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Abstract

In this paper we present a new technique for solving Black-Scholes equation for vanilla put
options using the Mellin transform method.
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1. Introduction

Vanilla option is a contract that gives the holder the right, but not the obligation, to buy or sell an
instrument at a specified strike price on or before a specified date. The common examples of
vanilla options are American and European options.

American options are options that allow option holders to exercise the option at any time prior to
and including its maturity date, thus increasing the value of the option to the holder relative to
European options, which can only be exercised at maturity. The majority of exchange-traded
options are American [1]

Nowadays, the Black-Scholes equation derived by [2] is widely used in the field of mathematical
finance. Despite the success of the Black-Scholes model on hedging and pricing contingent
claims, [3] noted early that options quoted on the markets differ systematically from their
predicted values, which led up to questioning the distributional assumptions based on geometric
wiener process [4]. Alternative approach for the solution of the Black-Scholes partial differential
equation for European call option which pays dividend yield was considered by [4]. [5]
introduced the Mellin transforms in the theory of option pricing. They derived the expression for
the free boundary and price of an American perpetual put as the limit of finite lived options. In
this paper we shall derive a new technique which does not require transformation of variables for
solving Black-Scholes equation for vanilla put options using the Mellin transforms. See ([6] -
[15]) for the mathematical background of the Mellin transform method for options valuation and
other approaches for the solution of Black-Scholes equation.

The rest of the paper is structured as follows. Section 2 introduces the Mellin transforms. In
section 3 we present a new technique for solving Black-Scholes equation for vanilla put options
such as European put options. Section 4 concludes the paper.
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2. The Mellin Transforms

The Mellin transform denoted by M is a complex valued function defined on a vertical strip in
the v -plane and is given by

o0

M (f (y),v) = F(v)=[ f(y)y**dy (1)

0

where f(y) is a function defined on the positive real axis y € (0,o) . The function F(v) is called
the Mellin transform of f (y). The Mellin transform of f(y) exists forany ve C on
—a, <R(v) <—a, where f(y) is defined as

O(y*),y—0
f(y)=
) {O(yaZ), y =

Conversely, the Mellin inversion formula of (1) is defined as
) 1 a+ joo
M(FW)=f((y)v) === [FWy dv 2)
272] a—joo
where the integration is along a vertical line through Re(v) =a.

Some of the basic fundamental properties of the Mellin transforms are detailed below.

(a) Shifting Property
M (y*f(y).v)=[y*f(y)y"dy =F (v+a) (3)

(b) Scaling Property

M (f(ay),v)= I f(ay)y'dy =a"F(v) 4)

0

(c) The Mellin Transform of Derivatives

M (37 f (y)7Vj:(—1)k(V—k)kF(v—k), (v-k)eV, keZ" ©)



51

52

53

54

55

56

57

58

59

60

61
62
63
64

65

where the symbol (v—Kk), is defined for k integer by;
v—=Kk), =(v-K)(v-k+1)..(v-12)

Some important results of the Mellin transforms are given by

M [vij f (y),v} = (D" V*F(v)
dy

k

v ka(v),Vj=(—1)k(V—k)k F(v) (6)
\'

M vk(;’—kf(y),vJ:(—l)k(v)kF(v)
\V

where k e Z"andv, =v(v+1)..(v+k—1).

3. New Technique for the Solution of the Black-Scholes Equation for Vanilla Put Options

Let us consider the Black-Scholes equation for vanilla put options given by

2c2 12
PG oS TPELY g PO (s 1y-0, 5, & (0,00)t [0,T] (7a)
ot 2 oS a5,
with the boundary conditions
P(S,,T) =max[ (K -S,),0], on[0,)
!irrg) P(S,,t) =Kexp(-r(T —t)), on [0, T) (7b)

lim P(S,,t) =0, on [0,T)

where o is the volatility, r is the risk-free interest rate, K is the strike price and T is the maturity
date. It is a known fact that (7a) has a closed form solution obtained after several change of
variables and solving certain related diffusion equations. This procedure is not applicable in the
vector framework where P(S,,t)is a vector and o, I are matrices.

The Mellin transform for the price of vanilla put options is defined as
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7

0o

7

O

M (P(S,.0) = p(ut) = [ P(S,. DS ds, ®

The Mellin inversion formula of (8) is given by

a+ joo

M () = PUS. DM = | pDS"dv ©)

a— joo

To use the Mellin transform and the conditions that guarantee its existence, we assume that
p(S,,t) is bounded of polynomial degree when S, —0and S, > wi.e.

