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ABSTRACT

The aim of this paper is to introduce the two notions of filtrations and deductive systems in BCL" algebras,
and investigate some of their related properties. Using this, we prove that the filtration is subalgebra of
BCL" algebras; we also prove that the filtration of BCL" algebras is a deductive system to the filtration of
BCL" algebras with certain relations.

Keywords: BCL algebras; BCL" algebras; Filtrations; Deductive systems.
Mathematics Subject Classification: 03G25, 06F99

1. INTRODUCTION

The present author (2011 and 2012) [1, 2] first introduced of BCL/BCL" algebras. Later on, 2=
the more papers have appeared in which BCL algebras and #s their related concepts were developed by Al-Kadi and
Hosny (2013) [3] [6]; the present author (2014) [4, 5] [7] gave a characterization of a partial order and a topology in BCL"
algebras, and discussed some distributions of BCL" algebras.

In this paper, we focus on how to generate a filtration by using a subset of BCL" algebras. We also introduce the
notion of deductive systems in BCL" algebras, and discuss their interesting properties. Most importantly, we started using
the notion of a filtration and we eaa-te relate the deductive systems to the BCL" algebras.

2. PRELIMINARIES

Definition 2.1 (Definition 2.1, Liu [2]). A BCL" algebra is a triple (Y; Dl), where Y is a nonempty set, “[7 is a binary
operationon Y, and 10JY is an element such that the following three axioms hold: for any X, Yy, z[JY :

(BCL"1) xCx =1.

(BCL*'2) xLy =1and yL x = limply X = y.

(BCL*3) ((xCy)Cz)C((xCZ)Cy)=(zCy)Cx.
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Definition 2.2 (Definition 2.2, Liu [2]). Suppose that (Y; Dl) is a BCL" algebra endowed with the ordered relation i

X < yifandonlyif XLy =1, forall X,ylY. Then (Y; S) is partially ordered set and (Y; Dl) is a BCL™ BCLL
algebra corresponding to the partially ordered relation.

Note that the in this ordering 1 is the largest element of Y and that Y is a bounded BCL" algebra (unless otherwise
specified) with a smallest element 0 relative to the natural ordering.

Definition 2.3 (Definition 2.3, Liu [4]). Let (Y; Dl) be a BCLY, algebra, for all x,y,zOY, then
(BCLL1) x<x-
(BCLL2)If X < yand y< X then X=Y.
(BCLL3) (xCy)r2)r((xCz)Cy)<(zCy)rx.
Our key results are the following theorems.
Theorem 2.1 (Theorem 2.2, Liu [2]). Assume that (Y;Dl) is aay a BCL" algebra. Then the following hold: for

all x,y,z0Y =

0] (x D(x Dy)) Oy = 1.

(i) X L1 = X iaphy implies X = 1.

(iii) ((x[y)[(x[z))[(z[y):l.

(iv)(BCL"2) x Ly =land YL x = Llimply X = V.
Theorem 2.2 (Theorem 2.3, Liu [2]). An algebra (Y; Dl) is a BCL" algebra if and only if it satisfies the following
conditions=for all X, Yy, z[JY =

(H(BCL"1) xCx =1.

(ii)(BCL'2) x Ly =1and YL x = limply X = y.

(iii) (((x Dy) Dz) D((x Dz) Dy)) D((z Dy) Dx) =1

(iv) X D(lDy) = X.
Theorem 2.3 (Theorem 2.1, Liu [4]). Let (Y; Dl) be a BCL; algebra. Then the binary relation < is a partial order on Y .
Theorem 2.4 (Theorem 2.2, Liu [4]). Suppose %ha%(Y; Dl) isa BCL" algebra. We have that

((x[y)[(x[z))[(z[y):l,forall X, y,z0Y,

where (Y; S) is partially ordered set. Then BCL. algebra is (Y; Dl).

3. MAIN RESULTS

We often call the partial ordering < defined in Definition 2.2 the BCL" -ordering on Y . Thus, the following basic result
will prove to be useful.

Theorem 3.1. Let Y be a BCL" algebra. Let x < Yy iff X L y = 1. Then < is a partialy ordereding on Y ; that is
(Y; S) is a partially ordered set with greatest element 1 (and unit element) of Y .
Proof. (i) Reflexivity: Let XY . ¥ Since X L X = 1. By Definition 2.2, Fhea we have X< X.

