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The law of large numbers. A multicriterial
analysis

ABSTRACT

The paper presents the law of large numbers followed by a multicriterial analysis of the
six theorems that compose the weak form. This group of theorems work on issues of
sequences limit laws of sums of random variables in the sense of convergence almost
surely of such sequences.
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1. INTRODUCTION

A type of boundary problems, based on the notion of convergence in probability,
the paramount significance of the link between the basic concepts of probability theory
and empirical terms, is known as the law of large numbers. This is a result set looking the
convergence to 1 of the probabilities of a series of events depending on an increasing
number of random factors.

2. THE LAW OF LARGE NUMBERS ( THE WEAK FORM)

Theorem1.! Let (Y)nen* be a string of random variables and mean values and finite
variances

E[Y,]=E, <, Var[Y,] = 02 < =.
If there exist a constant M such that

limE, =M
n—-«
and
limo2=0
n-e
) €Y)
then {Y,,} - M.
Demonstration
We observe that for any € > 0
(¥, = M| > e} < {I%, — My > Zpu{im, — 1 > 2}
we can write
PV, — M| > e}) < P ({I% — Myl > ) + P ({IM, — M1 > 2}). @)
Applying random variable Y, on Chebyshev's inequality we obtain
Varly,]  o?
P{|Y,—M|>e}) < T" =3
3)

Since

"9l




]111?010 E,=M
It results that Ve > 0,3N(¢) € N such that vn > N(¢) the inequality |E,, — M| > § becomes
imposible, ie
vn = N(e):P{|E, — M| > ¢€}) = 0.
Passing to the limit in (2), taking into account of (3) and the ipothesis (1) it results that
1111&10 P{|Y, — M| > ¢}) = 0.

Theorem 2. (the weak form of the Jacob Bernoulli? theorem)
The first formulation®: If A is an event caracterized by P(4) =p # 0 and 3 of

the relative frequency achievement of the event A in the first n samples of an |nf|n|te
number of independent samples, then

. Sn

Ve>0: llmP({|——p| >e})=0
n—oe n
. Sn

Ve>0: llmP({——p| Se}) =1.
n—-« n

The second formulation: If {X,,},en iS a set of independent random variables
such that X,:B;(n,p),n€N, then the string of random variables

b2,

k=1

or, equivalent,

converges in probabiliy to p.
Demonstration
We demonstrate Bernoulli's theorem in the second form. We note

n
1
==X,
k=1

and considering that

Z E[X:] = —np D,
Var[Y,] = —Z Var[X,] = pq pq
So
lim E[Y,] =
n—eo
and

lim VarlY,] =
n—e
which indicates that the hypotheses of the theorem 1 are satisfied, then
n
1 P
- ) Xy(—p-
PRI
Remark 1. The first statement of the Bernoulli theorem approach is theoretical
justification made between the concepts of relative frequency and probability of an event.
It expresses the fact that for very large strings evidence any significant difference
between the relative frequency and probability of an event is very improbable. So
convergence of relative frequencies to probability of the event it does not to be
understood as a common numerical convergence. It is not apparent from the above
theorem and is not accepted the intuitive idea that with increasing number of relative
samples frequency values are necessarily closer to probability.

2 Jakob Bernoulli ( 1654-1705)Analysis problematis ante hac propositi, de invemei linea
descensus a corpore gravi percurrendae uniformitgc, ut temporibus aequales altitudines
emetiatur: & alterius cujusdam problematis prop@sit Acta Eruditorum, 1690

*[91, [8]



Remark 2. The two formulations result one of the other if we consider the absolute
frequency of realization of A in n samples. Let X,, be a random variable distributed
B;(n,p). If we note

then

and

which means that the

Remark 3. The theorem result is the theoretical justification of the definition of a
parameter estimation of a distribution.

Theorem 3.*(Chebyshev®) If (X,).en- iS a set of independent random variables two by
two having dispersions bounded by the same constant
s}) =0

Var[X,] < c?, neN
Ve>0: limP({ Ss}>=l,
n—«

n n
! Z X ! Z E[X.]]| >
n kT, ]
k=1 k=1
ie occurs the convergence in probability string of random variables,

LY
PRI

k=1 k=1
Ei(xk - E[Xk])} %0

k=1

then

Ve>0: limP({
n-—e

or, equivalent,

Demonstration
If

1 n
Yo == (= ELXe)
k=1

Z 1ZEX =0
n k -

k=1 k=1

then

:w

EIV,] Z(Xk E[X, D]

and because the random variables X, are independent two by two, it results that
(X, — E[X,]) are independent two by two and therefore

Var[Y,] = Var [;;(xk —ExD| = Z Var(X, — E[X,]) = —Z Var[X,).

