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ABSTRACT

A model for the dynamics of homogeneous population competition between two species of weeds
and a crop is formulated to gain in-sight into the behaviour of crop growing with weeds. We used
assumptions based upon reasonable biological process to derive from single weed model equation,
the systems of difference equations that described the dynamics of weed-crop competition. Steady-
state solutions of the model are obtained and analyzed for local stability or otherwise. The results
show that the extinction steady state is not stable without control and the conditions for stability of two
plants steady-states are given. The weed-crop coexistence steady state of our model is locally
asymptotically stable. Besides, the graphical profile of the model shows that the crop’s growth may be
stagnated by the weeds’ densities. Hence, we conclude that the crop’s growth may be stagnated, but
survive in the mixture of the two species of weeds. However, application of effective control measure
to eradicate the two weeds species will enhance crop growth at its optimum capacity.

Keywords: Crop—weed, competition, steady—state, coexistence, stability
1. INTRODUCTION

Weed and Crop are both plants. Crop is a desirable plant mostly cultivated, while weed is unwanted
plants that always grow naturally. Weeds are generally defined as uncultivated plant species that
proliferate in agricultural setting thereby, interfering with crop production. In fact, weed is
a term applied to any plant that grows in a place it is not wanted. They exist only in natural environments
that have been disturbed by humans such as agricultural lands, recreational parks, and irrigation dams
[2]. However, plants are very important in the natural world, since they are the survival basis for all kinds
of creatures, including human being, animals and microorganism [7,10]. The weeds of natural areas often
differ from those affecting agricultural fields. The agricultural weeds are frequently annuals which colonize
bare ground. Weeds of natural areas are often perennials or biennials that are capable of invading
established natural areas and are hard to get rid of.

Population dynamics involve the study of population growth (humerical change in time), composition and
spatial dispersion. The objectives are to identify the causes of change in population and to explain how
this cause act and interact to produce the observed pattern. Not until recent past population models were
concentrated mainly on the use of differential equations. Although, most populations such as weeds and
organisms whose classification are based on their developmental relationships live in seasonal
environments and for this reason, have yearly rhythms of reproduction (birth) and death. Besides,
measurements are often made once a year because interest is centred on change in population from one
season to another. Continuous-time models (differential equations) are not well suitable to describe these
types of dynamical processes. Hence, there is need for other modelling techniques, especially when
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interested in population with only annual reproductive tendencies or predictable changes that happen
seasonally. Discrete-time models are better suited for organism with annual or seasonal reproductive
patterns [3, 4, 5, 9]. Since plant has discrete generations (seasonal reproduction), difference dynamical
equations are proper mathematical tool to describe the behaviour of population with no overlapping
generations such as weeds. Furthermore, many researchers have paid attention in recent times to
discrete-time population models, since it is governed by discrete systems which are more appropriate
when the populations under consideration have non over lapping generations [11].

In this study we intend to employ biological process to develop discrete-time models for the dynamics of
weed-crop competition. This research work considered homogeneous population competition between
weeds and crop to understand the deleterious effects and gain in-sight into the behaviour of weeds
growing with a crop plant.

2.0 MATERIALS AND METHODS

2.1 Formulation of the Model Equations

Baseline for studies of population dynamics of weeds as with most plant species are usually on analysis
of single species in defined habitats and often experimentally manipulated.

In this section, we formulate from the simple model equation proposed to described the dynamics of
single weed species proliferation as stated in [8], thus

__£1
1+an,

This is a non-linear difference equation for the density of mature single-species of weed.
In modelling weed-crop interaction in continuous arable cropping, we assumed that an annual crop

species is sown at approximately the same density each cropping season and two species of weeds N,

+n, . (2.1)

nt +1

and N, which may be superior competitors are growing in mixture with the crop (a desirable plant). We

observed that, it is rare to find a single weed species growing in a particular arable area, although one
may be in abundance or dominates.

