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Abstract: We introduced the class of generalized weakly C-contractive mappings
in G-partial metric spaces by combining the characteristics of Hardy and Rogers
maps with weak contraction maps. The existence and uniqueness of fixed point
for those maps in ordered G-partial metric spaces are established. Examples are
given to support the validity of our results. Our results generalize some results in
the literature.
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1 Introduction and Preliminary

Metric fixed point theory has been a rigorous area of research in fixed point theory
and applications. Several authors have worked on the generalization of the notion
of metric space. In particular, Matthew [1] generalized the notion of metric space
by introducing the concept of nonzero self distance. Mustafa and Sims [2] also
extended the concept of metric to G-metric by assigning the real number to every
triplet of an arbitrary set. Recently, Eke and Olaleru [3] introduced the concept
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of G-partial metric space by introducing the concept of nonzero self-distance to

the notion of G-metric space. In a decade, the existence of fixed points in ordered

metric spaces was initiated by Ran and Reurings [4 |. Eke and Olaleru [3] proved

some fixed point results for contraction maps in ordered G-partial metric space.
established the uniqueness of fixed points for some Ciric-type

contractive maps in ordered G-partial metric space. In this work we proved our

results also in ordered G-partial metric space.

The following definitions and motivations are found in [3].

Definition 1.1 : Let X be a nonempty set, and let G, : X x X x X — R be a

function satisfying the following:

(Gpl) Gy, y, 2) > Gp(x,x,2) > 0 for all z,y, z, € X (small self distance),

(Gp2) Gpla,y,2) = Gp(z,2,y) = Gp(y,y, 2) = Gy(2, 2,2) it © = y = 2, (equality),
(Gp3) Gp(z,y, 2) = Gp(z, x,y) = Gp(y, 2,2) (symmetry in all three variables),
(Gph) Gp(z,y, 2) < Gp(z,a,a) + Gpla,y, z) — G(a,a,a) (rectangle inequality).

Then the function G, is called a G- partial metric and the pair (X, G)) is called a
G-partial metric space.
Example 1.2 : Let X = R* and a G-partial metric G, : X x X x X — R" can

be defined with G, (x,y, 2) = max{z,y, 2} then (X, G,) is a G-partial metric space.

We state the following definitions:

Definition 1.3: A sequence {z,} of points in a G-partial metric space (X, G,)
converges to some a € X if

limy oo Gp(2n, T, a) = limy o Gy (X0, T, ) = Gp(a, a, a).

Definition 1.4: A sequence {x,} of points in a G-partial metric spaces (X, G)) is
Cauchy if the numbers G, (z,,, T, ;) converges to some a € X as n,m,l approach
infinity.

The proof of the following proposition easily follows from definition.
Proposition 1.5: Let {z,} be a sequence in G-partial metric space X and a € X.
If {x,} converges to a € X, then {x,} is a Cauchy sequence.

Definition 1.6: A G-partial metric space (X, G,) is said to be complete if ev-
ery Cauchy sequence in (X,G,) converges to an element in (X,G,). That is,
Gp(z,z,x) = limy, e Gp(Tn, T, T) = liMy m—ooGp(Tn, T,y T

Definition 1.7 [4]: Let (X, <) be a partially ordered set. Then two elements
x,y € X are said to be totally ordered or ordered if they are comparable. i.e.
r=yory Xz

Definition 1.8: Let X be a nonempty set. Then (X, <,G,) is called an ordered
G-partial metric space if the following conditions hold:

(i) G, is a G-partial metric on X;

(ii) < is a partial order on X.



Lemma 1.9: Let (X,G,) be a G-partial metric space, T : X — X be a given
mapping. Suppose that 7 is continuous at xo € X. Then, for each sequence {z,}
in X, z, »>x9g=Tx, = Tx.

Definition 1.10 [6]: The function ¢ : [0,00) — [0,00) is called an altering
distance function, if the following properties are satisfied:

(1) ¢ is continuous and nondecreasing;

(2) ¢(t) = 0 if and only if ¢t = 0.

