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CLUSTER ANALYSISASA STRATEGY OF GROUPING TO CONSTRUCT
GOODNESS-OF-FIT TESTSWHEN THE CONTINUOUS COVARIATES
PRESENT IN THE LOGISTIC REGRESSION MODEL

Abstract

When continuous covariates are present, classieaisBn and deviance goodness-of-fit tests to assess
logistic model fit break down. Many goodness-oft@OF) tests such as Hosmer—Lemeshow tests can be
used in these situations. Meanwhile, it is simpl@érform and widely used, it does not have dekdrab
power in many cases and provides no further inftionaon the source of any detectable lack-of-fie W
propose a new strategy of grouping based on agamgral partitional clustering in the covariatecgpto
construct two goodness-of-fit test statistics. Mamulation studies are implemented and clinicahda
set is analyzed to examine the performance of tbpgsed strategy of grouping and the developed GOF
test statistics. The results show that the propssadegy of grouping and GOF test statistics baseit

has a potential for use in practice as a recomntesttategy of grouping and as GOF test statistics t
assess the adequacy of the logistic regressionimode

Keywords:Continuous covariates; Cluster analysis; Goodné$istest; Logistic regression; Strategy of
grouping.

1. Introduction
Nowadays, logistic regression model (LRM) is pdrthe standard empirical research and it

is commonly employed in several disciplines inchgdimedical research, health research, and
social research [1]. Overall goodness-of-fit (G@4#3t for the LRM is considered as the principal
activity in the modeling process. GOF test reflegtsether the predicted values are an accurate
representation of the observed values. GOF refsosta the adequacy of the fitted model. It is
defined as an evaluation of how well model prediciatcomes agree with the observed data [2].
GOF test, on the other hand, widely referred taek-of-fit, because it is measuring how far the
model is from the data; more than how much the m@&lgood [3]. Omitted predictors, a
misspecified form of the predictor, or an inapprag link function can all result in poor fitting.

Assessing GOF for the LRM is widely studied and ynstnategies of grouping and GOF test
statistics based on them have been proposed iaghthree decades. Two strategies of grouping
were proposed by Hosmer and Lemeshow (HL) [4-5}iléle of risk and the fixed cut-off points
respectively, to group the range of the estimaigukeddent variable. In order to construct GOF
test, the ranked estimated probabilities are group K groups according to either deciles of
risk or prespecified fixed cut-off points. The testhtistic is calculated by comparing the
observed frequencyQ,) to the average predicted frequency, ] in the k™ group,k =
1,2,...,K, via the familiar form of the statistic:

A (0Or—Ep)?
CyL = Ik(=1kE—kk (1)

HL's GOF test statistic is widely used due to itdldwing properties:(a) it is naturally
attractive and easy to compugb) it has sound support from simulation studiey;it is widely
available in computer packages; ddilIn addition to these properties, lack of a bedigproach
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also contributes to its popularity. However, it hlas following limitations [6-8]1(a) its limiting
distribution has not been carefully derivél) it is a conservative test and has low power to
detect specific types of lack-of-fit (such as noalrity in an explanatory variablg)) it is
highly dependent on how the observations are gibufd if too few groups are used to
calculate the statistic (for instance, five or fewgeoups), it will almost always indicate that the
model fits the data; an@) when the HL GOF statistic indicates a lack ofifitmay be difficult

to identify what types of subjects are not modeled.

Many other researchers proposed different stradelggesed on HL's strategies of grouping
such as [9] proposed a strategy of grouping basesksigning a score to the dependent variable
categories. A chi-squared type GOF test was prapbgezhang [10] for LRM using the fixed
cut-off points strategy of grouping and the casetwd data. The deciles of risk strategy of
grouping was used by [11] to construct the GOFwdstn the correlated or grouped binary data
are analyzed by using the logistic generalizedregtng equations (GEE) model. Also, the fixed
cut-off points strategy of grouping was adapted[18] to propose a data-driven strategy for
grouping data and a new chi-square type GOF tasstst based on case-control data for testing
LRM by adapting the Zhang [10] test.

Tsiatis [13] proposed different approach to pamtitthe multidimensional space of covariates
into K distinct groups, instead of grouping the obseovetiby their predicted outcomes. An
additive group effect for each group is added ® iodel to measure grouping lack-of-fit. A
score statistic is used to test that all of khgrouping effects are zero. Tsiatis’ proceduresis a
follows: (a) the space of covariates matiX;, X,, ..., Xp) is partitioned intd{ distinct groups in
P-dimensional space denoted ®yC,, ..., Cx. The indicator functions® (k = 1,2,...,K) are
defined byl ® = 1if (X;,X,, ..., Xp) € C, andI® = 0 otherwise{b) the model considered is:

In(m;/(1—m)) = BX; +v'I; (2

where B' = (Bo,Bi,-...Bp) » Xi = (Lxqs..,xp;) , I =P .., 1%) | and y' =
V1,72, ---,Yx). Note thai’'X; models all the original covariates apd; models the regional
shifts; (c) a score statistic is then constructed to testHpat, = y, =+ = yx = 0. Tsiatis’'s
approach is conceptually elegant, but its lack megd rule for how to partition the covariate
space, especially when continuous covariates asept. How to choose the number of distinct
groupsK has also remained largely unstudied. Many reseesgbroposed other strategies based
on the idea of Tsiatis’s strategy of grouping sasl14] proposed strategy of grouping based on
categories of the covariates and constructed G@tFstatistics based on this strategy to assess
the adequacy of the multinomial LRM.

