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Abstract

In this paper, we use Sumudu Transform Method and Adomian Decomposition Method to find solutions of
heat and wave — like equations. This method is called the Adomain Decomposition Sumudu Transform
Method (ADSTM).

Keywords: Adomian Decomposition Method, Sumudu Transform, heat and wave - like equations and Adomain
polynomials.

1. Introduction

Heat and wave — like models are the integral part of applied mathematics and arise in various physical phenomena.
Several techniques such that characteristic, modified variation iteration, Adomian decomposition method and Hé s
polynomials have been used for solving these problems (see [6-10, 12-17]).

In the present paper, we introduce a new method called Adomian Decomposition Sumudu Transform Method (ADSTM)
for solving the nonlinear equations. It is worth mentioning that the proposed method is an elegant combination of the
Sumudu transform method and the Adomian decomposition method which was first introduced by Adomian (see [11]).

2. Sumudu Transform and Adomian Decomposition Metho d

Watugala (see [5]) introduced a new integral transform, named the Sumudu transform which was applied to the ordinary
differential equations and partial differential equations in controlling engineering problems. Sumudu transform is defined
over the set of functions;

A=1f(t):0M,7,,7,>0,|f(t) <Me",if tO(-1)" x[0,e)

T (u)= S[F)]=[ flut)e ot ,uo(-7,.7,)

By the following formula, some properties were established see ([1-3]), similarly, this transform was applied to one —
dimensional neutron equation sees [4].
We consider a general nonlinear non- homogeneous partial differential equation with initial conditions of the form;
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DU(x,t) + RU(x,t) + NU (x,t) = g(x,t)

U(x,0)= h(x) ,Ut(x,O) = f(x),

2

1)

where D is the second order linear differential operator D = Ot , R is linear differential operator of less order than D

N represent the general nonlinear operator and g (X,t) is the source term.
Taking the Sumudu transform of both sides of Eq. (1), we get;
s[pu (x,t)]+S[RU (x,t)]+ S[N (x,t)] = S[g(x,t)].
Using the differentiation property of the Sumudu transform and given initial conditions, we have;
su (x,t)] = u? g (x,t)] +h(x) + u f (x) - u? S[RU (x,t) + NU (x,t)].
Now, apply the inverse of Sumudu transform of both sides of Eq. (3), we get;
U (x,t) = G(x,t) - s*|u? S[RU (x,t) + NU (x,t)]],

)

®3)

(4)

where G (X,t) represents the term arising from the source term and the prescribed initial conditions. Now, apply the

Adomian decomposition method;

u(x,t)=§0un(x,t).

The nonlinear term can be decomposed as;
U(x,t)=>AU).
n=0

For some Adomian polynomials A, (U) that are given by;

A (U, U, U, ,.0,) =

Substituting Eq. (5), and Eq. (6), in Eq. (4), we get;

$0.6:0 =alx) - % w5 REU e+ £, )]

So that the recursive relation is given by;

Uy (x.t) =G(x.t);
Uea(x.t) = -S™[u*s[RU, +A ]]. k=0

3. NUMERICAL APPLICATION

In this section, apply the Adomian Decomposition Sumudu Transform Method (ADSTM) to solve the heat and wave — like

equations.

Example 3.1, consider the following one — dimensional initial value boundary problem;

U, :%qu 0<x<1,t>0,

XX !

With boundary conditions;
u(,t)=0,U(1t)=¢
and the initial condition;
U (x,0) = x2
Solution:

Taking the Sumudu transform of both sides of Eq. (10), and substituting the initial condition obtained;

S[u (x,t)] = x? +%x2 u S[Uxx].

Applying the inverse Sumudu transform implies that;

n'd)l { [Zj‘ u ﬂ)zo,nzo,l,z,._.

®)

(6)

@)

(8)

9)

(10)

(11)

(12)

(13)
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U (x,t) = x? +%x2 st [u S[Uxx]] :

Using the Adomian decomposition method as a series, we get;

S0 ()= oS us [ S0.) ()

n=0
This leads to the recursive relation;

U (x.t) = x

Uk+l X,t :% [uS[ ]]

This gives;

1 _
U, (x.t) =5 s us[u,), ] = ¢
and so on. The solution in a series form is given by;

2 3
U(x,t)= x{lﬂ +t—+t—+..}.
2! 3

The closed form solution is given by;
U (x,t)=x%€".

Example 3.2, consider the following two — dimensional initial value boundary problem;

U, :%(yzuxx +x°U,,), 0<x,y<1,t>0,

With boundary conditions;

u,(0,y,t)=0, U_(,y,t)=2snht,

U,(x,0,t)=0, U,(x,1,t) = 2cosht,
And the initial condition;

U(x,y,0)=y2.

Solution:
In a similar way as above, we have;

Su,x,v )=y + 357 us| [0 )|

R %xzs'{us{@(u“)” by ’t)m'

This gives;

I

(14)

(15)

(16)

17)

(18)

(19)

(20)

(21)

(22)

(23)



Uo(x’y’t) = yz’
U, (x,y,t) =% y?sus|u,)., ] +%x2 sl S[(Uo)yy]] = x2t,
99 U,(x,y,t)= %yz S‘l[u S[(Ul)xx]]+%x2 S‘l[u S[(Ul)yy]] y? E (24)

2 U

U3(x,y,t) = X 3’

t4
— 2
U4(X7y7t) =y E’

100 and so on. The solution in a series form is given by;

t? t* t° t°

101 U(x.t)= y2(1+—+—+...J+x2(t +—+—+...]. (25)
ARY 3 5

102  The closed form solution is given by;

103 U (x,t) = y? cosht +x? sinht . (26)

104
105 Example 3.3, let us consider the following three-dimensional inhomogeneous initial boundary value problem;