Banach contraction mapping theorem is a well known result in fixed point the-
ory. Though it has its drawback, that is the continunity of the map in the space.
Kannan [7] introduced a class of map in which this condition (continunity of the
map in the space) is not necessarily valid in proving the existence of fixed point for
the map in metric space. Chatterjea [8] also introduced contractive maps different
from that of Kannan [7]. Choudhury[9] named the map introduced by Chatterjea
after him as C-contraction map.

Definition 1.11 [8] (C-contraction): Let T : X — X where(X,d) is a metric
space is called a C-contraction if there exists 0 < k < % such that for all z,y € X
the following inequality holds:

d(Tz,Ty) < kld(z, Ty)+d(y, Tz)]. (1)

Other generalizations of Banach’s contraction mapping included the weak contrac-
tion which was introduced in Hilbert space by Alber and Guerre-Delabriere [10].
The following is the corresponding definition in metric space given by Rhoades[11].
Definition 1.12 [11] (weak - contraction) : A mapping T : X — X where
(X, d) is a complete metric space is said to be weakly contractive if

d(Txa Ty) < d('l'a y) o 7/1(61(37, y)) (2)

where z,y € X, ¢ : [0,00) — [0, 00) is continuous and nondecreasing, ¥ (z) = 0 if
and only if z = 0 and lim,_,..¥(x) = oo.

Choudhury [9] introduced a generalization C-contraction which was termed weak
C'-contraction.

Definition 1.13 [9] :A mapping T : X — X, where (X, d) is a complete metric
space is said to be weakly C-contractive or weak C-contraction if for all z,y € X,

d(Tz, Ty) < Yd(w, Ty) +d(y, Ta)] —(d(z, Ty), d(y, Tx). (3)



where ¢ : [0,00)*> — [0,00) is a continuous mapping such that ¥(x,y) = 0 if
and only if x =y = 0.

A more generalized C-contractive mapping is introduced by Hardy and Rogers[12].
Definition 1.14 [12] : Let (X,d) be a complete metric space and an operator
T : X — X be a contractive mapping then there exist some numbers a, b, ¢, e
and f, a + b+ c+ e+ f < 1 such that for each z,y € X,

d(Tx,Ty) < ad(x,y)+bd(x, Tx)+cd(y, Ty) +ed(x, Ty)+ fd(y, Tx). (4)

Olaleru [13] proved the existence of unique common fixed point for weakly compati-
ble mappings in a metric space satisfying Hardy and Rogers contractive conditions.
Aage and Salunke[14] proved the existence of a unique fixed point for weak con-
traction mappings in G-metric spaces. further established the existence
of unique common fixed point for a pair of weakly compatable mappings satisfy-
ing weak contraction condition in G-metric space. Choudhury [9] established that
weak C-contractive mapping actually have unique fixed point in complete metric
spaces. Chen and Zhu [6] proved the existence of a unique fixed point for weakly
C-contractive mappings in ordered partial metric space.

Theorem 1.1 [6] : Let (X, <) be a partially ordered set and suppose that there
exists a partial metric on X such that (X,p) is complete. Let T': X — X be
continuous nondecreasing mapping. Suppose that for comparable z,y € X, we
have

(p(z, Ty) + p(y, Tr)
2

Y(p(Tz, Ty)) < o ) — o(p(x, Ty), ply, Tx)) (6)

where ¢ and ¢ are altering distance functions with

bit) — (t) > 0 (7)
for t > 0, and ¢ : [0,00)? — [0, 00) is a continuous function with ¢(x,y) = 0 if and
only if x = y = 0. If there exists zy € X such that xzy < Tzg, then T has a fixed
point.

2 Main Results

In this work, we introduced a class of generalized weak C-contractive mapping in
G-partial metric space by replacing the C-contraction map with Hardy and Rogers
contractive map.

Definition 2.1: Let (X,G)) be a G-partial metric space and 7' : X — X be a
mapping. Then T is said to be generalized weakly C-contractive if for all z,y € X,



the following inequality holds:

Gp(Tz, Ty, Ty) < a1Gp(z,y,y) + aeGp(x, Tz, Tx) + asGy(y, Ty, Ty)
+asGp(z, Ty, Ty) + asGp(y, Tz, Tx) — (Gy(,y, y),
Gy(x, Tz, Tx), Gyy, Ty, Ty), Gp(x, Ty, Ty),
Gy, Tz, Tx)) (8)

where ay, ag, as, as, as € [0,1), 2, a; < 1, and ¢ : [0,00)° — [0,00) is a contin-
uous function with ¢(v,w,z,y,2) =0if and only if v =w=2=y=2=0.

