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ABSTRACT 14 
 15 
The aim of this paper is to introduce the two notions of filtrations and deductive systems in BCL+ algebras, 
and investigate some of their related properties. Using this, we prove that the filtration is subalgebra of 
BCL+ algebras; we also prove that the filtration of BCL+ algebras is a deductive system to the filtration of 
BCL+ algebras with certain relations.  
 16 
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1. INTRODUCTION  22 
 23 
The present author (2011 and 2012) [1, 2] first introduced of BCL/BCL+ algebras. Later on, there were more papers that 24 
the more papers have appeared in which BCL algebras and its their related concepts were developed by Al-Kadi and 25 
Hosny (2013) [3] [6]; the present author (2014) [4, 5] [7] gave a characterization of a partial order and a topology in BCL+ 26 
algebras, and discussed some distributions of BCL+ algebras. 27 
 28 

In this paper, we focus on how to generate a filtration by using a subset of BCL+ algebras. We also introduce the 29 
notion of deductive systems in BCL+ algebras, and discuss their interesting properties. Most importantly, we started using 30 
the notion of a filtration and we can to relate the deductive systems to the BCL+ algebras. 31 
 32 
2. PRELIMINARIES 33 
 34 

Definition 2.1 (Definition 2.1, Liu [2]). A +BCL  algebra is a triple ( )1 , ; ∗Y , where Y  is a nonempty set, “∗” is a binary 35 

operation on Y , and Y∈1  is an element such that the following three axioms hold: for any Yzyx ∈ , , : 36 

( +BCL 1) 1=∗ xx . 37 

( +BCL 2) 1=∗ yx  and 1=∗ xy  imply yx = . 38 

( +BCL 3) ( )( ) ( )( ) ( ) xyzyzxzyx ∗∗=∗∗∗∗∗ . 39 



2 
 

Definition 2.2 (Definition 2.2, Liu [2]). Suppose that ( )1 , ; ∗Y  is a +BCL  algebra endowed with the ordered relation if 40 

yx ≤  if and only if 1=∗ yx , for all Yyx ∈ , . Then ( )≤;Y  is partially ordered set and ( )1 , ; ∗Y  is a +BCL  
+
≤BCL  41 

algebra corresponding to the partially ordered relation.  42 

Note that the in this ordering 1 is the largest element of Y and that Y  is a bounded +BCL  algebra (unless otherwise 43 
specified) with a smallest element 0 relative to the natural ordering. 44 

Definition 2.3 (Definition 2.3, Liu [4]). Let ( )1 , ; ∗Y  be a +
≤BCL  algebra, for all Yzyx ∈ , , , then 45 

( +
≤BCL 1) xx ≤ . 46 

( +
≤BCL 2) If yx ≤  and xy ≤  then yx = . 47 

( +
≤BCL 3) ( )( ) ( )( ) ( ) xyzyzxzyx ∗∗≤∗∗∗∗∗ . 48 

Our key results are the following theorems. 49 

Theorem 2.1 (Theorem 2.2, Liu [2]). Assume that ( )1 , ; ∗Y  is any a +BCL  algebra. Then the following hold: for 50 

all Yzyx ∈ , , .: 51 

(i) ( )( ) 1=∗∗∗ yyxx . 52 

(ii) xx =∗ 1  imply implies 1=x . 53 

(iii) ( ) ( )( ) ( ) 1=∗∗∗∗∗ yzzxyx . 54 

(iv) ( +BCL 2) 1=∗ yx  and 1=∗ xy  imply yx = . 55 

Theorem 2.2 (Theorem 2.3, Liu [2]). An algebra ( )1 , ; ∗Y  is a +BCL  algebra if and only if it satisfies the following 56 

conditions: for all Yzyx ∈ , , ,: 57 

(i) ( +BCL 1) 1=∗ xx . 58 

(ii) ( +BCL 2) 1=∗ yx  and 1=∗ xy  imply yx = .  59 

(iii) ( )( ) ( )( )( ) ( )( ) 1=∗∗∗∗∗∗∗∗ xyzyzxzyx . 60 

(iv) ( ) xyx =∗∗ 1 . 61 

Theorem 2.3 (Theorem 2.1, Liu [4]). Let ( )1 , ; ∗Y  be a +
≤BCL  algebra. Then the binary relation ≤  is a partial order on Y . 62 