106 U, = x“y“z“+3—16(x2UXX+yZUyy+22UZZ),0<x,y,z<1,t>0, @7)

107  With boundary conditions;
U(O,y,z,t)=0, U(,yzt)=x"z(¢-1),

108 U(x,0,zt)=0, U (x1zt)=x*Z (et —1), (28)
U(x,y,0,t)=0, U(x,y,1t)=x"y* (et —1),

109  and the initial condition;

110 U(x,y,z,0)=0 (29)

111 Solution:
112 In a similar way as above, we have;

”» S0, (. y.z.0) = x° y* 2t + 3%X2 s {u SKi(Un)xx (X,y,z,t)m

n=0 n=0

114 +3—16y28‘{u8{(§(un)yy(x,y,z,t)Jﬂ+3—16228‘1{u8[[§(un)22(x,y,z,t)Jﬂ. (30)

115  This gives;
U, (x.y, z,t) = x* y* 2%,
2
U,(x,yz,t)= x“y“z“t2I
116 3 (31)
4 4

t
— V4 h
Uz(x,y,z,t)— X'y'z 3’

4
U3(x,y,z,t) = x‘y*z* tz

117 and so on. The solution is a series form is given by;

t? t°

—vb\, 454

118 U(x,y,zt)=x"y"z (t +z+§+..}. (32)
119  The closed form solution is given by;

120 U(x,y,z,t)=x"y* z“(e 1) (33)

121
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Example 3.4, let us consider the initial — boundary value problem;

U, :%XZUxx ,0<x<1,t>0: (34)
with boundary conditions;

U(0,t)=0, U(Lt)=1+sinht, (35)
and the initial condition;

U(x,0)=x , U, (x,0)=x>. (36)
Solution:

In a similar way as above, we have;

S0, 0 = et S{uzsﬁi(un)xx(x,tﬂﬂ. -

This gives;

(38)

and so on. The solution in a series form is given by;

t? t°
— 2
U(x,t)=x+x (t +§+§+...j. (39)

The closed form solution is given by;
U (x,t) = x+ x?sinht. (40)

Example 3.5, consider the following two-dimensional initial boundary value problem which describes the wave-like
models;
Uy =—=(x2U, +y?U,,), 0<x,y<1,t>0 (a1)
tt 12 XX y yy/? 'Y ’ '

subject the Neumann boundary conditions;

u.0,y,t)=0, U, (1 y,t)=4cosht,

. (42)
U,(x,0,t)=0, U,(x,1,t)=4sinnt,
and the initial condition;
U(x,y,0)=x", U (x,y,0)=y". (43)
Solution:
In a similar way as above, we have;
S0, 0=yt + L s{wsﬂi(un)xx (x,y,t)jﬂ
n=0 n=0
1 B 0
iy 1[&{[2@“)” (x,y,t)m. "
n=0

The components of a solutionU (X, y,t) are given by;
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Uy (x, y,t)=x*+y*t,

U, (x,y,t)= x“ﬁ+y4E
1 1 Y z 31
U, (x - Uyl
2 1y1t)_ X 4| +y 5|1
t° t’
U3(x,y,t): X4§+y4ﬁ’

and so on. The solution in a series form is given by;
t? t* t° t t°
U(x,y.t)= x4(1+—+— +—+ ) + y“(t +—+—+...J.
2! 41 6! 3 5
The closed form solution is given by;

U (x,y,t)= x*cosht+ y* sinht.

Example 3.6, consider the initial — boundary value problem;

U, = x>+ y*+2° +%(X2Uxx + yZUyy+22UZZ),O<x,y,z<l,t>0,

Subject to the boundary conditions;
U0,y z,t)=y?(e -1)+ 2(e" -1), U (Ly,z.t) = (y* +1)(e 1)+ 2(e™ -1),
U(x,0,2,t)= x*(e -1)+ 2" -1),U (x,1,2,t) =(x* +1)(e' 1)+ 22(e™ -1),
U(xy.00)= (C+y2e-1),  U(y.t)=(¢+y2)fe -1+ (e -1)
and having the initial conditions;
U(x,y,z,0)=0, U, (x,y,z,t)= x> +y>*-22.

Solution:
By the same method as before, we have;

) 2 o0
>u, (x, y,z,t) = (x2 +y? +22)t5 +(x2 +y? —22)t + %xz st !uz Sl(zun (x, y,z,t)J H
n=0 n=0 XX

Al

¥ %yz S'lluz s[{iou (x,y, z,t)]yy“+; z? S‘llu2 S[{iUn (x,y,2.t)

n=0

The components of a solutionU (X, Y, Z,t) are given by;
2

U, (x,y, z,t) = (x2 +y®+ zz)tg + (x2 +y? - zz)t,

4 3

Ui(x,yz.t) = (X2+y2+22)% + (x2+y2—zz)t§,

Uz(X’y,Z1t)=(X2+y2+ZZ)% ¥ (X2+y2—22)g,

t® t’
Usley.z.t)= [ eyt ezt o (@ vy =2)o
and so on. The solution in a series form is given by;
t? t® ot t?
= 2ryv2) |t +—+— +—+ +72| t+
U(x.y.zt)= (x y)(t TRETRbT j z [t
The closed form solution is given by;
U (x,y,z,t)z(x2+y2)et +Z2et - (x2+y2+22)_

t3

— -+
2 3

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)
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4. CONCLUSION

In the present paper, we have proposed the Adomian decomposition Sumudu transform (ADSTM) for solving heat and
wave — like equations. The method gives the results reveal that the proposed method is very efficient, simple and can be
applied to other applications.
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