In order to study the population dynamics of weeds in mixture with crop, the single-species weed model
(2.1) is first extended to a model of two weed species for the competitive effect of introducing the second

species N, into monoculture of the first N;. The term @;,N,, is introduced to reflect the reduction per

capita rate of growth or yield per unit area of the first species. Therefore, the dynamics of the mixture is
described by the model equation;

:Blnl,t
LT+aym, +a,n,,
In the same manner, the addition of the term a,,n,, , crowding density of individuals of the first specie N

nl,t+l -

MALTE (2.2)

into monoculture of the second N, will lead to reduction in its growth (second species) but may not
necessarily be of the same magnitude. Hence, similar model equation is

n
Lt TV, - (2.3)
1+ayn, +ayn,,
where a@,;and a,, are intra-specific coefficients (competitions) of species 1 and 2, respectively.

In order to study (account for) the effect of one species on the other in the mixture, we find the relative
crowding effect of each species by normalizing (2.2) and (2.3) via changing of variables, as follows;

r‘2,t+1 -

1 1
Substituting for n,; =—N,, and n,, =——N, in (2.2) and (2.3) give
1 2
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BNy,

= +/iN (2.4)
1t+1 1+ let +a12N2’t 1" 1t
B>Ny,
= ! + 1. N, ., (2.5)
2t T 17 auN,, +N,, JZUPY
where @), 2& and ', 2%.
2 1

Here a,,and 4., are inter-specific competitions effects of species 2 on 1 and 1 on 2 respectively.

Therefore, equations (2.4) and (2.5) are coupled non-linear difference equations, which give inter-species
model for competition between homogeneous densities of two weed-species in the absence of crop. For
the crop interaction, since crop is a plant like weed but a desirable one, when the three plants are
competing, their fithess will be adversely affected. Hence, a two-weed species competition model
equation (2.4) and (2.5) are extended to three competing plants. The dynamics of weed proliferation in
the presence of crop density is described by a system of difference equations (2.6) — (2.8);

Figure 2.1 is a schematic representation of the model. Subsequent

P>

Figure 2.1 Schematic Model for Weed-Crop Competiti  on of Homogeneous Population
Density

N
i = Ay : (2:6)
Y 1+ Nc,t + aclNl,t + acZNZ,t
G,N
141 o~ + )N, (2.7
1+alch,t + Nl,t +a12N2,t
L,N
2441 — 22t +Y,oN,, (2.8)

1+a20Nc,t + a21Nl,t + N2,t
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where N, is the density of established crop seed sown in the growing season, t , which survived to

maturity and produce seeds for the next season, N,, density of mature weed species 1 in the growing
season t and N, is the density of mature weed species 2 in the growing season t. Here, 3., (3, and
,82 are the recruitment factors (the growth factors) of crop and two weed species respectively. &;. and

ay are competition coefficients of crop and weeds respectively, while ); are the residual seeds of the
weeds.

The following assumptions are taken into consideration in the formulation of the model equations for the
above ground competitions among established homogeneous densities of two species of weed and a
crop.

1. There are enough growth resources; e.g. nutrients, light, and water that promote continuous
growth of at least two plant species.
Between the two populations of weed and crop there are inter- specific competitions.
All the dormant seeds are viable and no predation by insects,
All the crop seeds germinated (so there are no dormant or residual crop seeds)
All parameters involved with the model formulation are non-negatives.

arLON

The resulting model equations (2.6) — (2.8) were to establish the conditions in which a crop could coexist
with two species of weed through their competitive interactions for space with each other (since it was
assumed that other growth resources are enough).

2.2 Dynamical behaviour of the developed Weed-Crop ~ Competition Model

2.2.1 Steady-state Solutions and Stability Analysis

The goal of this section is to employ analytic method to describe the nature and behaviour of our model
for the two-species of weeds competing with a crop. This will be done without actually solving or
approximating them, since in contrast with differential equations, the existence and uniqueness of
solutions of difference equations initial value problems are always guaranteed [1]. Usually in the
investigation of any dynamical system a primary step is to find its fixed or steady state solutions. So, for
the steady states (fixed points) of our three-species competition model equations (2.6) — (2.8), there are
seven steady states of interest; three single-species steady states where one species is at carrying
capacity and other two are locally extinct, three two-species steady states when two species co-exist and
the third is absent (extinct) and finally, one three-species steady state when co-existence among all the