The deficiencies of the above strategies and GO teased on them motivated Pulkstenis,
and Robinson [2] to propose a two-stage modificatibthe HL's strategy of grouping where in
the first stage all dependents are sorted by mioasdd estimated probabilities within each
unique covariate pattern, as defined by only thegmical covariates, and then in the second
stage creating two sub categories within each cateapattern, essentially splitting the category
in two cells based on the median of estimated pitibas 7; within each of thek row. This
additional stratification basically doubles the roen of covariate patterns to incorporate
information related to all continuous covariateshia model. Model-based expected couiys
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are computed exactly as before, and the propostdstatistics are a Pearson chi-square test
given by:

2
(Oknj—Eknj)

Exnj

XI%R = Ik(=1 Z%l:l Z?:l (3)
and the deviance which is calculated by compaltiregeixpected and the observed counts in the
resulting contingency table as:

[0} .
Dy = 2 Zfes Thes Bioa Opnlog (72 @

where k denotes covariate patterrs,denotes the sub stratification due to orderingfitigd
probabilities, and denotes the categories of the dependent varidibkedegrees of freedom for
these statistics are given B¥ —p — 2, where2K refers to the number of rows in the new
stratification splitting each row of contingencpl@ andp is the number of categorical variables
in the model. These GOF test statistics may be rmoweerful than the HL GOF test in some
situations due to the fact that the structure dividlual covariate patterns is kept intact rather
than collapsed. The main limitations of these GEdt statistics are not recommended by authors
when only continuous variables are modeled and KMFGest would be preferable, or when
only categorical variables are modeled and thedstahPearson or deviance chi-square would be
appropriate.

All the reviewed works above are based on the stilbgegrouping to either the space of the
estimated response variable or the space of thariede@s. Recently, Xiest al. [15] proposed to
use hierarchical clustering analysis (specificallfard’s Method) to group the space of the
covariates into clusters of similarity. This has @dvantage of identifying groups in which the
observations are similarly profiled with respecttheir covariate values. They assumed that
(xi1, Xi2, -+, x;p) be the set oP covariate values for thé" observationj = 1,2,---,n. They
proposed to use Ward's method of clustering toitpamt the space of the covariates ko
groups, denoted bg,, C,, - Cx, and they defined an indicator function for #f& group by
19 = 1if (x;1,--,x;p) € C , and 0 otherwise. Consequently, they proposed@@& tests to
assess the adequacy of LRM based on this strategipoping. The first GOF test is a Pearson
chi-square statisticX?. ) similar to the HL GOF test to assess the lackitaff LRM, given by:

X = Y10 — i) ? /i (1 — ) (5)

wheren,, is the number of observationsdp, 0, is the observed number of events/successes in

Cy, andw, = Z’;lmgﬁg/nk is the average estimated probabilityCin which hagg, covariate

patterns withm, observations in thgt" covariate pattern. For abbreviation the seconggsed
GOF test is exactly same as Tsiatis’'s GOF test lwtsadiscussed above. They considered the
distribution of the proposed GOF test closes tescjuare distribution witdf = K — (P/2) — 1
based on several assumptions about the true ditnibof the observations and the parameter
estimators.
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Xie, et al.[15] pointed out thatfa) both GOF tests for decisions on model fit in thsturdy
are applicable to a wide range of model scenadata(settings) when continuous covariates are
present(b) for all the simulation scenarios, the GOF testsrsheasonably well-controlled type |
error rate.(c) both GOF tests demonstrate at least equal, ifmath higher power in detecting
missing quadratic term or missing interaction teas,compared to currently widely used HL
GOF test.(d) when both continuous and categorical covariatespagsent, the two GOF tests
along with the HL GOF test outperform the Pulkstesand Robinson tests in detecting missing
guadratic term. But the Pulkstenis and Robinsots tappear to outperform the two proposed
tests and the HL GOF test in detecting missingraatigon term.(e) these comparisons provide
an example in practice that both GOF tests dematedetter properties.

In spite of these good properties of the stratdgyrouping and GOF tests proposed by Xie,
et al. [15] they have some disadvantages such(a@shierarchical clustering has a general
disadvantage since it contains no condition follweation of elements which may have poorly
classified at an early stage in the analysis [1B).the output of this method of clustering
necessarily represent hierarchical relationshipragribe elements, thus this method of clustering
does not appropriate to handling large data gejswhen both continuous and categorical
covariates are present, the proposed strategy @feXial. [15] treated the dichotomous and
ordinal covariates as interval dafd) as it was known that the Ward’s method is an aat@m
method in clustering the observation started withusters and end with one cluster or in reverse
direction, Xie,et al. [15] did not show how are they used the numbeclo$tersK. (e) they
recommended more studies for determining the degrefseedom for the approximated Pearson
chi-square statistic and for improving the clustgriprocess by choosing another clustering
method better than the method is used.

All these strategies of grouping and GOF teststta based on them have their limitations.
These limitations of currently available strategpéggrouping and GOF test statistics based on
them are motivated us to propose a new strategyonfping based on patrtitional clustering and
constructing two GOF test statistics based on tiopgsed strategy to assess the adequacy of
LRM. Consequently, the main objectives of this gtade proposing a new strategy of grouping
based on partitional cluster analysis, constructing GOF test statistics of chi-square type
(clustering chi-squarg? and clustering chi-square deviang® based on the proposed strategy
of grouping to assess the adequacy of the LRM a&atliating the performance of the proposed
strategy of grouping and the developed GOF tests.