(5.1) = 0(s*),S,—>0 (10)
PV o). 5,

forany ve Con —a, < R(v) <—a,where (-a,,—a,) is called fundamental strip.

Taking the Mellin transform of the Black-Scholes equation for vanilla put option given by (7a),
we have that

2Q2 2
" (ap(st,t)+a S °P(S,Y) , o OP(SLY)

- s s j:M(rP(St,t)) (11)

Using the properties of the Mellin transforms, we have

oP(S.))_d
M ot j_dt P

o7S2 02P(S,.1)
2 oS

M| rS, m] =—rvp(v,t)

M J:%Z(vz V) pLY)

(12)

a5,
M (rP(S,,t))=rp(v,t)

Substituting (12) into (11) and simplifying further yields

dpvt) _ (ve® (o® ), _
o ( > +[2 rJv r]p(v,t), te[0,T] (13)
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Integrating (13) and solving further yields

VZUZ O_2
p(v,t):A(v)expL—L 5 +(7—rJv—rJ]t

2 _2 2
Let o(v) :(Vg +£%—rjv—r}, then (14) becomes

P(v,t) = A(v) exp(-g(v) t
where A(v) is a constant of integration denoted by

AWV) = (v,t) exp(p(V)T)

w(v,t) is obtained by taking the Mellin transform of the initial condition given by

P(S,.T) =6(S,,v) =max((K -S,),0)
then we have

KV+1
v(v+1)

p(v,t) = [ max(K —S,,0)" S dS, =
0

Using equations (15), (16) and (18), we have that

v+1

v(v+1)

p(v.t) = exp(=e(v)(t-T))

The Mellin inversion of (19) is obtained as

1 a+ joo v+l

27 v(v+1)

M~ (p(v,1)) = P(S,.t) =

J a— joo

Next shall show that (20) is a solution of the Black-Scholes equation for vanilla put options
given by (7a). Following the procedures in [4], we assume that

v=m+ jn =dv=jdn, whereveC

exp(—p(v)(t—T))S/dv

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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m and n are the real and the imaginary parts of the complex numberv e C

Substituting (21) into (20) yields

o Kl+m+jn

P(S.1) = — j

(m+ jn)
(m+1f1)(rT1+Jn+1)S exp(—@(m+ jn)(t—T))dn 22)

2_2 2
Substituting v=m + jninto ¢(v) :[V; +(%—rjv—rj, then

—p(Mm+ jn) :—(W+{G§—rj(m+ jn)—rJ

(23)
o’m* o’n* o’m : , on
=|- + - +rm+r [+ j| -mno®———+1rn
2 2 2 2

Since P(S,,t) is continuous and Mellin transformable, setting t =T then (22) becomes

l © K1+m+jn
P(S.,t)=— _[ S, (™M dn (24)

27 4 (m+ jn)(m+ jn+1)

Equation (22) satisfies (24) and it is well defined. Using the definition of the Mellin transforms,
then we have

K1+m+jn |

M (m) = j|f(s,)|s,m “ds VmeR (25)

(m+ jn)(m+ jn +1)‘

and for t [0, T) we have that

o0

-[ 1M+ jn)(m+ jn— 1)“
<M (m)S; " exp([—azm —sz+rm+rj(t—T)]Lexp[(_02n J(I’—t)}dn

Using the differentiation theorem of parametric integrals and the fact that

1+m+jn
K ~(m+jn)

lexp(e(m+ jn)(T —t))|dn

(26)
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2,2

> j(l’—t)dn<oo, j=012,..,te[0,T) (27)

T n’ exp[—a n

Then it follows that upon differentiation of (22), one gets

) 1+m+ jn .
oPE,H_ 1 .K . p(m+ jn)S; ™M exp(-p(m+ jn)(t—T))dn
ot 27 ¢ (m+ jn)(m+ jn+1) (28)

0 1+m+ jn )
PG __ 1 K (M= jn)S- ™™ exp(e(m+ jn)(t =T))dn

8S, 2z Y (m+jn)(m+ jn+1)

62P(St,t) 1 ]g K1+m+jn

0S¢ 2z (m+jmy(m+ jn +1)(m+J'lﬂ)(m+J'n+1)S{(”‘””*2)e><|0(—<o(m+jn)(t—T))dn (29)



114  Substituting (22), (28) and (29) into (7a), we have that
8P(St,t) 0?8} 82P(St,t) OP(S,,t)

a2 ey s RGOS
t
1 0 Kl+m+jn ] ey .
2r - J ) (m+ jn)(m+ jn +1)SD(er ImS, T exp(-p(m-+ jn)(t-T))dn +
S 1 ) K1+m+jn ) . . .
> e d gy o I I DS T explp(m e+ jm(e-T))dn -
1 ® Kl+m+jn ) ' .
™S or (m+ jn)S; ™™ exp(—p(m+ jn)(t—T))dn+