three species is possible. To obtain these steady-state solutions, we let E(N_, N,,N,) be the solutions
of the system (2.6) — (2.8). So, zero steady state Ey(0, 0, 0) always exist. For non-zero positive steady

state, we let N; .., =N;; =N, in(2.6) - (2.8). So, we have

N, +a N, +a_,N, =3, - (2.9)

a,.N,+N, +a,N, =6, (2.10)

a, N, +a,N,+N, =g, (2.11)

where Hzli—l and ¢:1'82 —1. Here, 8 and ¢ are the maximum steady-state
_yl —

populations of each weed species in the mixture without a control.

The steady-state solutions of interest when two species co-exist while the third is locally extinct and when
co-existence among all the three species is possible were obtained next.

2.2.2 Two- Weed Species Dominance (infestation)
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If Nl # 0, and Nz #0 but N_ = 0, this is equivalent to proliferation of two-species of weed without a
crop. Now equations (2.10) and (2.11) become

N, +a,N, =86, (2.12)
a,N;, +N, = ¢. (2.13)
Solving equations (2.12) and (2.13) simultaneously, gives the non-negative steady state as

1[0 9—0’12§0 40_90'21 j

L , (2.14).
(1_ 0’120'21) (1_ 0’120'21)

E, exists provided 8 = ¢ and Q,, % @, such that @,,0,, <1, a,P<Band@ < ¢

21

Here, @ = ¢ implies that the two weed species have equal possibility to attain their maximum densities
at the steady state. So, the population density dynamics of the two weeds species depend on inter-
species competition coefficients, such that a;, <land a,, <1 wherea,, # a,.

2.2.3 Crop and Weed Species Dominance

If N, =0 and N, #0,N, # 0, equations (2.9) and (2.10) become
N, +a N, =8 -1. (2.15)
a, N_+N,=86. (2.16)
Solving equations (2.15) and (2.16) simultaneously, to obtain the non-zero steady state
Ez[ﬁc-(“acﬂ) 6-a, (B 0]_

(1_ aclalc) ’ (1_ aclalc) ’

(2.17)

: . (6+ay)
E, exists provided @ ,a,, <1, 1+a,0 <f, and B <—=.

Ic

Also, from equations (2.9) and (2.11) when NC #z 0, Nz Z 0, but Nl = 0, we have the non-zero steady
state

. (ﬁc ~(1+a,9) [ 9= a5 (B, —1)}

3 !

(1_ac2a2c) - (1_ac2a2c)

(2.18)

¢+020

2c

E; exists provided @ ,a,, <1, 1+a,p<pB. and [.<

2.2.4  Crop coexistence with two-weed species

The fixed points are obtained when a crop survives (grows) in the presence of two species of weeds. At
non-zero steady states, that is when N, #0, N, #0 and N, #0 equations (2.9) - (2.11) written in
matrix form

1 acl acZ Nc IB © _1
a. 1 a,|N |=| 8 | (2.19)
aZC 021 1 NZ ¢
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This is equivalent to matrix equation AN = B . The values of N.. N, and N, are obtained from (2.19)
as

_ ,30(1—0’120’21) - g(acl —0’020’21) - {0(0’02 —0’010'12)
(1_ alza21) - alc (acl - 002021) - a20 (acz - aclalz)

= _ 3(1— acZaZC) - ﬂc (alc - a12a20) - ﬂa&z - alcacz )
1

c

= (2.20)
(1_ 0'120'21) - alc (acl - a02a21) - a2c (acz - aclalz )

— ﬂl_aclalc)_ﬂc(an —0,.0y) = 0(a, —a,a,,)
2

(1_ a12a21) - alc (acl - a02a21) - a20 (acz - aclalz)

So, the non-zero steady state E4(NC, Nl, Nz) as given in (2.20) exists provided the following conditions
hold 0'120'21 <1' acl < ac2a21’ acz < aclalz ac2a20 < 1' alc < a12a2c' 0'12 < alcac2 ’ acla:lc < 1'

a, <a,d, and 0, <a.,0, besides B.,8,9>0.
The conditions are summarized in table 2.1 below.