Remarks 2.2: va:w:xzo,al:agzagzo,a4:a5:%andG—

partial metric space is replaced with metric space then (8) reduces to (3).

We also established the existence of a unique fixed point for a generalized weak
C-contractive mapping in ordered G-partial metric spaces.

Theorem 2.3 : Let (X, =) be a partially ordered set and suppose that there
exists a G-partial metric on X such that (X,G,) is complete. Let T : X — X
be continuous nondecreasing mapping. Suppose that for comparable x,y € X, we
have

V(Gp(Tx, Ty, Ty) < @(a1Gp(z,y,y) + aeGp(z, Tx, Tx) + asG,(y, Ty, Ty)
+asGy(2, Ty, Ty) + asGy(y, Tz, Tx)) — ¢(Gy(2,y, ),
Gp(x, Tz, Tx),Gy(y, Ty, Ty), Gp(z, Ty, Ty),
Gyly, Tz, Tx)) (9)

where ay, as, as, a4, as € [0,1), 2, a; < 1, and 1, ¢ are altering distance func-
tions with

P(t)=p(t) = 0 (10)
fort > 0, and ¢ : [0,00)% — [0, 00) is a continuous function with ¢ (v, w, z,y,2) =0
if and only if v =w =2 =y = z = 0. If there exists xg € X such that xq < Tz,
then T has a fixed point.

Proof: Observe that if 7" satisfies (9) then it satisfies

V(Gp(Tz, Ty, Ty)) < (aGp(x,y,y) + bGy(x, T, Tx) + bGy(y, Ty, Ty)
+cGp(x, Ty, Ty) + cGp(y, Tz, Tx)) — d(Gy(x,y, ),
Gy(x, Tz, Tx), Gply, Ty, Ty), Gp(x, Ty, Ty),
Gy(y, Tz, T2)) (11)



where a = a1, 2b = as + asz, 2c = a4+ as, a4+ 2b+2c < 1 and 2b+ 2¢ < 1. We use
(11) for our argument.

Let 29 € X be . Suppose xy = T'xg then xq is the fixed point of
T. Let xg < Tzg, x1 € X can be such that Txg = x;. Since T is nonde-
creasing function, then

Jiojxl :TIO jCL’Q:T.Tl jIgZTZL'Q.

Continuing the process, a sequence {x,} can be constructed such that x,,; = Tz,
with

To X201 22 X232 .. 2Ty X Ty

If Gy(zp,Tpi1,2n41) = 0 for some n € N then T has a fixed point. Letting
Gp(Tn, Tng1, Tng1) > 0 for all n € N, we claim that

Gp(Tn, Tng1, Tng1) < Gp(@p_1, T, ), n € N (12)

Suppose Ty, # Tnt1, Gp(Tn, Tnt1, Tni1) > Gp(Tn_1, Tp, Ty,) for some ng then
Gp(xnmxno-i-hxno-i-l) > Gp(xno—hxnovxno)‘ (13)
From (11) and (13) the proof of the claim is as:
¢(Gp($m)v Lrg+1s xno-l—l)) = w(Gp(T$m)—1v Txno» Txno))
S @(aGp(xnofla Tng, xno) + pr(ajnofla T:Enofla Txnofl) + pr<xnoa Ta:noa Txno)
+ CGp(an*lv Txnov Txno) + CGP(xnov Txn()*l’ T:CHO*l)) - Qﬁ(GP(xTLO*lv Tngs xno)v
Gp(xno—la T‘/Eno—h Txn0—1>7 Gp('xnoa Txnoa Txn0)7 Gp<xn0—17 Txno; T‘/ETL())7
Gp(xnoa Txn0—17 Txno—l))

= Sp(aGp(an*lﬁ Lng s xno) + pr(xmrla Tngs mno) + pr(xnm Lno+1, :L‘n0+1)