Theorem 2.4 (Theorem 2.2, Liu [4]). Suppose that ( )1 , ; ∗Y  is a +BCL  algebra. We have that 63 

( ) ( )( ) ( ) 1=∗∗∗∗∗ yzzxyx , for all Yzyx ∈ , , , 64 

where ( )≤;Y  is partially ordered set. Then +
≤BCL  algebra is ( )1 , ; ∗Y . 65 

 66 
3. MAIN RESULTS 67 
  68 

We often call the partial ordering ≤  defined in Definition 2.2 the +BCL -ordering on Y . Thus, the following basic result 69 
will prove to be useful. 70 
 71 

Theorem 3.1.  Let Y  be a +BCL  algebra. Let yx ≤  iff 1=∗ yx . Then ≤  is a partially ordereding on Y ; that is  72 

( )≤;Y  is a partially ordered set with greatest element 1 (and unit element) of Y . 73 

Proof.  (i) Reflexivity: Let Yx ∈ . If Since 1=∗ xx . By Definition 2.2,  Then we have xx ≤ . 74 
(ii) Anti-symmetry: Let Yyx ∈, . If Since yx ≤  and xy ≤ , then 1=∗ yx  and 1=∗ xy , by Definition 75 

2.1( +BCL 2) , we have yx = . 76 

(iii) Transitivity: Let Yzyx ∈,, . If Since yx ≤  and zy ≤ , then 1=∗ yx  and 1=∗ zy . Let 1=y . By 77 

Theorem2.1(i),  if we have ( ) 111 =∗∗ x , ( ) 111 =∗∗ x , by Definition 2.1( +BCL 2) , we have 11 =∗ x ; if ( ) 11 =∗∗ xx , 78 

( ) 11 =∗∗ xx , by Definition 2.1( +BCL 2) , we have xx =∗1  and ( ) ( )11 ∗∗=∗∗ xxxx ; if ( ) 11 =∗∗ yz , ( ) 11 =∗∗ yz , 79 

by Definition 2.1( +BCL 2) , we have 1=∗ yz . Continuing this way, we see that 1=∗ xy . 80 

Hence the transitivity of zx ≤  implies that  81 
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( )( ) ( )
( ) ( )( ) ( ) ( )( )
( )( ) ( )( ),        

        

111

yzxzyx

yzyxzyzx

zxzx

∗∗∗∗∗=
∗∗∗∗∗∗∗=

∗∗∗∗=∗
 82 

and 83 
( )( )

( ) ( )
( ) .        

        

1

xyz

xyxz

xzzx

∗∗=
∗∗∗=

∗∗=∗
 84 

Than we have 85 
( )( ) ( )( )( ) ( )( )xyzyzxzyxzx ∗∗=∗∗∗∗∗=∗ . 86 

Reasoning as above and using Theorem 2.2 (iii), we have 87 
( )( ) ( )( ) ( )( )
( ) ( )( ) ( ) ( )( )( ) ( ) ( )( )
( )( ) ( )( )( ) ( )( )

,1        

        

        

1111

=
∗∗∗∗∗∗∗∗=

∗∗∗∗∗∗∗∗∗∗∗=
∗∗∗∗∗∗∗=∗

xyzyzxzyx

xyxzyzyxzyzx

xzzxzx

 88 

and zx ≤ , and we know that +BCL  algebras have partial order. Let 1≤x , then 11 =∗= xx , shows that 1 is the 89 
partially ordered greatest element.  □ 90 

Consider a bounded +BCL  algebra ( )1 , ; ∗Y . We define a unary operation “ ℜ ” on Y  by 0 : ∗=ℜ x  for all Yx ∈ , 91 

and we define 92 
( ) xxyyx ∗∗=∨  : . 93 

Note that yx ∨  is an upper bound of x  and y . 94 

Definition 3.1. Let Y  be a +BCL  algebra. For all Yzyx ∈ , , , we have the following identities:  95 