The paper is organized as follows. Proposed syatégrouping and GOF test statistics are
given in Section 2. Thereafter in Section 3, wespne some results of analyzing the simulation
studies to evaluate the performance of the propssategy of grouping and the developed GOF
test statistics. An application using real datafixeh the survival times of patients with prostate
cancer who are randomly allocated to a treatmettt am estrogen is presented in Section 4.
Brief conclusions are presented in the last Section

2. Proposed strategy of grouping

The proposed strategy of grouping is based oneafastalysis. The term “Cluster Analysis”
consists of two main branches of clustering; Higheral and Partitional. Partitional clustering
involves partitioning a given set of quantitativelividuals or elements into a number of distinct
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groups, called clusters [17]. Also, [18] definedtRianal clustering as the process of organizing
the quantitative elements in a dataset into clastelgroups so that the elements within the same
cluster have a high degree of similarity, while éiements belonging to different clusters have a
high degree of dissimilarity according to some wmiedi similarity criteria.We construct GOF
statistics based on the strategy of grouping coenbie ideas of the partitional clustering to
partition the quantitative covariates spaces infitisé stage and to partition the categories of the
observed dependent variable space in the secogel stahe proposed strategy of grouping. The
proposed strategy of grouping combined the ideapanfitional cluster techniqueK{Means)
[19] to partition the spaces of the continuous cates and the categories of the dependent
variable to partition each group into two subgroufdse proposed strategy of grouping based on
the mixed partitioning to divide the range of tlowariates and the range of the observed and the
estimated dependent variables into clusters ofiaiityi. This enables us to avoid the subjective
partitioning disadvantages, and has the advanthgdentifying clusters which have the same
observations with respect to their covariate angeddent variable values.

Hence, supposX is a matrix ofn x P covariates and/ is a vector of binary dependent

variable in the data set with two categories (A)pX; = (xlj,xzj,---,xn]-)',j =1,2,-,Pand
i=1,2,-,nis thej'™ covariate in the matrix. The proposed strateggroiuping attempts to

partition the elements of the covariates in therixat of the covariates int& distinct clusters
denoted by;, C,, -+, Cx as follows:

2.1 Select the number of clusters

The first step is selecting the number of clus{greups) because the proposed strategy of
clustering is affected by the fundamental and wivesl problem in cluster analysis. The
problem is how many clusters are present in a gdaga set? This problem was widely studied.
Several methods are proposed to identify the nurobefusters statistically from a given data
set which includes methods such as the gap stafd]; a simulated annealing clustering based
method [21]; cluster isolation criterion [22]; ctes stability [23] and Rand’s statistic [24]. All
these methods are based on prior knowledge abeutata without any constraint on this
number; this means the number of clusters can lgenamber. Thus, there is no completely
satisfactory method for determining the numberla$ters for any type of cluster analysis.

These methods are not suitable to use in the gyrategrouping because)(choosing any
number of clusters is irrelevant in constructing BOF tests and) there are some constraints
on the number of clusters (groups) when the chasgjtype GOF tests are constructed. For
example [25] stated that the smallest number aftelsK must be greater than or equal to 6 to
ensure that 80% of the expected frequencies astagrthan 5. Meanwhile [26] did not specify
any number of clusters but instead he stated‘thatimportant point is that K should be larger
when n is large. But it is not recommended that wsea very large value of K, and a choice in
the range 5-15 seems rightTherefore, we will compare the results of muéipluns with
differentK number of clusters in the range 5-15 and choosddst one according to the above
criterion (expected frequencies) and other twert(CC and B will discuss later.

2.2 Partition the space of covariates
In the second step we partition the space of catewiintaK distinct clustersCy, C,, -+, Cx

using the idea oK-means cluster analysis [17-27]. The clusteringlase on the basis of
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distance measures and according to the followirgich@quirements of the clustering process
[28]:

a) Cp, # 0, k=12,--K
byC,nC, =0, k,i=12,.,.Kand k # 1 (6)
d) X = Ulk{zlck

then the association functidfx;, C;) is defined as follows:

I(x,,C,) = {1 if x; is allocated to k" cluster @
bk 0 otherwise

wherex; is theit" vector of covariates ang}, is thek®" cluster. Then, the clustered covariates in
this stage are used to fit the appropriate LRMstineate the probabilitie®;, for more details of
how to estimate the probabilities see [25 and 29].

2.3 Cross-classify the observed dependent variable Y; and the estimated probabilities7;

In the last step of the strategy of clustering,rass-classification table for the observed
dependent variablg and the estimated probabiliti#sis created by partitioning each cluster
into two parts based on the categories of the ebdedependent variable (0 and 1). Each
observation then belongs to one2éf distinct clustersis in Table 1.