+ CGP(an*lv Lno+15 xn0+1) + CGp(xnm Lng s xno))

- ¢(Gp(xno—1? Tnyp) Ino)v Gp(‘xno—l? Lng, xn())? GP(‘Tnoa Tng+1, Ino—i-l);
Gp(xno—h Tno+1, Ino-&-l)? Gp<xnoa Tng, xno))

< @(aGp(xno—b Tng s xno) + pr('rno—l’ Tngs xno) + pr(xnoa Lro+1, xno-ﬁ-l)

+ CGp(an*lﬁ Lng s xﬂo) + CGp(xnov Lro+1, :L'n0+1) - CGp(xnm Lng s xﬂo)

+ CGp(xnov Lng s xno)) - qb(Gp(an,l, Lng s xm))v Gp<xn0717 Tngs 'Tno)a
Gp('rnm Tno+1, Ino+1)7 Gp('rno—lv Tno+1, xno-l-l)v Gp(xnm Ty, xno))

< Sp(aGp(xno—b Tng s xno) + pr(mno—lv Tngs xno) + pr(xnoa Lro+1, xno-ﬁ-l)
+ CGp(an*lﬁ Tng; xno) + CGp(xnov Tng+1, xn0+1)) - ¢(Gp(xn0*1> Tng; xno)v
Gp@:n()*l’ Tng, xm)? GP('rnov Tno+1, xnoJrl)a Gp<xn0*17 Tno+1, xno+1>7
Gp(Tngs Tngy Tng))

< p((a+2b+ 2¢)maa{ Gy(Tng—1; Tng, Tno) s Gp(Tngs Tng+1; Tng+1))
- ¢(Gp<xn0*17 Tng, xno)a Gp(xnofla Tng, xno>> Gp<xn07 Tng+1, $n0+1)7



Gp(xno—l) Tno+1, xno+1>7 Gp(xnov Tngs xno))

< @(max{G ('Ino 1y Lng; xno) Gp(xnoa Tng+1, xno-i-l))
- (b( (xno 1, :Cnoy xno) G (xnofla xnoa xno): Gp('rnoa xno+17 Z'noJrl)a
G (xno 15 Tng+1, $n0+1> Gp(xnov Tngs $n0))

< @(Gp($nov Lro+1, xno-l—l)) - ¢(Gp(xno—17 Tngs $NO)7 Gp(xm—h Tng s xno)7
Gp(Tngs Tngt15 Tng+1)s Gp(Tng—15 Tng+1, Tngt1)s Gp(Tngs Tng, Tng))-
Using (11), (14) becomes
(b(GP(xTLO*l? Tngs 'Tno)v Gp(xm)*l’ Lng s xn0>7 Gp(xnoa Lng+1, $n0+1),
Gp(xno—lv Tno+1, xno-i-l)? Gp(xno’ Tng, xno)) = 0.

By property of ¢, (15) yields
G (xno 15 Tngs xno) Oa G (xno 15 Lng, xno) 07 Gp(xnoa xno+17$no+1) = 07
G (xno 15 Lng+1; xnoJrl) (xnm Lrng s xno)) =0. (16)
Since
w(Gp(xnoa Lno+1, xnm—l)) = ¢(Gp(Txno—1v Tmnm TIno))
< (aGp(Tpg—15 Tngs Tng ) + OGp(Tng—1, Tng—1, TTng—1) + G p(Trg, TTng, TTny)
+ CG;D(%M)*D Txnm T:Uno) + CGp(xno’ Txn0*17 TxﬂO*l)) - ¢(Gp($n0717 Tngs mno)’
GP(ITLO*D Txn()*l’ Txn0*1>7 Gp<xn07 Txnm Txm))v Gp<xn0*17 Txnoa Txno)v
Gp(x'ﬂov T‘rno—h Txn0—1>>
(aGp(xno—h Lng > :L‘no) + bGP('rNO—la Tng, xno) + pr(Inm Tno+1, xno-ﬁ-l)
G (xm)—lv Tno+1, xno-&-l) + CGp(xnm Tng s ‘Tno))
(Gp(Tng—1, Tngs Tng )s Gp(Tng—15 Tngs Tng )s Gp(Tngs Tng+1, Trg+1)
(xno 15 Trg+1; xn0+1) Gp<xn07 Tngs xno))