Table 2.1 Conditions for existence of Steady State  Solutions

Solution Co -ordinates Conditions for existence

Eo (0, 0, 0) B.= B,= B,=0

E, (O, 9—0’12(0 , ¢—90'21 ] 0'120’21<1,a12¢<9 | 9<i' a, ¢0'213I’1d0=¢.
A-apa,) A-a,0,) 9 |

E, [ﬂc_(l-i- aclg) , 6- alc (ﬁc_l) ’Oj aclalc < 1' 1+ aclg <ﬁc and ﬁc< (6 i alc) N
(- aclalc) (1- aclalc) ic

Es (ﬂc ~(Qta,9 0, P, (B, _1)j a.,a, <1, 1+a,p<pB. and IBC<_¢+aZC :
(1_ ac2a2c) (1_ ac2a20) 2c

E4 (Nm Nl! N2) 0’120'21 < 1’ acl < a02a21' acz < a'clarl2

0'020'20 <l’ alc < 0'120'20, 0'12 < 0'100'02 aclalc <l'

Oy <Ay 0y and Ay <A Ay

2.2.5 Local Stability of the Steady States for the =~ Model Equations of Weed-Crop Competition

In this section, Perron’s approach to the stability analysis is adapted to our model equation. Hence,
The linearization of system (2.6) — (2.8) about the steady state E(N_, N,, N,) yields the partial derivative
matrix (variation matrix).



212

213
214

215

216
217

218
219

220

221

222

223

224

225

226
227

228

229
230

/Bc (1+ adN1 + HCZNZ) _ﬂcaclNc _/Bcaczﬂc
@+ N +agN +aoN)? (14N, +agN; +agN,)? @+ N, +ayN, +a,N,)?
_ -a,.BN 1+a, N, +a,,N -a,,BN
D(N,,N;,N,) = AN - A+ aN, 123)2 " BNy s |- (2.21)
(+ayNe + Ny +aoN,) L+ N + N, +ap,N,) A+ acNe + Ny +apoN,)
— 0N, —anBN,; Bod+ apc N +axNy) ‘y
@+ N +ayN +Np)? (L ap N +ay N +Np)? (L anN, +ayN, +N,)? 2
2.2.6  Stability of the extinction Steady State E, (0,0,0)
Evaluating (2.21) at Eq (0,0,0) gives
B. 0 0
D(E,))=| 0 B +y 0 (2.22)
0 0 B+ VY,

The eigenvalues of D(E,) are the main diagonal elements.
So, the stability of E, depends on 5, <1, B, + )y, <land 3, + y, <1. However, from the conditions for
the existence of the steady states 8, >1, [, +), >1 and [, + ), >1. Hence, E, is unstable without

control.

2.2.7

Stability of the Steady State for Two Specie

s of Weed Dominance

For the coexistence steady state of the two-species of weeds, (2.21) evaluated at E; (0, Nl, Nz) gives

_'BC —— 0 0
@+ayN, +C£2N2) . .
— + —
D(El) - _alcﬂlNl_ - ﬁlg' a12 ’\E) - + V1 _a12ﬂ1N1_ 5 (223)
1+ N1+0’12_N2) 1+ N1+0’12N_2) @+ N1+Cﬁ2N2)
_a2c_182 Ni —0’21_,82 Ni /82 (1+_a21N_1) +y
WrauN + NP QranN + NP (@+ayN +Ny)°
Further simplification using (2.9) — (2.11) when NC =0 gives
i 0 0
B. . _
D(E,) = —a BN, Bil+apN,) + —apBN (2.24)
' 1+6)> @+ 7 (1+6)
_GZCﬂZNZ —0'21,32N2 ,32(1+0’21N1) +
1+9)? 1+9)? 1+9)? ’

The matrix D(El) in (2.24) is a block lower rectangular matrix. So, its eigenvalues are equal to the

eigenvalues of the 2 x 2 and 1 x 1 matrices involved. It is observed that the eigenvalues of the 1x1 matrix
which is the single element of that matrix has magnitude less than one. That is