Three criteria are used to assess the efficientlgeoproposed strategy of grouping. The first
criterion is the frequency in each cluster (growpgre [25] stated that it must be insure that 80%
of the expected frequencies are greater than 5.s€bend criterion is the Clustering Criterion
(CC) which is equal to the mean of the squaredr@mrdhe mean of the distance measurement
between the elements of data set and their clusteers given by:

1
CC = Ezlg:l ZXiECk I(Xir Ck)llxi - ckllz (8)

where||. || is the Euclidean norn; is theit" vector of covariates;,, is thek" cluster,c, is the
centriod of thekt" clusteri(x;, C,) is as defined in Eq. (7) ardis the number of clusters
(groups). The small value of theC means the clustering process was efficient. Tihre th
criterion is the dissimilarity criterion. The clesing process aims to produce disjoint or
dissimilar clusters. Consequently, the third criteris used to measure the dissimilarity between
clusters is [20].

R? = (TSS — SSE)/TSS (9)

whereTSS = Z,-Zl-(xl-j — c‘j)2 is the total sum squares which are resulting foomparing
x;; the individual observations for each variable agai; = Y., ¢;;/K the grand mean for the

jth variable andSSE =Y, Yiier, Zj(xikj — 6kj)2 is the sum squared error resulting from
comparingr;,; theit” element in thg™" variable of thet*" group against the" group mean
Cy; for thejt" variable. The value dt? is interpreted as a measurement of dissimilagtyveen
clusters. Therefore, we have a clustering processs glisjoint or dissimilar clusters when we
have large value R?.



241 3. Construct the proposed GOF test statistics

242 The proposed strategy of clustering is an autonpaibcess that often yields clusters (groups)
243  with unequal sizes, wherg # n, # n; # -+ # ng; hereny is the number of observations in the
244 k' cluster. Then, the assumption of the groups wifhaé size is avoided. Consequently, the
245 importance of large clusters must be consideredabsulating the proportional weight of each
246  cluster and using this weight to calculate the Wwed observed and weighted estimated
247  frequencies for each cell in Table 1. Thereforeg theighted observed frequenoy, of

248  g'" category of dependent variablekff* cluster is calculated as:
n
249 Ogre = Wi Ziff ZigkYigk (10)

250  whereY;, is thei'" observation of the dependent variable in gt category and ik""
251  cluster;ng is the number of the observations igtdé category of dependent variable akdf
252 cluster;Z;g, = 1if Y; belong tog™ category irk™ cluster and 0 otherwise anat, = n,/n is
253  the proportional weight dt" cluster.

254 Meanwhile, the weighted expected frequefigy of g*"* category ink'" cluster is calculated
255  as follows:

n N
256 Egr = wi Ziff ZigkTigk 11§

257 whereZ;, = 1 if #; belongto g™ category in k™ cluster and O otherwisef;y, is thei"
258  observation of the estimated probability in & category and k" cluster, anchg, is the
259  number of observations of the estimated probadslitin theg™ category of the dependent
260 variable and ink®" cluster. After that, a cross-classification talslensists of the weighted
261 observed frequencie§y, which is calculated as in Eg. (10) and the weightxpected
262 frequenciediy, which is calculated as in Eq. (11) is createchaBable 1.

263
264 Table 1 Cross-classify the observed and the estond¢pendent variables
Clusters C;, C ... C
Categories of Y
0 0o; Opy - Opg
EOl EOZ EOK
1 0417 05 ... Oig
Ell E12 ElK
265
266 The chi-square type GOF test statistics are cotisttiuby comparing the weighted observed

267 and the weighted expected frequenciegjihcategory of dependent variable kf* cluster.
268  Hence, the first proposed GOF test statistic iscthetered chi-squaré? which is calculated as
269  follows:

2
270 Xc2 = Z£=1 Z?q:l (ng - Egk) /Egk (12)

271 and the second proposed GOF test statistic isltistered devianc®? is given:
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The proposed GOF test statistitsandD? are designed to allow us to assess the GOF of
the LRM. They differ from the existing GOF testts#acs in their construction based on efficient
strategy of grouping and weighted observed and aggdefrequencies for each cluster. Hence,
the criteria discussed above are used to investitt performance of the proposed strategy of
grouping as in simulation study 1, and the otherusation studies are used to investigate the
performance of the proposed GOF test statisticso,Adlinical dataset is analyzed to investigate
the performance of the proposed GOF tests as shothe next Sections.

4. Simulation results and discussion

Extensive simulation studies are conducted to assies performance of the proposed
strategy of grouping and to investigate the propgrf the proposed GOF tests. The objectives
are to assess the adequacy of the proposed sti@tggyuping to give disjoint groups, to assess
the power of the GOF test statistics to detect @etyaof departures from the LRM and to
compare the performance of the proposed GOF tet same of existing GOF test (when
appropriate). Both of the proposed GOF test stegisire based on the chi-square approach with
additional stratification; it follows that both tesshould follow asymptotically chi-square
distribution with2K — P — 2 degrees of freedom, whekeis the number of clusters (groups)
andP is the number of parameters in the model.

In all simulation studies, a given model is assunm@dboth the true underlying linear
predictor and the joint distribution of the covaéem Random sample afvectors of uncorrelated
covariates in each replication was generated xgBccomputed for each independent sampling
unit. The responseY was determined by comparing the underlying model
n(x;) = exp(x;B)/(1 + exp(xjB)) to a uniform random variabléu;~U(0,1)), assigning
y; = 1ifu; <m(x;) and O otherwisq, = 1,2,...,n. This process gives a mati of n x P
covariates and Y is a vector of binary dependenakike in the data set with two categories (0 or
1). The proposed strategy of grouping attemptsattitipn the elements of the covariates in the
matrix X into K distinct clusters denoted I8y, C,, -, Cx in the first stage and in the second
stage the categories of the dependent variablaised to partition the observations of each
cluster into two sub clusters. Therefore, the fwiftg simulation studies are implemented under
the null hypothesis that the fitted model is therect model to provide the above objectives.