(Y1) 1=∗ xx , xx =∗1  imply 1=x . 96 

(Y2) ( ) ( ) ( )zxyxzyx ∗∗∗≤∗∗ . 97 

(Y3) ( ) ( ) ( )zyzxzyx ∗∗∗≤∗∗ . 98 

(Y4) yx ≤  implies yzxz ∗≤∗  and zxzy ∗≤∗ .  99 

(Y5) ( ) 10 =ℜ  and ( ) 01 =ℜ .  100 

(Y6) yx ≤  implies ( ) ( )xy ℜ≤ℜ .  101 

(Y7) ( )( )xx ℜℜ≤ .  102 

(Y8) ( ) ( )xyyx ℜ∗ℜ≤∗ . 103 

(Y9) ( ) ( )xyyx ℜ∗=ℜ∗ . 104 

(Y10) ( )( ) ( )( ) ( ) xyzyzxzyx ∗∗≤∗∗∗∗∗ . xx =∗1  implies 1=x . 105 

Definition 3.2. Let H  be a nonempty subset of a +BCL  algebra ( )1 , ; ∗Y . Then we say that H  is a filtration if the 106 

following three axioms are satisfied: 107 
(H1) H∈0 .  108 

         (H2) For all Yyx ∈ , , ( ) ( )( ) Hxy ∈ℜ∗ℜℜ  and Hy ∈  imply either Hx ∈ . 109 

         (H3) For all Yzyx ∈,, , ( )( ) Hxxyz ∈∗∗∗ . 110 

Definition 3.3. If D  be a nonempty subset of a +BCL  algebra ( )1 , ; ∗Y . Then we say that D  be a deductive system of 111 

Y  if the following two axioms are satisfied: 112 
         (D1) D∈1 . 113 
         (D2) Dx ∈  and Dyx ∈∗  imply either Dy ∈ . 114 

Definition 3.4. A nonempty subset S of a +BCL  algebra ( )1 , ; ∗Y  is called a subalgebra ( )1 , ;∗S  of +BCL  algebra 115 

( )1 , ; ∗Y  if it is a +BCL  algebra. 116 
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Theorem 3.2.  Let H  be a filtration of a +BCL  algebra ( )1 , ; ∗Y , and suppose Hy ∈ . If ( ) ( )xy ℜ≤ℜ  and for all Yx ∈ , 117 

then Hx ∈ . 118 

Proof.  If ( ) ( )xy ℜ≤ℜ , then 119 

( ) ( ) 1=ℜ∗ℜ xy , 120 
and hence 121 

( ) ( )( ) ( ) Hxy ∈=ℜ=ℜ∗ℜℜ 01 . 122 

By Definition 3.2 (H2), we conclude that Hx ∈ .  □ 123 
Corollary 3.1.  In the situation of Theorem 3.2, if yx ≤  and for all Yx ∈ , then Hx ∈ . 124 

Theorem 3.3.  Suppose that H  is a nonempty subset of a +BCL  algebra ( )1 , ; ∗Y , and let H  be a filtration if and only if 125 

there exist 1a , 2a ,…, na  ∈ H  such that 126 

( )( )( )( )( ) Hxaaaa ni ∈∗∗∗∗∗∗ LLL21 .  127 

Then Hx ∈ . 128 

Proof.  Let H  be a filtration, and for all Haaaa ni ∈,,,,, 21 LL , since 129 

( )( )( )( )( ) Hxaaaa ni ∈∗∗∗∗∗∗ LLL21 , 130 

we have  131 

Ha ∈1  implies ( )( )( )( ) Hxaaa ni ∈∗∗∗∗∗ LLL2 , 132 

here  133 

Hai ∈  implies ( )( ) Hxaa ni ∈∗∗∗+ LL1 , 134 

If we continue like this, we obtain in the “extreme” case that. This ratiocination proves that implies Hx ∈ . 135 
Conversely, let Ha ∈  and Hxa ∈∗ , then Hx ∈ .  □ 136 