Applying to random variable Y, the Chebyshevs inequality and taklng |nto account the
assumptions of the problem, we can write

v 1w
“19], [6]

*Pafnuti Lvovici Chebyshev (1821 - 1894), Expgderelementai in analiza teoriei
probabilitasilor, 1845

Z Var[X;] < 2 nez




and so

Zxk ——Z E[X,]

lim P ({
n—owo

CZ
}>< llm—2=0
n-ooNE

Theorem 4.%(Markov’) If the random varlables X1, X5, ..., Xp, ... have the property that:
Var[yi-, X;]
—— >0 n—
n2 ’

then we have the law of large numbers.
Demonstration
It must be demonstrated that the string {X,,},,en Verifies the relation:

ves0: M({lzxk_lzg[xk] <f)-1

Applying Chebyshev s inequality for the random variables:
n

Y = z— Var[Y] = Var ZX/n
Z

2 .—)0' n— «©

Therefore Var[Y] < ~ and then Chebyshevs |nequallty ho

P(lY —E[Y]I<¢) = 1———Var

But

n
2%
i=1
Passing to the limit in the previous inequality, we obtain the assertion of the theorem.
Remark 4. In the particular case when the random variables are independent, provided
the statement is written:

1
—zVar - 0,n—o
n

Var[¥i_, X;]
— > 0n-ow

n
Theorem 5.8(Khincin) If {X,}ney is a set of independent random variables with the same
distribution two by two and having finite dispersions, then
where M = E[X,],n € N.

1 n
limP({— >s}>=0
n-eo n
k=1
Demonstration

If the random variable {X,},cy follow the same distribution, it results that
Var[X,] = 0%, n € N, which implies satisfying the assumptions of Chebyshev’s theorem.
Remark 5. This result substantiates the usual theory of approximation of the average of
statistical characteristic of a population studied by the arithmetic mean of the observed
values. Indeed, if X;,X,,...,X,, ... are seen as potential values of a random variable X
obtained by a number of independent samples, the theorem shows that their average
converges to M = E[X].

As a special case of Chebyshev’s theorem we obtain Poisson's theorem.

Theorem 6. (Poisson®) Let A an event of which the probability to output varies during a
series of independent samples so that the sample of rank k, P(A) = py, k = 1,2,... and let

S;“ the frequency of execution of the event 4 in the first n samples. Then

S
limP({—n——p1+p2+ * Pn >£})=0
n—e

°[91, 1]

n n
" Andrey Andreyevich Markov (1856 - 192Zfxtension of the limit theorems of probability
theory to a sum of variables connected in a chaieprinted in Appendix B of: R.
Howard.Dynamic Probabilistic Systems, volume 1: Markov i@salohn Wiley and Sons, 1971
8
9, [2]
° Siméon Denis Poisson (1781-1840)hé Poisson laiv




Demonstration
We define for each k = 1,2, ..., n, ... the random variable X, takes the values 1 or
0 as A is realized or not in the sample with the rank k. Hereupon, X, is definited

0 1
X:( )
\1-pe pe

Noting with S,, the number of realisations of A in the first n samples, we denote that

s, 1w
fu(4) =7=;Zxk
k=1

X, ... are independent random variables and because

1
E[Xi] = p Var[X,] = E[XZ] — E[X,]* = pr — P = pr(1 — i) < 7
it results that the string {X,,},en verify the hypotheses of the Chebyshev’s theorem and
Spn Pitpatotps

SO
n n
1 1
lim P >et] =lim P —ZXk——ZE[Xk] >er]=0.
s n n N n n
k=1 k=1

3. THE MULTICRITERIAL ANALYSIS OF THE DYNAMICS THAT MAKE UP
THE APPLICATION FORM WEAK THEOREMS OF LAW OF LARGE
NUMBERS

Because X3, X,, ...,

Multicriterial analysis can serve very well in obtaining all kinds of rankings with
subjects in the same area or in different areas of activity, contemporaries or not, in that
the subjectivism is greatly removed. It is very important that this kind of analysis is in
relation to the criteria chosen, an analysis that gives — in a large proportion — an objective
character of its results.