2 (m+ jn)(m+ jn+1)

1 0 K1+m+jn
ﬂj;(er jn(m+ jn+1)
1 T ’

—o(m+ jn)+ 251 (m+ jn)(m+ jn+1)SE? —rS,(m+ jn)S™ - rj

S; ™M exp(p(m+ jn)(t—T))dn

1+m+jn
x K S, ™M exp(—p(m+ jn)(t—T)) |dn
(m+ jn)(m+ Jn+1)

_iT —p(m+ jn)+ 02m2—02n2+02m—rm—r +j mnaz+02n—rn
22377 2 2 2 2

1+m+jn
K ]

=(m+jn)
s Cmemmenen s oPCemEn=T)dn (30)

) Kl+m+jn

=%_w(—¢(m+ in) + p(m+ jn))

=0

(m-+in)
(m+ jn)(m+ jn+1) > exp(p(m+ Jn)(t=T))dn

116  Hence the expression for the price of vanilla put options denoted by P(S,,t)and given by (20) is
117  asolution of (7a).

118 4. Conclusion

119  Inthis paper we presented a new technique for solving Black-Scholes equation for vanilla put
120  options using the Mellin transform method. The Mellin transform method is a powerful

121 technique that can also be used for the valuation of more complex vanilla options and some path
122 dependent options and can be extended to jump diffusion processes, stochastic volatility and
123 other stochastic processes.

124



125  References

126 [1] American Option, www.investopedia.com/terms/americanoption.asp.

127  [2] F.Black and M. Scholes, The pricing of options and corporate liabilities, Journal of Political
128 Economy, 81(1973), 637-654.

129  [3] R. Merton, Theory of rational option pricing, Bell Journal of Econom. Management Science,
130 4(1973), 141-183.

131 [4] S.E. Fadugba and A.O. Ajayi, Alternative approach for the solution of the Black-Scholes
132 partial differential equation for European call option, Open Access Library Journal 2, e1460

133 [5] R. Panini and R.P.Srivastav, Option pricing with Mellin transforms, Mathematical and
134 Computer Modelling, 40(2004), 43-56, doi:10.1016/j.mcm.2004.07.008.

135  [6] F. AlAzemi, A. AlAzemi and I. Boyadjiev, Mellin transform method for solving the Black-
136 Scholes equation, International Journal of Pure and Applied Mathematics, 97(2014), 287-
137 301.

138  [7] L. Jodar, P. Sevilla, J.C. Cortes, R. Sala, A new direct method for solving the Black-Scholes
139 equation, Applied Mathematics Letters, 18(2005), 29-32.

140  [8] I. Sneddon, The use of integral transforms, McGraw-Hill Book Company (1972).
141
142 [9] Yu. A. Brychkov, H.J. Glaeske, A.P. Prudnikov, Vu Kim Tuan, Multidimensional

143 integral transformations, Gordon, Breach Science Publishers (1992).

144

145  [10] M.R. Rodrigo, R.S. Mamon, An application of Mellin transform techniques to a Black-
146 Scholes  equation problem, Anal. Appl. 5 (2007), 51-66.

147

148  [11] R. Panini, R.P. Srivastav, Pricing perpetual options using Mellin transforms, Applied
149 Mathematics Letters, 18(2004), 471-474.

150

151 [12] M. Rodrigo and R. Mamon, An alternative approach to solving the Black—Scholes equation
152 with time-varying parameters, Applied Mathematics Letters, 19 (2005) 398-402.

153

154  [13] N.D. Pearson, An efficient approach for pricing spread options. Journal of Derivatives,
155 3(1995), 76-91.

156  [14] P. Carr and D. Faguet, Valuing finite-lived options as perpetual, Working paper:
157 http://ssrn.com/abstract=706, (1996)



http://www.investopedia.com/terms/americanoption.asp
http://ssrn.com/abstract=706

158  [15] H. McKean, Appendix: A free boundary problem for the heat equation arising from a

159 problem in mathematical economics, Industrial Management Review 6(1965), 32-39.

160

161  [16] I. Gradshteyn and I. Ryzhik, Table of integrals, series, and products, 7th edition, Academic
162 Press (2007).

163

164  [17] P. Carr and R. Lee, Put-call symmetry: Extensions and applications, Mathematical Finance
165 19(2009), 523-560.

166

167

168

169

10