4.1 Assessthe performance of the proposed strategy of grouping

The idea of this simulation study is taken from\sjh some modification. Two data settings are
considered to examine the performance of the pexbeategy of grouping when the following
fitted LRMs are the correct model:

Model (1) logit(m(x;)) = Bo + Buxir + Baiz (L4

Model (2) logit(m(x;)) = Bo + Paxiz + BaXiz + Paxiz (15)

These models represent an increasing in complacdtprding to the number of covariates
and differ in the distributions. The first model #g. (14) consists of only continuous
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covariates\; ~U(—6,6) and X,~N(0,2). The second model in Eqg. (15) consists of discrete
covariateX;~Poisson(6) in addition to the covariates in the first modekwaluate the effect of
the discrete covariate on the strategy of clusgerifherefore, these models represent the
expected cases that may occur in practice.

The distribution oft(x;) is considered as a transformation of the distidloubfx;. For
example the Uniform distributiofti (— 6,6) produces a symmetric distribution with mostly
small or large probabilities; while the covariatesta highly skewed right distribution such as the
x2(4) distribution results mostly small but a few largeobabilities. Other choices for the
distribution produce a more uniform distributiongsbbabilities [6]. TheB values are chosen in
these models according to the following properf@3: (a) the signs of8 determine whether
m(X;) is increasing or decreasingxgsincreases(b) Whenpg — 0 the curve ofr(x;) is flatten to
a horizontal straight linglc) Wheng = 0 Y is independent oK. (d) for quantitativeX when
B > 0 the curve ofr(x;) have the shape of the cumulative distribution fiomc(cdf) of the
logistic distribution.

According to these considerations we choose thelaisions of the covariates. Also, we
choose the beta coefficients of the models accgrtinthese characteristics. Consequently, the
beta coefficients are chosen & =0, g, =0.8, f, =0.75, and f; =0.60 to give
approximately same importance for the covariateghis simulation study, the performance of
the proposed strategy of grouping is assessedefdner the first step is generating sample of
sizen = 200 values of the covariates according to their pridgerin both data settings. The
proposed strategy of grouping is used to partiti@ncovariates space inkoclusters in the first
step. The results in Table 2 show the values ofctiteria (frequency of each cluster, cluster
criterion CC and dissimilarity criterioR?) for K = 5,10 or 15 in both models.

These criteria will be used to evaluate the pertorce of the proposed strategy of
clustering. All these criteria show that the vabfeCC decreases when the number of clusters
K increases, on the other hand, the value R¥f increases when the number of clust€rs
increases. These results also show that the nuofilohrstersk = 15 is inappropriate to be used
in construction of GOF test of chi-square type beseat gives more than one frequency less than
5 in spite of the low value @C and a high value dt?.

Table 2 The results of conducting the strategylustering on both models amd= 200

Model 1: logit(n(xl)) = BO + ﬁlxil + Bzxiz
*C,= 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 CC R?

K
5 42 43 26 35 54 1.08 0.87
10 21 14 21 11 30 16 18 27 17 25 0.76 0.94

15 18 8 17 04 14 03 14 22 22 15 10 6 13 23 11 0.59 0.96
Mode 2: lOgit(T[(Xl)) = BO + ﬁlxil + Bzxiz + ﬁgxig

5 44 23 35 52 46 1.38 0.75
10 20 21 21 23 07 24 21 05 24 34 1.12 0.85
15 14 17 29 12 19 12 15 17 01 19 06 12 12 10 05 0.98 0.89

*Cis the clusters and the number in each cell repteke frequency of each cluster.
** K=Number of clusters.
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At the same time these results show that the numibelustersk = 10 shows a potential
use where all the three criteria agree that thiabuer is the best to be used in constructing a chi-
square type GOF tests. In brief, these resultg€lérequency in each group, small value of CC
and large value a&?) show that the proposed strategy of clusteringduesjuate efficiency to
give separate clusters (groups) regardless ofuh®bar of clusters or the number of covariates.

4.2 Assess the performance of the proposed GOF tests (X2 and D?)

The performance of the proposed GOF t€Xfsand D?) is assessed in the second step.
Extensive simulation studies were conducted tossssige power of the proposed GOF tests
(X% and D?) to detect the particular types of departure froRMs under a relatively wide
variety of data settings. The power of a statistiest is the probability that it will correctlydd
to the rejection of a false null hypothesis [30jdalso, he defined the statistical power as the
ability of a test to detect an effect, if the effactually exists. Conventionally a test with a gow
greater than 80% is considered statistically powd&1]. The detection power of the proposed
GOF test statistics are evaluated by simulating ffaim several LRMs, and then the models are
fitted with purposely exclude terms.