We have the following variants:

- variant (a): the extent of which one apEIies more frequently theorems
- variant (b): the difficulty to apply the 6" theorems

- variant (c): the reliable of application of the 6" theorems

6 criteria have been chosen:

1. T.Bernoulli 1
2. T.Bernoulli 2
3. T. Chebyshev
4. T. Markov
5. T. Khincin
6. T. Poisson
Fig. 1
Based bet on score, weighting of the criteria resulted as follows:
T. Bernoulli | T. Bernoulli T. T. T. T. Point | Leve | y;
1 2 Chebyshe | Markov Khincin Poisson s |
v
T.Bernoulli 1 . 1 0 0 0 1/2 2 6 0,5
T. Bernoulli 2 0 . 0 1 1/2 1/2 2,5 3,5 1
T. Chebyshev 1 1 . 1 0 0 3,5 2,5 2,4
T. Markov 1 0 0 12 0 1 2,5 35 | 1
T. Khincin 1 12 1 1 1/2 0 4 1 |38
T. Poisson 1/2 1/2 1 0 1 3,5 2,5 2,4
Fig. 2

The y; weighting coefficients can be calculated with different formulas. We chose
to use FRISCO practice formula (empirical formula given by a renowned creative group




from San Francisco — US) that has been recognized worldwide as being the most
performance and is long used.

Therefore, with,
p+Ap+m+0,5
Yi= N
crt

APty

where,

e pisthe sum of points obtained (on line) of the considered element

« Ap the difference between the score of the considered element and the score at
the top level element; if the element taken into account is the one located on the
top floor, results Ap with the value 0

« m the number of outclassed criteria (exceeded from terms of score) the by the
criteria taken into account

e N,.the number of considered criterion

e Ap' the difference between the score of the considered element and the score of
the first element (resulting with a negative value); taken into account if the item is
located on the first level, Ap’ results with the value 0

We obtain
24+4(2-2)+0+05 25
YBernoulli1 = 6 = ? =05
-2-4)+ 5
25+(25-2)+1+05 45
YBernoulli 2 = 6 = E =1 = Ymarkov
—-(2,5-4) + 5 !
35+35-2)+3+05 8,5
Ypoisson = Ycebasev = 5 = ﬁ =24
—(3,5 - 4) + 5 !
4+(4—-2)+5+05 115
YHincin = 3 = —3 =38
—-4-4)+ 5

It is noted that the main diagonal of the array contains only quadratic criteria for
scoring 1/2 values because no criteria may be more important or less important than the
criteria itself.

According to the criteria there were given the following notes for each variant N;.

Variant (a) Variant (b) Variant (c)
Criteria N; N; N;
T. Bernoulli 1 7 6 8
T. Bernoulli 2 9 9 9
T. Chebyshev 10 10 7
T. Markov 6 5 4
T. Khincin 9 4 5
T. Poisson 8 7 7
Fig. 3

It may take into account different weight now and consequence of each criterion,
complementing and enhancing the table above notes (lines) with the coefficient of
importance:




Variant (a) Variant (b) Variant (c)
Crlte”a yi Ni Nixyi Ni N,-Xyi Ni N,-Xyi
T. Bernoulli 1 0,5 7 3,5 6 3 8 4
T. Bernoulli 2 1 9 9 9 9 9 9
T. Chebyshev 2,4 10 24 10 24 7 16,8
T. Markov 1 6 6 5 5 4 4
T. Khincin 3,8 9 34,2 4 15,2 5 19
T. Poisson 2,4 8 19,2 7 16,8 7 16,8
Final clasament 95,9 73 69,6
Fig. 4

4. CONCLUSIONS

Multicriterial analysis technique is useful in the composition of an ranking, while
qualitatively and quantitatively, of product variants, objects, methods, models, equipment,
structures, creations, etc. A first valence would be that the result of such analysis in order
not only put options, but it quantifies in value terms.

Rankings, to a large extent, have a high degree of subjectivity and aims the most
of the time only the qualitative aspect. Multicriterial analysis technique gives, from the
viewpoint of its user, results found to a great extent objectives (ie, this technique
objectifies in an important measure the results).

It is noted that after the ranking did, the theorems of the weak large numbers law
are preferred to be taken in the variant (a).

We want to emphasize that point Ill is our own creation. Efforts have been made
to develop this multicriterial analysis applied to the law of large numbers, hoping that we
will develop it in the future. It is useful specialy for nonmathematicians, because they can
decide earlier which of the theorems they have to apply in genetics, management,
mechanics etc.
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