1
— <1 since S, >1.
C
Therefore, the local stability analysis of the steady state E; depends on the analysis of the block 2x2
matrix in (2.24), thus;
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,51(1+0'12N2) + _alzﬂlﬁl

_ 1+ 6)2 ! 1+6)?
231 A= ( — 2
_0'21132N2 ,32(1+021N1) +
1+ 9)° 1+9)° ‘
232 (2.25)

233 The stability oféis determined by the_Trace - determinant analysis [6]. So,

w(ay=Br ) | Bt aN)
@a+6 1+

VB0 a,N,) | v+ a,N)
1+6)° 1+9)°

For stability we need to show that |trA{ —1<det A<1. To do this it is sufficient to show that

(@) trA<l+detA (b) detA<1 . First consider

(a) trA<1+detA

BAra,N,) | BArayN) L 1BA+aN,) | B A+ AN, |

),

det(A) = A2

o’ T argr 1+9)’ arg’
Further simplification using 6= '81 -1 and @= '82 -1 gives
1-n 1-y,
_ _ (1+0'12N2) _ _ (1+0'21N1) _ _
L)) =+ A )l ) = BB < W) ).
@+apN,)  @+ayN) _
1+6) 1+
Using (2.13), we have
,81 - (l_ yl) Nl + (1_ }/2)(1"‘ a21N1) <1
B B,
,81:82 _:82(1_ yl) N1 +131(1_ yz) + :81021(1_ yZ)Nl < :81,32,
Substituting for Nl using (2.14) gives
_ ,Blyz(l_ 0’120'21) _[,32(1_ yl) B ,310’21(1— yz)]a12¢ <0.
[,82(1_ yl) - ,310’21(1— yz)]
Compactly written as
- (Bl - 012¢) <4, (2.26)

where
— By,1-a,a5) :
: [,82(1—}/1)—,810’21(1—1/2)]

Now, the second inequality of the stability conditions

(b) det A<1 requires

VBt a,N,) |y, 1+ ayiy)
(1+6)? (1+9)°

+ 1y, <1,
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Similarly, further simplification using (2.13), gives
ylﬂl(l_ y2)2 _[yzlgz (l_ y1)2 - 0'21}/1,31(1_ yz)z] N1 <1,
_ [yzﬁz(l_ y1)2 B a'21y1,6’1(1— yz)z]an(o_[ylﬁl(l_ y2)2 [ 0’120'21) <9,
[yzlgz - y1)2 - 0'21y1,81(1— yz)z]
Compactly written as
_(012¢_ Bz) <é6.
where,
— _[ylﬁl(l_ y2)2 -(@2- 012021)

2 [yzﬁz(l_yl)z —0'21y1,6’1(1—y2)2] .

If the inequalities (2.26) and (2.27) are fulfilled, this implies that the two stability conditions are
automatically satisfied. Therefore E; is locally stable.

(2.27)

2.2.8 Stability of the Steady state for a Crop and  one species of weed coexistence
The coexistence fixed points of a crop and a species of weed that survive the control (a weed died out

due to control) is analyzed. Evaluating (2.21) at EZ(NC, Nl,O) , using (2.15) and (2.16) it becomes

(1+O’C1N1) _aclﬁc _acch
B B B
_ _alcﬁlNl 131(1"'0'1ch) _a12,81N1
D(E,) = 1+06)’ 1+ 0)° +), A+ (2.28)
Be
0 0 +

Equation (2.28) is a block upper rectangular matrix. However, row-operation method is used to reduce it
to upper triangular matrix. Thus,

(1+ aclﬁl) _aclﬁc) _a(:ZNc)
B: _B _ B
D(E ): 0 (l_ yl)alchB+ch(l+ Hyl) _(l_ yl)Nl{achCZNc +a1218c} . (229)
i B.(1+6) (L+6)5,
0 0 1+W2
1+9)

(2.29) is an upper triangular matrix, so, its eigenvalues are equal to the elements along the principal
diagonal. For the stability it requires that

N. - N +
/11:(1+ac1N1)<1' /12:(1 yl)alchB+ﬂc(1+0y1) <1, /]3:1 WZ <1,
B B.(1+06) 1+9
where B= 4, —a,.N,.
PR L . o
Simplifying <1 gives ), <1, this implies A, <1.