(i) Anti-symmetry: Let X, YUY . ¥ Since X < y and y<Xx, then XLy =1 and yCx=1, by Definition
2.1(BCL"2),we have x = .

(i) Transitivity: Let X,y,zLY . ¥ Since X < y and y<z, then XLy =1and yCz=1. Let y=1. By
Theorem2.1(), # we have (10x)L=1, 10(10x) =1, by Definition 2.1(BCL"2) , we have 1Lx=1; if (x L) Ox =1,
xO(x ) =1, by Definition 2.1(BCL"2) , we have Xx[1=x and (x[I)Ox = xO(x[); if (zOy)m=1, 10(z0y) =1,
by Definition 2.1(BCL" 2) , we have z[ y =1. Continuing this way, we see that y[ x =1.

Hence the transitivity of X < Z implies that
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x 0z = ((x 0z) ) O(1.1)
= ((xCz) oy D2))ci(x ) Dz Cy))
(xOy) Bz)cA(x ) ),
xUz= ((z Dx) Dl)
= (z Elx) D(y Elx)
= (z Ely) Ux.

and

Than we have

x0z = (((xOy) 0z) 0i(x 0z) Oy)) = ((z0y) 0v).

Reasoning as above and using Theorem 2.2 (iii), we have
xCz=(((xCz)ca)c(ra)c((zox)ca)
= (((x0z) oy Bz)) l(x Dy) Oz Oy))) Bz 0x) Dy )
= (((xDy) 0z) O(x Dz) Oy )) (2 Oy) Ox)
=1
and X<z, and we know that BCL" algebras have partial order. Let X<1, then Xx=X[1=1, shows that 1 is the
partially ordered greatest element. O

Consider a bounded BCL" algebra (Y; Dl). We define a unary operation “[1” on Y by [:=X[LO0 for all XY,

and we define
ny::(ny)Dx.

Note that X [_ y is an upper bound of X and VY.
Definition 3.1. Let Y bea BCL" algebra. Forall X,Yy,zOY , we have the following identities:

(Y1) Xx L x =1, 3Ex=x taply x=1.

(Y2) x[(y[z)s (x[y)[(x[z).

(Y3) (x[y)[zs (x[z)[(y[z).

(Y4) x<y implieszCx<z[Cyand yCz<x[z.

(vs) 0(0)=1and O(1)=0.

(Y6) x<'y implies D(y)s D(x).

v7) x< 0(0(x)).

(Y8) XLy< D(y)[[](x).

(Y9) x[D(y): y[D(x).

(v10) {(xEy)E2)E({xE2)Ey)={zEy)Ex. 10x = x implies x=1.

Definition 3.2. Let H be a nonempty subset of a BCL" algebra (Y; Dl). Then we say that H is a filtration if the

following three axioms are satisfied:
(H1) OOH.

(H2) Forall x,yOdY, O(0(y)CO(X))OH and yOH imply either x O H .
(H3) Forall X,y,z0Y, (zC(yCx))CxOH .
Definition 3.3. If D be a nonempty subset of a BCL" algebra (Y; Dl). Then we say that D be a deductive system of

Y if the following two axioms are satisfied:
(01) 10D.
(D2) XUD and XLy D imply eitaer y[ID.

Definition 3.4. A nonempty subset Sof a BCL" algebra (Y; Dl) is called a subalgebra (S;Dl) of BCL™ algebra
(Y; Dl) ifitisa BCL™ algebra.
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Theorem 3.2. Let H be a filtration of a BCL" algebra (Y;[J1), and suppose yIH . If D(y)s D(X) and for all XOJY',
then XU H .
Proof. If D(y) < D(X), then

and hence
0(O(y)co(x)=0@)=00H .

By Definition 3.2 (H2), we conclude that X[1H . O
Corollary 3.1. In the situation of Theorem 3.2, if X<y and for all XY ,then X[IH .
Theorem 3.3. Suppose that H is a nonempty subset of a BCL" algebra (Y; Dl), and let H be a filtration if and only if
there exist &, @, ,**, @, € H such that

a, O(a, O(--O(a O(--O(a, Ox)---))))OH .
Then XUH .
Proof. Let H be a filtration, and for all &,,a,,---,a ,---,a, JH , since

a, O(a, O(-- O(a, O(--O(a, Ox)---)))OH,
we have

a, OH implies a, O(---O(a, O - O(a, Ox)---)))OH,

here

a OH implies a,,, O(---O(a, Ox)---)OH
If we continue like this, we obtain in the “extreme” case that. This ratiocination proves that isglies X[ H .