+||
o

Q&

< @(aGp('rno—h Ty, Ino) + pr(xno—lv Tngs xno) + pr(xnoa Tno+1, xm)-l-l)

+ CGp(xNO—la Lng s xno) + CGP(‘rnm Lno+1, xno-i-l) - CG;D(INm Lng s xno)

+ CGp(xnm Lng s xno)) - ¢(Gp<xno—lv Lng s xno)> Gp(xno—lv Tngs xno)v
Gp(xnov Tno+1, $n0+1>7 Gp<xn0*17 xno+1,xn0+1>7 Gp(xnoa Lng» xno))

S ¢(aGp(xno—17 x’noa xno) + pr(xno—la xn07 xno) + pr(‘rnou xno-}—h xno-i—l)
+ CGp(xno—la Ly, xno) + CGp<mno; Lno+15 17n0+1))
- ¢(Gp<xno—l7 Tng, xno)a Gp(xno—la Tng s xno)) Gp(l'noa Tng+1, mmﬁ-l)a

Gp(xn()*h Tno+1; xno+1)7 Gp<xn07 Lng; wno))' (17)
Putting (16) into (17) yields
¢(Gp(xn07 Tno+1s xno-i—l)) =0. (18)

By the property of 1, (17) implies that G,(2p,, Zng+1, Tne+1) = 0 which contradict
Gp(Tngs Tng+1, Tng+1) > 0 for all n € N, hence holds. Thus,



{G,(zp, Tnt1, Tny1)} is & decreasing sequence, hence there exists & > 0 such that
limy oo Gp(Tn, Tpa1, Tnyr) = k.
Using (11), we obtain
w(Gp (xn+17 Tn+2; xn+2)) = w(Gp (Txnv Tanrla Tanrl))
< p(a(Gp(Tn, Tnt1, Tnt1) + b(Gp(Tn, Txpn, Txy) + 0(Gp(@ni1, TThi1, TThi1)
+ A(Gp(Tn, TTpi1, TTn11) + (Gp(Tngr, T, Trs)) — O(Gp(Tns Tng1, Tnsa),
Gp(n, Ty, Txy), Gp(xnir, Tni1, Txns1), Gp(2n, Tapir, Tnt1),
Gp(Tnt1, Trp, Txy))

(a(Gp(Tn, Tngr, Tns1) + b(Gp(Tn, Tpir, Tng1) + (Gp(Tng1, Trg2, Tnia)
Gp(In, Tn+2, $n+2) + C<Gp(xn+lu Tni1, $n+1)) - ¢(Gp(xn7 Tni, $n+1);
p(xn, Tpi1, Tnil), Gp(mnﬂa Tpt2, Tni2), Gp(mm Tpi2, Tny2),

(Trt1, Tngt, Tng1))

+
QQEs

p

(a(Gp(Tn, Trg1, Tng1)) + 0(Gp(Tns Tog1, Tng1)) + O(Gp(Tng1, Tng2, Tnia))
Gp(mm Tny1; Tng1)) + C<Gp(xn+la Tny2, Tni2)) — CGp(ana Trt1, Tnt1)
Gp(Tni1s Tnt1, Tnt1)) — O(Gp(Tn, Tyt Tny1), Gp(Tn, Tog1, Tnyr),
p(xn—&-l? Tpt2, Tni2), Gp(xna Tnt2, Tnta), Gp($n+1v Tpil, Tny))

+ +IA
2 86

@

(a(Gp(Tn; Tng1, Tng1)) + 0(Gp(Tn; Tngr, Tng1)) + 0(Gp(Tny1, Tnga, Tnia))
Gp(xm Tn+1, xn—&-l)) + C(Gp(an, Tn42, $n+2>> - Qb(Gp(xm Tnti, xn—i-l)a
p(xm Tri1, Tni1), Gp(xn—l-la Tpt2, Tni2), Gp(xm Tni2, Tnia),

(Trg1, Tng1, Tng1))