(1+ aClNl) <1

c

So, the stability depends on A; and A,. Now simplify A, , that is

Using (2.16), we have
Hacl — 040y (18(:_1) < (ﬁc_l)(l_ aclalc) _

Further simplification yields
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(8.1
a,, <———. 2.30
It implies that /11 <1, provided the inequality (2.30) holds.
Also, simplifying A, , thus
(1_ yl)alc NCB + :8(: (1+ Hyl)

5.(1+6) <1 impliesa,.N_B < 3.

Substituting for N gives —a,.Bl+a,6) < B.[6(1-a,a,.) - a,.B],
Substituting for B then Nl gives

,Bc (1_ aclalc) B ‘90'1c a0, (ﬁc_l)
(1_ aclalc)

ﬂcalc - alc (1+ aclg)( j < ﬁc[g(l_ aclalc)] .

After simplification, it becomes
2
alC (1+ aclg)(g + alc)

(2.31)

c

<
[8(1_ aclalc)z + alcacl(e-'- alc)]
So, A, <1, provided the inequality (2.31) holds.

Similarly, evaluating (2.21) at the steady state E3(Nc ,0, NZ) , applying row-operation, it becomes

l+0’C2N2 _aclNc _ac:ZNc
ﬂc ﬂc ﬂc
By
D(E,) = 0 =+ 0 . (2.32)
€ g
0 a,.048,N.N, _ac2a21ﬁ2N22 y,+a,N,)
B.(1-9)? B.

The characteristic equation is

(1+aC2N2 _/]J( B +y1_/]j(y2(1+—ac2N2)_,1J:0 _
B, 1+6) B

So, its eigenvalues are

_ 1+0'C2N2 [ A _[r.@+a,N,)
A —(—IBC j A, —(—(1_'_0) +le and A; = (—,BC j .

For the stability it requires that

1+a_,N _
A ="——%"2<1 implies 1+ a,,N, < . and simplified using (2.18) to obtain

C

10
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(6.9 |

ag, < p (2.33)
Also
Ay = A +y, <1,
1+
Since weed N; is extinct (due to control) ,81 =0, itimplies Vi <l
Similarly
1+a,,N _
Ay = Yo+ a,N,) <1 implies y,a,N, <(1-y,)B;.
Be
Employ (2.18) and simplified to obtain y,@x ., < 5. =V, , hence
g, <PV (2.34)
214
So, E; is locally asymptotically stable provided the inequalities (2.33) and (2.34) hold.
Table 2.2 Stability Conditions of the Steady States  for Two Plant Species Interaction
Steady -state Condition Stability Result
Eo B.>LB+y,>L B +y>1 unstable
E; 1 stable
E<1 ' _(B1 _‘712¢) <o, _(0'12¢_ Bz) <&
C
E> -1 stable
yz <1 , Oy < M,
2
0 Wra.0@+a) .
[H(l_aclalc)z +a1cac1(0+a1c)] :
Es -1 - stable
y<t a, <P, _Bmp)
% 2%

2.2.9 Stability of a Crop and Two-species of weed ¢ o0-existence steady state

The linearization of system (2.6) — (2.8) about the steady state, E(N_,N,,N,) as given in (2.20) the

partial derivative matrix (2.21) after simplification yields

(1+ a01N1 + acz Nz) _ach _acz Nc
A A A
D(E ) - _alcﬂ.l ﬁ.(1+alch +a12N2) +y _alzﬂNl
* 1+6° 1+6° ' @+6?
_a2cﬁ2 Nz _azjﬁz Nz /82 (1+ ay Nc +a21N1) +y,
1+ 1+ L+ ’

For easy analysis it is expressed as
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317
318
319