Corollary 3.2.  Let H  be a filtration of a +BCL  algebra ( )1 , ; ∗Y , and suppose Ha ∈  for all Yx ∈ , If where xa ≤ , 137 

then there exists Hx ∈  such that 138 

( ) Hxxa ∈∗∗ . 139 

Proof.  Let xa ≤ , by Theorem 3.3 Hxa ∈∗ . Since Hx ∈ , then ( ) Hxxa ∈∗∗ .  □ 140 

Theorem 3.4. Suppose that B be is a subalgebra of Y . Then B  is a filtration and Bx ∈  if and only if Bx ∈∗1 .  141 
Proof.  If B  is a filtration, then Bx ∈∗1  implies Bx ∈ .  142 

Conversely, let Bx ∈  and Byx ∈∗ . Since B  is subalgebra, by Definition 2.3 ( +
≤BCL 3), we have 143 

( ) ( )
( ) .        

111

Bxyx

yxy

∈∗∗≤
∗∗∗≤∗

 144 

We see that By ∈ , and B  is a filtration.  □ 145 

Theorem 3.5. Suppose that ℘ be a nonempty family of filtrations of +BCL  algebras ( )1 , ; ∗Y . Then ℘ I  is also a 146 

filtration of +BCL  algebras ( )1 , ; ∗Y . 147 

Proof.  Let ℘=  IH , we consider 148 

{ }Jjj ∈℘=℘  , 149 

such that j∈℘0 , for all Jj ∈ , then ∈℘0 . Let ∈℘∗ xy  and ℘∈x , then for all Jj ∈ , we have jxy ∈℘∗  and 150 

jx ∈℘ . Since j℘  is filtrations of Y , then jy ∈℘  and, in fact, j  be arbitrary, and so ℘∈y  also, thus ℘ be filtrations 151 

of Y .  □ 152 

Lemma 3.1. Let D  be a deductive system of a +BCL  algebra ( )1 , ; ∗Y , and suppose xa ≤  whenever Da ∈ . Then 153 

Dx ∈ . 154 
Proof. If xa ≤ , then  155 

Dxa ∈=∗ 1 . 156 
By Definition 3.3 (D2), we conclude that Dx ∈ .  □ 157 

If Y be commutative, then ( ) ( ) yyxxxy ∗∗=∗∗ , for all Yyx ∈ , . The key to this is the following lemma. 158 
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Lemma 3.2. Let Y  be commutative and let for all Yzyx ∈, , . Then the following equalities are satisfied: 159 

(Y11) ( ) ( )zxyzyx ∗∗=∗∗ . 160 

         (Y12) ( ) ( ) yzxzyx ∗∗=∗∗ . 161 

Proof.  For part (Y11), suppose yyx =∗  iff ( ) 1=∗∗ yyx , and suppose xxy =∗  iff ( ) 1=∗∗ xxy . By Definition 3.1 162 
(Y2), we see that  163 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ).    

,    

zyxzyxyzxy

zxyzxyxzyx

∗∗=∗∗∗≤∗∗
∗∗=∗∗∗≤∗∗

 164 

We obtain 165 

( ) ( )zxyzyx ∗∗=∗∗ . 166 
For part (Y12), suppose yzy =∗  and zyz =∗ . By Definition 3.1 (Y3), we also use the same method for 167 

( ) ( ) yzxzyx ∗∗=∗∗ .  □ 168 

Lemma 3.3. Let Y  be commutative and let for all Yyx ∈ , . Then the following equalities are satisfied: 169 

(Y13) ( )( ) xx =ℜℜ .  170 

         (Y14) ( ) ( )( ) ( )xyyx ∗ℜ=ℜ∗ℜℜ . 171 
Proof. For part (Y13), we have 172 

( )
( )

( )
( )( ).         

0         

00         

00

x

x

x

xxx

ℜℜ=
∗ℜ=

∗∗=
∗∗=∨

 173 

( )
( )
.         