4.2.1 The detection power of omitting the quadratic term (changed according to reviewer
comment-3)

In the first data setting, we use the idethefdata setting that was modified by Xteal. [15]
from the one used in Hosmet al[6] to investigate the effect of deleting a quaidréerm in a
continuous covariate on the performance of the gge@ GOF tests. The model has two
continuous covariate(X; and X,) and the quadratic term X; as follows:

logit(n(x,)) = Bo + Prxix + Boxf + Baxiz (16)

whereX,~U(—3,3), we used three different distributions X;: X;~U(-1,1), X;~N(0,4) and
X,~Beta(4,2). The values of the coefficients of the model azBreéd as in the above modified
study. These values are chosenf, = —3.2324, ; = 0.5583, B, = 0.5002 and S5 = 1.1In
this simulation study we assess the effect of agjehe quadratic ter X2 from the model on
the performance of the new GOF test statistics @mdpare the performance of the proposed
GOF tests with the performance of and HL GOF iC,; Xand the GOF tests proposed by ie
al. [15] using these reduced models. Table 3 showstdht size (type | error rates) and the
percent of times each of the tests rejected thethgsis of fit (test power) at tle = 0.05 level
using sample sizen = 200 and n = 500 with 500 replications.

Table 3 Type | error rates and detection powerswthe quadratic term is ommiting

Original model *: logit(m(x)) = —3.2324 + 0.5583X; + 0.5002X7% + X,

Fitted Model: logit(m(x)) = —3.2324 + 0.5583X; + X,

Type | error rates (Test size) Test power (%)

n=200 n=500 n=200 n=500
X;~> U N BetaU N BetaU N BetaU N Beta
X%¢ 001 002 001 001 0.01 001 100 99.9 100 100 100 100
D%¢ 001 001 001 001 001 001 100 100 100 100 100 100
Cy,° 0.07 0.06 0.06 0.05 0.05 0.06 11.7 343 16.7 18.6 66.3 21.6
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Xx2.4 0.04 0.02 0.04 0.02 0.02 0.03 85.7 99.9 29.6 99.9 99.9 58.2
T*° 0.07 0.04 0.07 0.06 0.05 0.06 89.3 100 34.5 100 99.9 64.3

@ Parameters are chosen in a way that the quateaticeffect has high impact in the prediction fimct(Xie et al[15].

PU is uniform distribution; N is normal distributipBeta is Beta(4,2) distribution.

¢ X2 is the proposed clustered chi-square GOF tessttaD? is the proposed clustered chi-square deviance.

dX,E‘ is the Pearson chi-square GOF test statisticT*nigl the score statistic both GOF tests proposed ieyeX al[15]. Cy,is the
Hosmer and Lemeshow test statistic, their valneke table calculated by Xét al[15].

The results in Table 3 show that the estimated Typeor rates for the proposed GOF
tests X2 and D?) appear to be on the conventional side for the csgp levea = 0.05 of the
test in both sample sizes and for all the distidng. These results also show that HL GOF test
does not control the Type | error in both samptesiand in most distributions. In this case, HL
GOF test has an inflated Type | error rates in bséimple sizes and most distributions.
Furthermore, these results show that the estimByeé | error rates for the Pearson chi-square
type statisticX2. which is proposed by Xiet al [15] appears to be on the conventional side for
the supposed leva = 0.05 of the test. Meanwhile the score test statT *ievhich is proposed
by Xie et al. [15] has inflated Type | error rates in both séargizes and most distributions.

According to these estimated Type | eraies, it is important to make detection power
comparisons between the proposed GOF tests amutlibe tests. Consequently, Table 3 shows
the results for different distributions. For alede distributions, the detection powers of the two
proposed GOF tests are higher than the detectisreipof HL GOF test. This is in addition to
the lack of control on the Type | error of thistteBleanwhile, the detection powers of the
proposed GOF tests are similar to the detectionepewf chi-square test proposed by Eteal
[15] but higher than the detection powers of therstesfT , in spite of the detection powers for
T* test when the distribution is uniform in both sdengizes are questionable according to their
Type | error rates.

In general, the detection powers of the propdS®F tests are somewhat higher than that of
HL GOF test and somewhat similar to the detectiowgrs of Xieet al [15] GOF tests. The
increase in the sample size and the skewness uhghédution of the deleted quadratic terms do
not affect the detection powers of the proposed @3t but the detection powers of other GOF
tests are increased as sample size increases.Kémmess in the distribution of the deleted
guadratic term decreases the detection powershetr @&OF tests and inflated the Type | error
rates. The proposed GOF tests maintain higher leaat equal power as the other GOF tests.

4.2.2 The detection power of omitting the interaction between dichotomous and continuous
variables
The idea of the second model is taken from [2]nteestigate the performance of the new
GOF test statistics and the ability to detect thsgion of the interaction between dichotomous
and continuous variables. The model is given by:

gX,d) = Bo + p1X + Bod + B3Xd (17)

whereX ~ U(—3; 3) andd is Bernoulli withp = 0.5. Parameters were chosen at specified
values f,=010 , p;=010 , B,=020 and pz3=020+m  where

m = 0.10; 0.30; 0.50 or 0.70. These values ofi allow a series of models that increase in the
strength of the interaction. The dependent varigbgesimulated by comparing an independently
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simulated covariate W~U(0,1) with the true logistic probabilities
n(x,d) = Exp(g(X, d))/(l + Exp(g(X, d))) which is estimated from fitting the LRMs in Eq.
(17) and the rule¥ = 1if W <n(x,d) andY = 0 otherwise. According to these properties
four LRMs differ in the strength of the interactiare fitted with omitting the interaction term to
investigate the performance of the proposed GOfstasisticsX? andDZ. The performance of
the proposed GOF test statistics is compared tdHth&OF test’,;; and Pulkstenis-Robinson
GOF test statistics X2, and D3z) using these reduced models. The data is genevithdhe
above model and then the model is fitted with angtionly the interaction term. A total of 500
iterations were performed for sample simes- 100 and n = 500 subjects and the detection
powers are provided in Table 4.

