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Abstract

Bernstein operators constitute a powerful tool allowing one to replace many
inconvenient calculations performed for continuous functions by more friendly
calculations on approximating polynomials. In this note we study a modifi-
cation of Bernstein type operators and prove in particular that they satisfy
Voronovskaya type theorems.
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Approximation issues appear in many branches of mathematics and they find a
huge number of applications beyond mathematics. They originate in the celebrated
Weierstrass Theorem to the effect that any continuous function on a compact interval
can be uniformly approximated by polynomials.

Weierstrass Theorem is non-constructive in the sense that it provides no al-
gorithm for construction of approximating polynomials. This problem has been
taken on by Bernstein [2] who constructed in 1912 for a given continuous function
f : [0, 1] → R a sequence of polynomials Bn(f, x) converging uniformly to f(x)

Bn(f, x) =

n∑
k=0

f

(
k

n

)
·
(
n

k

)
xk(1− x)n−k.

These polynomials are nowadays called Bernstein polynomials.
Slightly more generally, Bn’s as functions of argument f can be viewed as linear

operators from the space of continuous functions on [a, b] to the space of polynomials
in one variable of degree at most n ∈ N.

In the course of time Bernstein operators have been modified and generalized,
see eg. [5] and references therein. In particular one studies Bernstein-Durrmeyer
type operators defines as follows, [4].

For the rest of the paper we fix a positive real number ρ.

Definition 1. Let n be a positive integer and f be a Lebesgue integrable function
on [0, 1]. Define an operator Uρ

n for x ∈ [0, 1] by

Uρ
n(f, x) =

n∑
k=0

F ρ
n,k(f) · pn,k(x), where
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F ρ
n,k(f) =


f(0) for k = 0,∫ 1
0 f(t) · µρ

n,k(t)dt for k = 1, 2, 3, ..., n− 1,

f(1) for k = n,

µρ
n,k(t) =

tk·ρ−1(1− t)(n−k)·ρ−1

B(k · ρ, (n− k) · ρ)
,

and B is Euler beta function.

These operators are defined on the space of Lebesgue integrable functions which
is considerably bigger than the space of continuous functions. Nevertheless these
operators enjoy similar properties as Bernstein operators.

We begin by showing that Uρ
n(f) are approximation polynomials for continuous

functions. This fact is surely well–known, but we were not able to find it in the
literature and include the proof for sake of completeness.

Note that the convergence of Durrmeyer operators in multivariate setings and
with respect to various measures has been extensively investigated by Berdysheva
in [1].

Theorem 2. For any f continuous function on [0, 1] the sequence Uρ
n(f) is converg-

ing uniformly to f .

Proof. We will use the famous Korovkin theorem. To this end we need to have
uniformly convergence Uρ

n(ei, x) → ei for i ∈ {0, 1, 2}, where ei(x) = xi. By defi-
nition for all n we obtain Uρ

n(e0, x) = e0(x) and Uρ
n(e1, x) = e1(x). This implies in

particular that Uρ
n(ei) uniformly converges to ei on [0, 1] for i ∈ {0, 1}. We need to

show the uniform convergence for i = 2. We have pointwise convergence

lim
n→∞

Uρ
n(e2, x) = lim

n→∞

ρ(n− 1)x2 + (ρ+ 1)x

nρ+ 1
= e2(x).

Let

Mn = sup
06x61

|Uρ
n(e2, x)− e2(x)|.

Then

Mn = sup
06x61

∣∣∣∣ρ(n− 1)x2 + (ρ+ 1)x

nρ+ 1
− x2

∣∣∣∣ = sup
06x61

ρ+ 1

nρ+ 1

∣∣−x2 + x
∣∣ = 1

4
· ρ+ 1

nρ+ 1
.

It follows that
lim
n→∞

Mn = 0.