+ IA
QA s

Q

p

< o((a+2b+ 2c)mar{Gy(Tn, Tni1, Tni1), Gp(Tni1s Tnias Tny2)})
- ¢<Gp(xna Ln+1, xn—o—l)a Gp(xm Tn+1, In—i—l)a
Gp(xn—‘rl) Tn42, xn+2)7 Gp<xn7 Tn+2, In+2>; Gp(xn+l7 Ln+1, CCn—l—l))

¥
¢(Gp(xm Ln+1, 37n+1), Gp(xna Tnti, $n+1),
Gp($n+17 Tn+2, 'Tn+2)7 Gp(xna Tn+2, xn+2); Gp(anrl’ Tp+1, anrl))

< @(Gp(xn—i—la Tnt2, mn+2)) - gb(Gp(xna Tn+1s xn—&-l), Gp(xm Tnt1, mn-i-l)a
Gp(xn+l7 Tn+42, $n+2)7 Gp<xna Tn+42, xn+2); Gp(mn—i-la Tn41, xn+1))~ (19)
10) we have,
(b(Gp( ny Tn41, anrl)a Gp(xna Tn+1, xn+1)7 Gp(anrlu Tn+2, $n+2>7
Gp(«rn; Ln+2, xn+2)7 Gp(xn—‘rla Tn+1, xn—i-l)) =0.
Taking the limit as n — oo in the above inequality yields
lzm ann—)oo (¢(Gp(xna Tn+41, xn—&-l)y Gp(xna Tn41, xn—i—l)a Gp(xn—‘rly Tn42, $n+2)7
Gp(-rn; Tn+2, xn+2)7 Gp(xn+1> Tn+1, anrl))) = 0.

HA



By the continunity of ¢ we have

d(lim in frs o Gp(Tn, Tng1s Tngr), lim infr oo Gp(Tn, Tnt1, Tnt),
lim in fr— o Gp(Tntt1, Tng2, Tng2), M in frooGp(Tn, Tnyo, Tniyo),
lim in fr— oo Gp(Tnit1, Tng1, Tng1)) = 0.

The property of ¢ gives that

lim Z.nfn—woCTY;D(xna Tnt1, xn-&-l) = 07 lim Z‘nfn—moCTYp(l'n—i-l7 Tni2, xn+2) = O,

lim in fr—ocGp(Tn, Tnt2, Tni2) = 0, lim infrocGp(Tni1, Tny1, Tny1)) = 0. (20)
Taking the inferior limit in (19) and using (20), ¥(k) = 0, this implies that k£ = 0.
Therefore lim, oo Gp(Tn, Tni1, Tni1) = 0.

Now we claim that {x,} is a Cauchy sequence. It is sufficient to show that {z,}
is a Cauchy sequence. On the contrary, suppose {xs,} is not a Cauchy sequence
then there exists € > 0 and two subsequences {xa,, } and {xom, } of {z2,} such that
n(k) > m(k) > k and sequences in tend to € as k — oo. For two comparable
elements y = x9,, 11 and © = y,,, we can get, from (10) that

V(Gp(Tang 415 Tamys Tamy,)) = V(Gp(T 20, T2y 1, TTom, 1))
< (p(CLGp(SL’an, Loamy—1, mekfl) + pr(xQTLk? TxQ”k’ TxQ”k)
+ pr(fL’gmk_l, Tx2mk—17 Tl’gmk_l) + CGp(Jfgnk, T‘erk—l; T«erk—l)
+ cGp(Tamy—1, TTon,, T2p,,)) — H(Gp(Tan,, Tam,—15 Tam,—1),
Gp(any Toon,, T2, ), Gp(Tamy—1, T2y -1, T2 1),
Gp(Ton, s Txamy—1, TTom, 1) Gp(Tamy—1, TTon, Ty, ))
< (p(aGp(xQTlm L2my—1, mekfl) + pr(xQTLk? Long+1, $2nk+1)
G (Tamy—15 T2y s Tamy,) T CGp(Tany s Tamy s Tomy, ) +CGp(Tamy—15 T2nt1; Tang+1))
—O(Gp(Tanys Tamy—1, T2amy—1)s Gp(Tangs Tang+1, T2ng+1)s Gp(T2my—15 Tamy > Tamy, ),
Gp(T2nys Tamys Tamy, ), Gp(T2my—15 Tany1; Tang+1))- (21)