320

321

322

323
324

325

326

327

328

329

330

331

332
333

334
335
336
337

X —aaN,  —apN,
ﬂc . ﬁc ﬂc .
D(E,) = _alcﬁltll ,51)(12 v, _012,515'1
@+e)° @1+6° @+6)
_a2cﬁ2N2 _azllgzNz ,52)(2 +
2 2 TV
1+ 1+ 1+
where

X.=1+a N, +a_,N,, X, =1+a, N, +a,N, and X, =1+a, N_ +a,N,.
The characteristic equation of matrix (2.35) is given by

alZGZlﬁlﬁZ Nl NZ

B. (1+6)* 1+’ 1+6)*1+9)°

_ a,. BN, |:aclNc (Bzxz +(1+9)?%y, _AJ + aczaﬂBzﬁcﬁz}
6 B. 1+9° L1+’
_ BN, {aﬂaﬁﬂlﬁﬂl L N, [ﬁlxl +(14 0%y, _ AH
1+ | B.1+6)° B (1+6)°
It is simplified to obtain
f(A=2+
X (B Xy +0%y)(B, X, + @,) + X @07 —[(Bo X, + ¢ y,)0° + (B X, +92y1)¢2])/]2
B8y
_ a0 BINN, + 0500, 5NN, +[1- X (87 + @)I(BX, + 0°11)(B, X, Ty
B¢
A0 BNNL(Bo X, + @ 5) + 0300 BN N, (B X, + 6% 11)
B.G* ¢

(a01020a12 v ac2alca21)ﬁlﬁ2 N N N2

B0y
Then re-expressed as
f(A):/]s X ('AJ.A2+¢262) (A262+A&.¢2)A2 A3+A +[1 X (62+¢2)]A3.A2A
B.6*¢ B.8*¢
LBAATAA -(X LA - A
B.G* ¢
where

Aiz(lel-'-szl)' A2=(82X2+(02y2), Aszaclachlﬁch' A =a,a,

AS = 0'120'218182 Nl N2 ! Ab = (acla2ca12 + aczalcaﬂ) BlBZ Nc N1N2 "
In a more compact form (2.36) becomes
f()=A+at -al+a, =0,

where

f(A) {ﬁ_AMﬁlxl +1+6)y, _A](ﬁzxz +1+ 9%y, _A]_

B (Xc + ﬁc)aﬂaZlﬁlﬁZ N1N

(2.35)

(2.36)

(2.37)
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o = X(AR +FE) ~ (A6 + Ag)
B.o’ ¢

o < PATAA (X BIA A
B’y

In order to determine the stability of the positive coexistence steady state E4, we discuss the roots of the

equation (2.37), which are the eigenvalues of matrix D(E,4) by applying the Jury criteria for local stability
test.

_AHAHI-X (8 F)AA,
.67 |

1a2

The necessary and sufficient conditions for the characteristic polynomial f(A) to have roots inside the
unit circle ( that is all have magnitude less than 1) are given as ;

f) >0, (-1)°f(-1)>0, and |83| <1 the Jury’s Criteria [12]. So, applying these to (2.37);
f)=1+a —a, +a;>0.
(-D°f(-) =1-(a +a,+a;) >0.
provided (@, +a, +a;) <1. Furthermore, the constant term satisfies
| AATAA X HBIA Ay
| Loy |
AA+TAA - XA A <B..
(A +6°¢) ¢
If the conditions for the Jury criterion are satisfied, it implies that the three roots of the equation (2.37)
satisfy A, <1, A, <1, and A; <1. The linearization theory implies that the positive steady state E,

(NC, Nl, Nz) is locally asymptotically stable if the above inequalities hold. So, the coexistence steady

state E4 of our model equations is locally asymptotically stable and the crop’s growth may stagnate, but
survive in the mixture of the two species of weeds. However, if the effective control measure is applied to
eradicate the two weeds species the crop will grow at its optimum capacity.

3.0 RESULTS AND DISCUSSION

In this section, the competition models are studied numerically by chosen parameter values to test
(explain) the analytical results obtained. The values were carefully chosen to satisfy the necessary
conditions for stability of the steady-states solutions. The values of the parameters for the graphical
profiles are selected mathematically to let the model demonstrate the required dynamics.

