zui p*

i=1 T R

< D R i=1

dup dup,
i=1 i=1

Subtracting both sides from1 and multiplying by RL <0, we have

+[3-2a

p 2a-B-R p R 2a-B-R
a, 5 R a, . — R
LZ#(PU)<D HE (P’U)+—R+ﬁ—20{1 D } (4.16)

Similarly, we can prove that (4.16) holds when R+ 3 >2a . Hence theorem

4.2 is proved

Thus (4.3) and (4.13) together give

2a-B-R R 2a-B-R
Ha?(P:U)<Li?(PU)<D R HQ'”(P;U)+—R+IB_ZG(1—D R j

5. CONCLUSION

In this paper we have defined a new generalized ‘useful’ R-norm information
measure analogous to Hooda and Sharma’s (2008) R-norm information measure

and characterized axiomatically. Some important properties have also been studied.
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The new generalized measure has been applied in obtaining lower and upper
bounds of the generalized ‘useful’ mean code word lengths. This can be generalized
parametrically and applied in source coding. The measure can be further

generalized parametrically and can be applied in source coding.
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