0         

000

x

xx

xx

=
∗∗=
∗∗=∨

 174 

It follows that if ( ) xxx ∗∗≤ 0  and ( ) xxx ∗∗≥ 0 , then  175 

( )( ) ( )( )

.1                       

                       

0 0

=
∗=

∗∗∗=∗∗∗
xx

xxxxxx

 176 

By the commutativity, We get ( )( ) xx =ℜℜ .   177 
Now, for part (Y14). By Definition 3.1 (Y6) and (Y8), we write 178 

( ) ( )( ) ( )xyyx ∗ℜ≤ℜ∗ℜℜ , 179 
and use Lemma 3.2 (Y11) and (Y12), Definition 3.1 (Y5) and (Y1) to write 180 

( ) ( ) ( )( ) ( )( ) ( ) ( )( )( )
( ) ( )( ) ( )( )( )

( )( )( ) ( )( )( )
( )( )( ) ( )( ) ( )( )

( ) ( )
.1                                         

                                         

00                                         

0000                                         

0000                                         

0000

=
∗∗∗=

∗∗∗∗∗∗∗∗=
∗∗∗∗∗∗∗=
∗∗∗∗∗∗∗=
∗∗∗∗∗∗∗=ℜ∗ℜℜ∗∗ℜ

xyxy

xyxyxxy

xyxy

xyyx

yxxyyxxy

 181 

In this case, we get  182 

( ) ( ) ( )( )yxxy ℜ∗ℜℜ≤∗ℜ . 183 

Thus ( ) ( )( ) ( )xyyx ∗ℜ=ℜ∗ℜℜ .  □ 184 

Lemma 3.4. Let ( )1 , ; ∗Y  be a +BCL  algebra and let for all Yyx ∈ , . Then 185 

(Y15) ( ) yyxx ∗∗≤  186 
Proof. The proof is an easy consequence of Lemma 3.2 and Definition 3.1 (Y1).  □ 187 
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Theorem 3.6.  Let H  be a filtration of a +BCL  algebra ( )1 , ; ∗Y , and assume that H  is a nonempty subset of Y  and Y  188 
is commutative. Then 189 

( ) Hyx ∈∗ℜ  and Hy ∈  imply Hx ∈  for all Yyx ∈ , . 190 
Proof.  The proof is immediate by Lemma 3.3 (Y14).  □ 191 

Theorem 3.7. Let H  be a filtration of a +BCL  algebra ( )1 , ; ∗Y . Then H  is a subalgebra of Y . 192 

Proof. Let for all Hzyx ∈,, , by Definition 2.3 ( +
≤BCL 3) and (Y8), and by Lemma 3.3 (Y14). We have 193 

( )( ) ( )( ) ( )
( ) ( )
( ) ( ) ( )( ) ,                                      

                                      

Hzyx

yzx

xyzyzxzyx

∈ℜ∗ℜℜ∗ℜ=
∗ℜ∗ℜ≤

∗∗≤∗∗∗∗∗

 194 

and H  is filtration. By Definition 3.2 (H2), therefore, we have ( ) ( )( ) Hzy ∈ℜ∗ℜℜ , by Definition 3.2 (H3), therefore, we 195 

can write ( )( ) ( ) ( )( ) Hxyzxxxyz ∈∗∗ℜ∗ℜ≤∗∗∗ , we have ( )( ) ( ) ( )( ) Hzxyxyz ∈ℜ∗∗ℜℜ=∗∗ℜ , and so 196 

Hxy ∈∗ , we also have Hx∈ , then H  is a subalgebra of Y .  □ 197 

Theorem 3.8.  Let H  be a nonempty subset of a +BCL  algebra ( )1 , ; ∗Y . Then H  is a filtration if and only if it is a 198 
deductive system. 199 
Proof. Let H  be a filtration and suppose xa ≤  with Ha ∈ . Since H∈1 , then H  satisfy Definition 3.3 (D1). 200 

Next, we prove Definition 3.3 (D2). Let Ha ∈ and use Theorem 3.3 to write Haxa ∈=∗ 1 , let for all Yx ∈ , by 201 
Corollary 3.2 we have  202 