Table 4 Simulated powers of detection from fittmgdel in Eq. (17) with omitting interaction
termXd

Original modelg(X,d) = Bo + B1X + B,d + B3Xd
Fitted modelg(X,d) = Bo + B1X + B,d

Sample size n =100 n =500
Interaction B3 = B3 =
coefficients 0.3 05 0.7 09 03 05 0.7 09
Statistics
x5 58 49 50 32 48 54 40 18
CuL 43 39 30 52 58 42 6.0 6.8
Xip 6.2 15.4 23.8 40.4 9.0 29.2 65.5 96.2
D%, 9.2 16.2 228 37.4 9.4 286 64.6 95.6

X2 186 204 282 300 526 672 728 804
D? 122 234 246 266 49.2 634 62.0 65.6

These results indicate that all GOF test statidtege detection powers that increase with
both sample size and the strength of the intenacfdso, for this simulation study, the proposed
GOF test statistick¥? andD? have somewhat higher detection powers than ther @OF test
statistics.

4.2.3 The detection power of omitting the Main effect term
In addition to the ability to detect the omissioihtlee interaction term, it is of interest to

evaluate the power to detect the omission of thm refiect term. This was done by generating
data from the following model [2] and then the miadditted after excluding, X,:

logitm(x;) = Bo + B1X1 + B2 Xy + B3X3 + BuZ (18)

In this model the regression coefficients are choasf, = —0.25, ; = 0.75, f, = —2.75,

B3 = 0.5, B, = 0.25, X;~U(—6,6) andZ~U(—2,2). The dependent variabMé is simulated as
in the above simulation studies. A total of 500licgtions were performed for sample sizes of
n = 200;n = 400 andn = 800 elements and the detection powers are providéaloe 5.
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Table 5 Powers of detection from fitting the moubeEq. (18) after omitting the main effeky.

Original modellogitn(x;) = By + B1X1 + B2X2 + B3X5 + B4Z
Fitted m0de|10git1't(xi) = BO + BIXI + ﬂng + B4_Z

Statistics n =200 n =400 n = 800
CuL 4.6% 3.4% 3.4%
X%, 4.8% 6.6% 5.6%
D3, 5.2% 7.0% 5.8%
X? 7.8% 10.2% 15.7%
D2 6.2% 9.8% 12.3%

The results given in Table 5 indicate that nonthege GOF tests are particularly powerful to
detect this kind of misspecification in the model.

4.2.4 The detection power of a misspecification link function
Lastly, we examined the ability to detect a misdpEtion of the link function by generating

data from the following complimentary log-log mo@eld incorrectly fitting a logit model [2]:

log(—log(l - ﬂ)) = o + B1X1 + B Xy + B3Z (19)

wherep, = —1.0, ; = 0.5, B, = —0.5, B3 = 0.10, X;~U(—6,6) andZ~U(0,15). A total of
500 replications were performed for sample sizes ef 200; n = 400 and n = 800 elements
and the power of detection from fitting the model Eq. (19) with a misspecification link
function are provided in Table 6.

Table 6 Simulated power of detection from fittimg tmodel in Eq. (19) with a misspecification
link function.

Original modellog(—log(1 — m)) = Bo + B1X1 + B2X2 + B3Z
Fitted mOdeIlOgit(T[l) = ﬂo + ﬁle + ﬂZXZ + ﬁgz

Statistics n = 200 n = 400 n =800
[ 4.6% 3.4% 3.4%
Xig 4.8% 6.6% 5.6%
D%, 5.2% 7.0% 5.8%
X2 7.8% 10.2% 15.7%
D? 6.2% 9.8% 12.3%

The results given in Table 6 again indicate aydolv power to detect this type of lack-of-fit
in the model.

5. Clinical data set



468 As an example in real situation, the survival tinoé$01 patients with prostate cancer who
469 are randomly allocated to a treatment with an gsimoare considered. This data set was
470  considered by several authors such as [32-33] am@ mecently by [34]. In this data set, the
471 value of the outcome variable status classifiescigse of death as 1 = cancer (the event of
472  interest) and O = other. The patients are consid&aeated if they received at least 1 mg of
473  estrogen daily and the other covariates as destiibdable 7. This data set will be used to
474  assess the performance of the proposed strategp@bing based on partitional clustering in the
475  first step and in the second step the performahtdeeadeveloped GOF tests is assessed as in the
476  following subsections.

477 Table 7 Description of the risk factors in the idal data set
Variable name Description Code
Pat-ID Patient number
Status (Y) The cause of death 1= cancer
0= others
Treat (%) treatment estrogen (mg) 0.0 (Placebo)
0.2
1.0
5.0
Ftime (%) follow-up time (month)
Age (%) age ( year)
witind (Xy) weight index=wt(kg)-ht(cm)+200
SBP (%) Systolic Blood Pressure/10
Shem () Serum Hemoglobin (g/100ml)
Size (%) Size of Primary Tumor (cm”2)
SPAP () Serum Prostatic Acid Phosphates
HCD (Xo) History of Cardiovascular Diseas®= has not
1=has
478

479 5.1 Assessthe performance of the proposed strategy of clustering

480 We used the proposed strategy of grouping to partihe space of the continuous covariates
481 in this data set for different number of clustérs= 5, 10 or 15 and assess the performance of
482  this strategy based on the criteria discussed abidwe results in Table 8 present the estimated
483  values of these criteria.