As k — oo in (21), we get

U(e) < ple) = dle, €, €,€,€),

this implies that ¢(e, €, €,¢,¢) = 0, hence e = 0, a contradiction. Thus {z,}

is a Cauchy sequence and so is {z,}. Since (X,G,) is complete then the se-

quence {z,} converges to some z € X, that is lim,o.Gp(zn, 2,2) = 0 and

limy 00 Gp(Tn, 2, 2) = iMoo Gp(Tn, Tny Tn) = limy 00 Gp(Tn, T,y Ty

= limp—0cGp(2, 2,2) = 0.

Applying the rectangle inequality, we have

Gp(2,T2,Tz) < G2, 00, T0) + Gp(Tn, , T2,T2) — Gp(Tp, Tp, ) < Gp(2, T, ) +
(Txp-1,T2,Tz)

taking n — oo in the above inequalities,with the continunity of T and Lemma 1.9



give that G,(2,T2,Tz) < G,(T2,Tz,Tz).
By Gp(1), Gy(2,T2,Tz) > G,(T2,Tz,Tz). This implies that

Gp(2,T2,Tz) = G,(T2,Tz,Tz) (22)

By combining (11) and (22), we have

Y(Gp(2, T2, T2)) = Y(Gp(T2,Tz,Tz))
< p(aGp(z, 2, 2) + bGp(2, T2, T2) + bGy(2,T2,Tz2) + cGp(z, T2, T%)
+cGp(2,T2,Tz))
—0(Gplz,2,2), Gp(2, T2, T2),Gy(2,T2,Tz2), Gp(2,T2,T2),Gy(2,T2,Tz))

= p((2642¢)Gp(2,T2,T2)) —p(Gp(z, 2, 2), Gp(2,T2,T2), Gp(2, T2, Tz),

Gp(2,T2,Tz),Gy(2,T2,Tz))
(Gp(2,T2,T2)) — p(Gp(z, 2,2),Gp(2,T2,T2), Gp(2,T2,Tz),

O(Gp(z,2,2),Gp(2,T2,T2),Gp(2,T2,Tz), Gp(2,T2,T2),Gy(2,T2,T%))
< p(Gy(2,T2,Tz)) —(G,(2,T2,Tz)) = 0.
Thus G,(2,T%,Tz) =0, hence z = Tz. Therefore z is a fixed point of T.

Remarks 2.4: Theorem 2.1 is more general than Theorem 2.1 of Chen and Zhu

[6] because G-partial metric space generalized partial metric space and the weakly

C-contractive map of Chen and Zhu is included in our map. Also the result gener-

alizes the results of Choudhury [9] in terms of space and maps. Generalized weakly

C-contractive maps is more general than the usual Hardy and contractive

map and our space also generalized the usual metric space, therefore Theorem 2.1
Theorem 2.1 of Olaleru [13].

Corollary 2.5: Let (X,=) be a partially ordered set and suppose that there
exists a G-partial metric on X such that (X,G,) is complete. Let T : X — X
be continuous nondecreasing mapping. Suppose that for comparable x,y € X, we
have

G Ty, T Tx. T
V(Gy(Ta, Ty, Ty) < (O L Gl T To),

_¢(Gp(x7Ty7Ty)7 Gp(y7TI7T'I)) (23)
where ¥(t) — p(t) >0 (24)

for all ¢ > 0, and ¢ : [0,00)? — [0, 00) is a continuous function with ¢(y,z) = 0 if
and only if y = z = 0. If there exists o € X such that xqg < Tzy then T has a
fixed point.

10



Corollary 2.6 : Let (X, <) be a partially ordered set and suppose that there
exists a G-partial metric on X such that (X,G,) is complete. Let T : X — X
be continuous nondecreasing mapping. Suppose that for comparable z,y € X, we
have

Y(G(Tz, Ty, Ty)) < 0(Gylr,y,y)) — ¢(Gp(w,y,9)) (25)
Y(t)—p(t) >0 (26)

for all ¢ > 0, and ¢ : [0,00) — [0,00) is a continuous function with ¢(z) = 0
if and only if x = 0. If there exists xg € X such that xqg < T'zy then T has a fixed
point.