That means that the convergence

Uρ
n(e2, x) −→ e2(x)
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is uniform. From the Korovkin theorem, when Uρ
n(ei) → ei converges uniformly on

[0, 1] for i ∈ {0, 1, 2}, then Uρ
n(f) → f converges uniformly for every continuous

function f . That ends the proof.

The second result is the verification that Voronovskaya type theorem holds for
Bernstein-Durrmeyer operators. In 1932 Voronovskaya obtained a result dealing
with the asymptotic behavior of the classical Bernstein operators. Her theorem is
stated in the book of De Vore and Lorentz [3] as follows.

Theorem 3. If f is bounded on [0, 1], differentiable in some neighborhood of x0 and
has second derivative f ′′(x0) for some x0 ∈ [0, 1], then

lim
n→∞

n[Bn(f, x0)− f(x0)] =
x0(1− x0)

2
· f ′′(x0).

If f ∈ C2[0, 1], then the convergence is uniform.

This result attracted a lot of attention a few decades later and many authors
inspired by Voronovskaya’s theorem proved similar asymptotic properties for other
groups of operators. All these theorems are jointly called Voronovskaya type theo-
rems.

A result of this type has been in particular claimed by Păltănea in [6]. In the
paper of Păltănea the proof is missing and the theorem is stated with the right hand
side coefficient 1

2 instead ρ+1
2ρ . Therefor we present the correct formulation and the

complete proof below.

Theorem 4. If f is a continuous function on [0, 1] and twice differentiable in every
x ∈ (0, 1), then we have

lim
n→∞

n[Uρ
n(f, x)− f(x)] =

(ρ+ 1)f ′′(x)

2ρ
· x(1− x).

Proof. Let f be a continuous function on [0, 1] and twice differrentiable in (0, 1).
Using Taylor’s formula for fixed x0 ∈ [0, 1] we obtain

f(t) = f(x0) + f ′(x0)(t− x0) +
1

2
· f ′′(x0)(t− x0)

2 + (t− x0)
2 · εx0(t)

where limt→x0 εx0(t) = 0 and function t → εx0(t) is continuous on [0, 1]. From the
definition of Uρ

n we have

Uρ
n(f, x0) = f(x0)·Uρ

n(e0, x0)+f ′(x0)·Uρ
n(e1−x0, x0)+

1

2
·f ′′(x0)·Uρ

n(e2−2x0e1+x20, x0)+

+Uρ
n((e1 − x0)

2 · εx0 , x0) = f(x0) + f ′(x0) · [Uρ
n(e1, x0)− x0 · Uρ

n(e0, x0)]+

+
1

2
·f ′′(x0)·

[
Uρ
n(e2, x0)− 2x0 · Uρ

n(e1, x0) + x20 · Uρ
n(e0, x0)

]
+Uρ

n((e1−x0)
2·εx0 , x0) =

= f(x0) +
1

2
· f ′′(x0) ·

−(ρ+ 1)x20 + (ρ+ 1)x0
nρ+ 1

+ Uρ
n((e1 − x0)

2 · εx0 , x0).

It follows that
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n [Uρ
n(f, x0)− f(x0)] = n

[
1

2
· f ′′(x0) ·

−(ρ+ 1)x20 + (ρ+ 1)x0
nρ+ 1

+ Uρ
n((e1 − x0)

2 · εx0 , x0)

]

=
1

2
· f ′′(x0) · n · −(ρ+ 1)x20 + (ρ+ 1)x0

nρ+ 1
+ n · Uρ

n((e1 − x0)
2 · εx0 .

Let

A
(n)
1 =

1

2
· f ′′(x0) · n · −(ρ+ 1)x20 + (ρ+ 1)x0

nρ+ 1
,

A
(n)
2 = Uρ

n((e1 − x0)
2 · εx0 .

Then

lim
n→∞

n[Uρ
n(f, x0)− f(x0)] = lim

n→∞
A

(n)
1 + lim

n→∞
A

(n)
2 .