Conversely, let allH and aLxH ,then XUUH . O
Corollary 3.2. Let H be a filtration of a BCL" algebra (Y; Dl), and suppose allH for all XLIY, ¥ where a < X,
then there exists X1 H such that
(@aCx)CxOH .

Proof. Let @< X, by Theorem 3.3aLXUH . Since XUH , then (a[X)EXD H.O

Theorem 3.4. Suppose that B ke is a subalgebra of Y . Then B is a filtration and X[ B if and only if 1L X[ B.
Proof. If B is a filtration, then 1L X[ B implies X[1B.

Conversely, let X£OB and xC y[B. Since B is subalgebra, by Definition 2.3 (BCL, 3), we have
1Cy<(1Cx)C(1Cy)
< (xOy)DxOB.
We see that Y[ B, and B is a filtration. O
Theorem 3.5. Suppose that [J be a nonempty family of filtrations of BCL" algebras (Y;Dl). Then (O is also a
filtration of BCL" algebras (Y; Dl).
Proof. Let H =0 , we consider
0={0[jod},

such that 000 ;, for all j0JJ, then 000 . Let YL XU and XU, then for all j0J, we have y[xUO ; and
x4 ;- Since U j is filtrations of Y, then y [[J j and, in fact, ] be arbitrary, and so y [0 also, thus [J be filtrations
of Y. O
Lemma 3.1. Let D be a deductive system of a BCL" algebra (Y; Dl), and suppose a < X whenever al1D . Then

xD.
Proof. If a < X, then

alx=10D.
By Definition 3.3 (D2), we conclude that X[ D. O
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Lemma 3.2. Let Y be commutative and let for all X, y,Z[1Y . Then the following equalities are satisfied:
(Y11) x[(y[z) = y[(x[z).
(Y12) (x[y)[z: (x[z)[y.
Proof. For part (Y11), suppose XLy = iff (x[y Ly=1, and suppose Y[ X = X iff (y[X)[X:L By Definition 3.1
(Y2), we see that
xL (y C z)

)
(x[y)[(x[z) :y[(x[z),
yO(x0z) < (

; y Dx) D(y Dz) =X D(y Dz).

We obtain
x[(y[z): y[(x[z).
For part (Y12), suppose YL z=Yy and zLYy=2. By Definition 3.1 (Y3), we also use the same method for
(x[y)[z:(x[z)[y. O
Lemma 3.3. Let Y be commutative and let for all X, Y[1Y . Then the following equalities are satisfied:
(v13) 0(0(x)) = x.

v1a) 0(O(x)cO(y)) = oO(yCx).
Proof. For part (Y13), we have

It follows that if X < (O[x)[x and X2 (O[x)[x, then
x[((O[x)[x):((O[x)[x)[x
= x[x
=1

By-the-commutativity. We get D(D(X)) =X.
Now, for part (Y14). By Definition 3.1 (Y6) and (Y8), we write

0(@(x)co(y)) < o(ycx),
and use Lemma 3.2 (Y11) and (Y12), Definition 3.1 (Y5) and (Y1) to write

O(yCx)E0O)E0(y)) = ((yEx)co)c((xco)c(yCo))to)
((x Do) 0y 10)) c((y bx) o) o)
0(x 00) o)) o ((y x) 00 ;D)

(y

Ey (0 0x) 0x)) (0 oy Ox)) Dy Dx))
yO

1

x)O(y Ox)

In this case, we get
O(yCx) < 0(0(x)cofy)).
Thus O(0(x)CO(y))=O(yCx). o
Lemma 3.4. Let (Y; Dl) be a BCL" algebra and letforall X, y[JY . Then
(Y15) X< (x[y)[y
Proof. The proof is an easy consequence of Lemma 3.2 and Definition 3.1 (Y1). O
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Theorem 3.6. Let H be a filtration of a BCL" algebra (Y; Dl), and assume that H is a nonempty subset of Y and Y
is commutative. Then
D(X[y)D H and yOH imply XUUH forall x,yIY .
Proof. The proof is immediate by Lemma 3.3 (Y14). O
Theorem 3.7. Let H be a filtration of a BCL" algebra (Y; Dl). Then H is a subalgebra of Y