( ) Hxxaa ∈∗∗=2 . 203 
This yields 204 

( )( ) ( )( )( )
( )( ) ,       

 1

12 Hxxaa

xxxaxxax

∈∗∗∗=
∗∗∗∗∗∗=∗

 205 

and H∈1  imply Hx ∈ . Hence H  is a deductive system as desired. 206 

Conversely, if H  is a deductive system, then H∈1 , and we see that  207 

( ) ( )
( )

.1                

                

Ha

xxa

aaxaxa

∈∗=
∗∗=
∗∗=∗∗

 208 

This implies Ha ∈ . Since also Hax ∈∗ for each element Yx ∈ , this the conditions Definition 3.2 (H1) and Definition 209 
3.2 (H2) are satisfied. 210 

Now, we prove Definition 3.2 (H3). By Lemma 3.2, Definition 3.1 (Y2) and Lemma 3.4 (Y15), then we have 211 

( )( )( )( ) ( )( ) ( )
( )

.                                  

                                  

y

xxy

xzxyzxxyzz

≥
∗∗≥

∗∗∗∗=∗∗∗∗
 212 

Thus  213 
( )( )( )( )xxyzzy ∗∗∗∗≤ , 214 

and for all Yzy ∈,  implies ( )( ) Hxxyz ∈∗∗∗ .  □ 215 

Examples 3.1.  In a +BCL  algebra, the every order filtration is a deductive system, i.e., since Dx ∈  and Dyx ∈∗  216 

imply Dy ∈ , and Dz ∈  is a lower bound of x  and yx ∗ , hence yz ≤ . In fact 217 

( )
( ) ( )

( )
( )

1.        

        

        

        

1

=
∗∗=
∗∗=

∗∗∗=
∗∗=∗

yzx

yxz

yzxz

yzyz

 218 

 219 
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4. ON REVIEWER’S (or NAMEING) THEOREM FOR BCL+
 ALGEBRAS 220 

 221 
In this section, we have the following theorem. 222 
 223 

Theorem 4.1.  (Reviewer, or NAMEING). If ( )1 , ; ∗Y  is a +BCL  algebra, then { }1=Y . 224 

Proof (Reviewer, or NAMEING ). If we let 1== zy  in ( +BCL 3), we get  225 

( )( ) ( )( ) xxx ∗=∗∗∗∗ 11111 , 226 

so in view of ( +BCL 1). 227 
(A) 11 =∗ x .   228 

If we let 1=x  in ( +BCL 3), we get, by successive applications of (A) above, 229 

( )( ) ( )( ) ( )
( ) ( ) ( )

( ) 11 1                              

111               

111

∗∗=∗
∗∗=∗∗∗
∗∗=∗∗∗∗∗

yz

yzyz

yzyzzy

, 230 

so, again in view of ( +BCL 1), we get 231 

(B) ( ) 11 =∗∗ yz .  232 
If, in (A) above, we set yzx ∗= , we get 233 

(C) ( ) 11 =∗∗ yz . 234 

Putting (B) and (C) together with ( +BCL 2), we get 235 
(D) 1=∗ yz .  236 

Since z and y were general elements, we can interchange them in (D) to get 237 
(E) 1=∗ zy . 238 

Then ( +BCL 2)  together with (D) and (E) shows that 239 
(F) zy = ,  240 

for all elements y  and z  of Y .  Setting 1=z  in (F). This completes the proof of the theorem.  □ 241 

Examples 4.1. Let ( )1 , ; ∗Y  be a +BCL  algebra, the relation yx ≤  defined by yx ≤  if and only if 1=∗ yx  is a partial 242 

order on Y  (or called the natural order on Y ) with consider this order. 1 is the greatest element of Y . The set Y  will be 243 

called the bounded if it has a smallest element 0. In this case, for Yx ∈  we denote ( ) 0∗=ℜ xx . 244 

Examples 4.2. Consider the every join-semilattice ( )1,;∨Y  with greatest element 1; it is possible to define the structure of 245 

a +BCL  algebra with supremum by considering the implication ∗  defined by the order, and that is yyx =∗  if  yx ≤/ , 246 

and 1=∗ yx if yx ≤ .  247 
 248 
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