We compute the first limit limes on the right hand side

limn→∞A
(n)
1 = limn→∞

1
2 · f ′′(x0) · n · −(ρ+1)x2

0+(ρ+1)x0

nρ+1

= 1
2 · f ′′(x0) · limn→∞ n · −(ρ+1)x2

0+(ρ+1)x0

n(ρ+ 1
n
)

= 1
2 · f ′′(x0) · limn→∞

−(ρ+1)x2
0+(ρ+1)x0

ρ+ 1
n

= 1
2 · f ′′(x0) · limn→∞

−(ρ+1)x2
0+(ρ+1)x0

ρ = (ρ+1)·f ′′(x0)
2ρ · x0(1− x0).

Now, we need to calculate limn→∞A
(n)
2 . From Cauchy–Schwarz inequality for posi-

tive operators we have that

|Uρ
n((e1 − x0)

2 · εx0 , x0)| 6
√

Uρ
n((e1 − x0)4, x0) ·

√
Uρ
n((εx0)

2, x0).

It follows that

n · |Uρ
n((e1 − x0)

2 · εx0 , x0)| 6
√
n2 · Uρ

n((e1 − x0)4, x0) ·
√

Uρ
n((εx0)

2, x0).

If limt→x0 εx0(t) = 0 and t → εx0(t) is a continuous function, then t → (εx0(t))
2 is a

continuous function, too and limt→x0(εx0(t))
2 = 0. Since also Uρ

n(f) → f converges
uniformly we obtain

lim
n→∞

Uρ
n((εx0)

2, x0) = 0,

so that finally

lim
n→∞

√
Uρ
n((εx0)

2, x0) = 0.

Now we take care of the term
√

n2 · Uρ
n((e1 − x0)4, x0). After straightforward com-

putations we have
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n2 · Uρ
n((e1 − x0)

4, x0) = n2 · Uρ
n((e4 − 4e3x0 + 6e2x

2
0 − 4e1x

3
0 + x40, x0), x0)

=
[n3(3ρ3+6ρ2+3ρ)−n2(6ρ3+24ρ2+36ρ+18)]x4

0
(nρ+1)(nρ+2)(nρ+3) +

[−n3(6ρ3+12ρ2+6ρ)+n2(36ρ3+72ρ2+72ρ+36)]x3
0

(nρ+1)(nρ+2)(nρ+3)

+
[n3(3ρ3+6ρ2−3ρ)−n2(7ρ3+30ρ2+47ρ+24)]x2

0
(nρ+1)(nρ+2)(nρ+3) + n2(ρ+1)(ρ+2)(ρ+3)x0

(nρ+1)(nρ+2)(nρ+3) .

The sequence

n2 · Uρ
n((e1 − x0)

4, x0)

has a finite limit for all x0 ∈ [0, 1]. Therefore the limit of the product below exists
and we have

lim
n→∞

[√
n2 · Uρ

n((e1 − x0)4, x0) ·
√

Uρ
n((εx0)

2, x0)

]
= 0.

Therefore we obtain

0 6 n · |Uρ
n((e1 − x0)

2 · εx0 , x0)| 6
√

n2 · Uρ
n((e1 − x0)4, x0) ·

√
Uρ
n((εx0)

2, x0)

and it follows that

lim
n→∞

[
n · Uρ

n((e1 − x0)
2 · εx0 , x0)

]
= lim

n→∞
A

(n)
2 = 0.

So that finally we obtain

lim
n→∞

n[Uρ
n(f, x0)− f(x0)] =

(ρ+ 1)f ′′(x0)

2ρ
· x0(1− x0).

Since this works for arbitrary x0 ∈ (0, 1), the proof is finished.

The result stated in the present note is valid for continuous functions only. It
seems possible to extend it in an appropriate way to Lebesgue integrable functions.
We hope to come back to this problem in the near future.
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Magdalena Lampa-Baczyńska, Pedagogical University of Cracow, Poland E-mail ad-
dress: lampa.baczynska@wp.pl