The proof of the corollary follows from Theorem 2.1.

Remarks 2.7: Corollary 2.5 is an analog result of Chen and Zhu [6] from partial
metric space to ordered G-partial metric space. If we replace ordered G-partial
metric space with G-metric space and ¥ (k) = k, ¢(t) = t in (21) then corollary
2.6 gives Theorem 2.1 of Aage and Saluke [13].

Example 2.8: LetX = [0, 1] be endowed with a G-partial metricG, : X x X x X —
R* defined by G,(z,y,y) = maz{z,y,y}. Clearly, we can show that the G-partial
metric space (X, G) is complete. Also, we define the mapping 7' : X — X by Tz =
. Let us take ¥, ¢ : [0, +00) — [0, +-00) such that ¥ (t) = % and (t) = %, respec-
tively, and take ¢ : [0, +00)®> — [0, +00) such that ¢(u,v,z,y,2) = w.
If x > y then

Gp(Tx, Ty, Ty) = maz{5,%, 5} = 3.

By simple calculation we have,

GP(TvayaTy) S %Gp(xayay)7 (27)

GP(T'xa Ty7 Ty) S %[Gp(xa TLC, T'x) + Gp(y7 Ty7 Ty)]? (28)
Gy(Tx, Ty, Ty) < 3(Gp(x, Ty, Ty) + Gyply, Tz, Tx)]. (29)
Also,

p
e (.71; Y, y)+G( ,;‘;’,%HG (v, 4,%) + Gy (x,g,%)JrG (Y, 5
:max{x Y, y}—i_max{‘r?g’g}—i_G (y7373)+ma‘r{x737%}+
=32+ Gy, §,5) + Gy, 5, 5)-

Hence,

W(Gy(Tx, Ty, Ty)) = e

(3$ +GP(y7 %7 %)J’_ Gp(y7 %7
9

olg

<

z?
9

11



< (2 4Gy 4 DGty

ol oo
0|8 cols

v
3
— 3
BT 4Gy, B, DGy,

L 3
= so(alG (x Y,9) +a2Gp( z, Tz, Tx) + a3Gy(y, Ty, Ty) + asGp(x, Ty, Ty)
y7y) Gz, Tx,Tx), Gyly, Ty, Ty),
x)).

If y > x then we have,
Gy(Tx, Ty, Ty) = maz{%, %4} = L.

Also,
G (:E v, y) + Gy(z, Tx, Tx) + Gp(y, Ty, Ty) + Gp(x, Ty, Ty) + G,(y, Tz, Tx)
= Gp(r,y,y) + Gp(2,5,5) + Gy, 5, 5) + Gp(2, 5, %) + Gu(y, 5, 5)

—mafc{w Yoyt + Gz, 2, %) + max{y, 4, 4} + Gp(x, 4, %) + maz{y, £, %
_3y+G ( 737§>+Gp(x7%7%)'
Therefore,
z, & Z z, ¥ ¥Y))2
(Gy(Tw, Ty, Ty)) = 12 < Y Gole £ §)1Goto §: )
S (3y +GP(1’7 %7 §)+Giﬂ($v %%))2 (3y +Gp(377 3 %)"_Gl’( 3 %)2

= p(a1Gy(z,y,y) + a2Gp(x, Tz, Tx) + asGp(y, Ty, Ty) + asGp(x, Ty, Ty)
+ asGp(y, Tx, Tx)) — ¢(Gp(x,y,y), Gplx, Tx, Tx), Gy(y, Ty, Ty),
Gp(x, Ty, Ty), Gp(y, Tz, Tx)).

From the above argument, we conclude that (9) holds. Therefore all the con-

ditions of Theorem 2.1 is satisfied. The fixed point of T" is 0.

CONCLUSION: The of generalized weakly C-contractive mappings is in-

troduced to G-partial metric spaces. Some fixed point results for these maps

proved in ordered G-partial metric spaces. The introduction of these contractive
maps will open up new research area for interested researchers in fixed point the-

ory and applications.
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