484 Table 8 The criteria of assessing the performanteegproposed strategy of clustering in
485 clinical data set

¢, 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 CC R?

K
5 58 169 27 129 118 0.79 0.33
10 7 72 8590 73 61 44 16 43 10 0.71 0.50

15 35 30 35 5 17 24 7 87 1 37 44 8 1 37 55 0.64 0.56

486
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The results in Table 8 show the values of the maitevhich are used to assess the
performance of the proposed strategy of groupinipig data set. All these results show that the
values of CC decreased and the valueR%dhcreased when the number of clusters K increased.
Also all these results show that the number oftehg¥ = 15 is not suitable to be used in
constructing GOF tests of chi-square type becaugeas more than one frequency less than 5 in
spite of it gives a smaller value of CC and highalue ofR?. At the same time these results
show that the number of clustdfs= 10 shows a potential use where all these criteriaatrat
this number is the best to be used in construdBy- tests of chi-square type. In brief these
results show that the proposed strategy of clugiehias adequate efficiency to give separate
clusters (groups) with a moderate number of clsster

5.2 Assessthe performance of the proposed GOF tests

The performance of the proposed GOF tékfsand D?) is assessed in the second step. In
order to do this, the outcome variable stgtsclassified the cause of death as 1 = cancer (the
event of interest) and 0 = others. The objectif¢hts study is to model this outcome as a
function of various covariates. Thus, two LRMs eaadidates to associate this outcome variable
with the different covariates in this clinical datet as follows:

Model 1 logit(n(xi)) = o + Pixiz + Baxiz + B3xia + Paxis + BsXie + Pexiz + Brxig (20)

Model 2 logit(n(xi)) = Bo + BiXiz + B2Xiz + B3xis + BaXis + PsXie + BeXiz + Brxig +
BsXio + BoXiy (21)

wheren(x;) = Pr(y; = 1|x;) and the covariateX are described as in Table 8. Model 1
represents the relationship between outcome variabtl the continuous covariates in the data
set. Model 2 represents the relationship between ditcome variable and the combined
covariates (continuous and categorical). Sincedél@ds nested in Model 2, the likelihood ratio
test was used to compare the two models and thidt ssowed that Model 1 is a significant
departure from Model 2 { —value = 0.0223). Table 9 represents the decisions of the
proposed GOF tests along with the HL GOF test sessthese two models.

Table 9 Decisions of the three GOF tests on theethRMs aiw = 0.05 in the clinical
data set

GOF tests Decisions on different models

Model 1 Model 2
X2 Reject Not Reject
D? Reject Not Reject

Cyy Not Reject Not Reject

The results in Table 9 show that while the HLGOS$t tccepts the two models, both of the
proposed GOF tests reject Model 1, but none ofetl@&SF tests finds evidence to reject Model
2. These decisions to reject Model 1 are also suggdoy the likelihood ratio test, which
indicates that Model 1 is nested in Model 2. Allogse results show, based on clinical
considerations and the original analysis of thisd#t, that Model 2 with all the covariates is an
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adequate model to associate the outcome variadi@sstvith the covariates in this clinical data
set.

6. Conclusions

The results from implementing the simulation stadaénd analyzing the clinical data set
assist to conclude that the proposed strategy ofipgng has adequate efficiency in giving
separate clusters. It is more flexible in determgnihe number of clusters. It is appropriate to
construct the GOF test statistics of chi-squaree.tyip helps to avoid the problems with the
similarity measurements in the categorical data iaidbes not need to convert the continuous
covariates, so that the information is not lost.

On the other hand, two GOF test statisigsandD? are constructed based on the proposed
strategy of grouping. The results from conductihg simulation studies and analyzing the
clinical data set assist to conclude that the ppedoGOF test statistics have a wide range of
detection to detect any departure in the fittingdeldrom the true model. They have adequate
power of detection higher than the existing GOR twatistics for different factors such as
sample size and the departure from the true mddhey have a high power of detection when
the simple LRM (with one covariate) or multiple LR(Mith more than one covariate) are used
to fit the data set and they have adequate perfiwenhen the sample size is large.

In this paper, the problems of partitioning the cgpaf the covariates and developing GOF
tests are studied for the binary LRM. Thus, for iayement and future works the strategy of
clustering and the GOF test statistics based @aritbe adapted to apply to the other logistic
regression models, such as ordinal or multinomi@Ms. Also, another area of research is
adapting this strategy of grouping and the GOF gtistics for use in the other GLMs such as
Poisson regression model and log-linear model. groposed strategy is based on partitioning
the range of continuous covariates usiirgheans and multiple comparisons to determine the
appropriate number of clusteks. Further study may result in a better or optimalke rin
determiningK and choice of clustering method. Another futunedgf a partitional clustering
process may be developed to cluster the combingd skt (continuous and categorical)
covariates at the same time, when both continuouk Gategorical covariates are present.
Adapting the strategy of clustering to partitiore thata set with categorical covariates only is
also, another area of future work.
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