Proof. Letfor all X,Yy,zOH , by Definition 2.3 (BCL, 3) and (Y8), and by Lemma 3.3 (Y14). We have
((x[y)[z)[((x[z)[y)s(z[y)[x
< 0(x)00(z0y)
=0(x)00(0(y)oo(z))oH,
and H is filtration. By Definition 3.2 (H2), therefore, we have D(D (y) i (Z))D H ., by Definition 3.2 (H3), therefore, we
can write (zO(yOx))Ox<O(x)00(zO(yOx))OH , we have O(zO(yOx))=0(0(yOx)00(z))OH , and so
yLXUH , we also have X[IH , then H is a subalgebraof Y. O

Theorem 3.8. Let H be a nonempty subset of a BCL™ algebra (Y; Dl). Then H is a filtration if and only if it is a
deductive system.
Proof. Let H be a filtration and suppose a < x with allH . Since 1[1H , then H satisfy Definition 3.3 (D1).

Next, we prove Definition 3.3 (D2). Let allH and use Theorem 3.3 to write aLx=a, [JH , let for all X[LJY', by
Corollary 3.2 we have

a, =(alx)CxOH .
This yields
10x = (((a 0x) Ox) O((a 0x) Ox)) Ox
= (a, Oa, Ox))Ox O H,
and 1LJH imply X[OH . Hence H is a deductive system as desired.
Conversely, if H is a deductive system, then 1[1H , and we see that

a[(x[a):x[(a[a)
= al(xOx)
=alllOH.

This implies allH . Since also XL allH for each element XY, ais the conditions Definition 3.2 (H1) and Definition
3.2 (H2) are satisfied.
Now, we prove Definition 3.2 (H3). By Lemma 3.2, Definition 3.1 (Y2) and Lemma 3.4 (Y15), then we have

2C(((zE(yEx))Ex)) = (20 (y CX))C(zCx)
2(ny)Dx

>y.

y=zC(((zC(yCx)cx)),
and for all y,z[Y implies (z[(y[x))[xDH. O

Examples 3.1. Ina BCL" algebra, the every order filtration is a deductive system, i.e., since X(1D and xCy[OD
imply yOD,and z[ID is alower bound of X and XLy, hence Z< Y. In fact
z0Oy = 1D(z Dy)
= (z Elx) D(z Dy)
=z D(x Dy)
=X D(z Dy)
=1

Thus
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4. ON REVIEWER’S (or NAMEING) THEOREM FOR BCL " ALGEBRAS

In this section, we have the following theorem.

Theorem 4.1. (Reviewer, or NAMEING). If (Y; [J1) isa BCL" algebra, then Y ={1}
Proof (Reviewer, or NAMEING ). If we let y=2z=1in (BCL" 3), we get
((x ) c)((x ) ) = 2. 0x.
so in view of (BCL" 1).
A) 1Cx=1.
If we let X =1 in (BCL" 3), we get, by successive applications of (A) above,
((0y) 0z) D2 02) 0y) = (z0y) 0
(10z)0(0y) = (zOy) L,

10 =(zOy)m
S0, again in view of (BCL" 1), we get
®) (zOy)m=1.
If, in (A) above, we set X =2[ Y, we get
©) 10(zOy)=1.
Putting (B) and (C) together with (BCL" 2), we get
(D) zLy=1.
Since z and y were general elements, we can interchange them in (D) to get
(E) yLz=1.
Then (BCL" 2) together with (D) and (E) shows that
F y=2z,

for all elements y and z of Y. Setting z =1 in (F). This completes the proof of the theorem. O

Examples 4.1. Let (Y; Dl) be a BCL" algebra, the relation X <y defined by X <y if and only if XLy =1 is a partial

order on Y (or called the natural order on Y') with consider this order. 1 is the greatest element of Y . The set Y will be
called the bounded if it has a smallest element 0. In this case, for XL1Y we denote D(X) =xLO0.

Examples 4.2. Consider the every join-semilattice (Y;D,l) with greatest element 1; it is possible to define the structure of

a BCL" algebra with supremum by considering the implication [ defined by the order, and thatis XLy =y if X£vy,
and XLy=1if x<y.
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