3.1 Two-Weed Species Coexistence
The parameter values we employ were selected to satisfy the necessary conditions for stability of the
steady-states solutions under consideration. Therefore, the parameter values selected for numerical

explanation of the coexistence fixed points of the two-species (N., N;,0)are 8. =2, 8=1, ¢ =1,
a.=08,a, =1 a,=05,a,=09, a,=14,and a, =11

These satisfy the algebraic criteria for the existence of the non-zero fixed pints, E, So the numerical

result of the steady-states solution converges to (Nc(t),Nl(t),O):(O.83,0.33,0).This gives the

coexistence steady state of one crop and one species of weed. (i.e the second weed extinct). Besides,
the numerical result shows that the steady state is locally asymptotically stable since the parameter
values satisfy the stability conditions in Table 2.1.

3.2 Crop and Two-Weed Species Coexistence
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The parameter values employed for numerical explanation of the coexistence fixed points were selected
to satisfy the algebraic criteria for the existence of the non-zero steady state, E,. Therefore, the
parameter values are the following;

pB.=2,6=1¢=14a,=16,a, =06, a,=05,0a.,=14, a,=06,and a,, =15.
Using these values the steady- state solutions converges to E, = (NC, Nl, Nz) =(1.00,0.27,0.80) . That

is, the crop would have its maximum population at the steady state.
We obtain the characteristic equation

f(A) =2 +11442-941+1.7=0. (3.1)

Table 3.1 Jury’s stability criterion for weed-crop competition model

Condition System Stability Result
1 f()>0 f(1)=17>0 satisfied
2 (-D°f(-)>0 (-D3f(-)=-17.7<0  notsatisfied
3 |a3| <1 |17| =17>1 not satisfied

Since the second and third conditions are not satisfied, the three roots of the equation (3.1) are not within
the disk (not less than 1). Hence, the weed-crop competition model is not locally asymptotically stable for

chosen values at the positive steady state(ﬁc, Nl, NZ) . This implies that, the crop may not grow and
survive (stagnated) in the mixture of the two species of weeds if the weeds densities are not controlled.

3.3 Graphical Profile for Crop and Two-Species of W eed Coexistence

In this section, the graphical profile for a crop and two-species of weed interaction (co-existence) was
obtained using Mathematica.

Growth Rate
60
—— Crop
>0 1% Weed
40 —  2™Weed
30
20
10
: : : : : Time
5 10 15 20 25 30
Figure 3.1 Rate of growth of Crop and Two-Specieso f Weed Coexistence

Figure 3.1 depicts the dynamics of weed-crop competition model equations (2.6) - (2.8) using the time
intervals of 1 week. The graphical profiles show that the density of the two weeds continued to be on the
increase during the growing season as long as there are enough resources to promote their growth, but
approach steady densities after 30 weeks. Besides, it supported the co-existence analysis result obtained
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in section 2.2.9 that, the growth of the crop may be stagnated if the weeds densities are not controlled.
The 1% (first) and 2m (second) weeds’ densities growth rates dominate that of the crop, while that of the
1% weed dominates that of the 2™ weed (i.e one overgrown the other).

4.0 CONCLUSION

The main idea studied in this paper is the formulation of a model to investigate the weed-crop competition
dynamics for the above ground established weeds densities. The model equations were analyzed for
stability based on variational principles. From the analysis, the following findings / conclusion can be
drawn.

i. The extinction steady-state point E, (0,0,0) is not stable without control.

ii. The coexistence steady state of weed-crop competition model is locally asymptotically stable.

iii. Experimental work showed that the positive steady state solution of weed-crop competition
model is not stable based on the chosen values. We conclude that the crop may not grow
and survive in the mixture of the two species of weeds at certain level of weeds infestation.
That is its growth may be stagnated as depicts in the model’s graphical profile.

Based on the results, the crop’s growth may be stagnated, but survive in the mixture of the two species of
weeds. However, application of effective control measure to eradicate the two weeds species will improve
crop yield at its optimum capacity for sustainable food production.
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