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ABSTRACT  6 
 7 

This paper presents some analytical considerations regarding the dynamical behavior of an 
access control structure, based on the mathematical model associated to this structure. This structure 
type is largely analyzed in the literature. A modern approach of this structure based on SMA (shape 
memory alloy) is taken into account, because of some particular advantages: unique characteristics 
(superelastic effect, as well as the single and double shape memory effects), damping capacity of noise 
and vibration, resistance to fatigue, diversification of the control and command possibilities.  

The basic aim is the qualitative analysis of the mathematical model associated to this structure. 
Namely, the dynamic system associated to the variation of the angle q describing the position of the 
access control structure is analyzed from the influence of parameters standpoint. The MAPLE11 soft is 
used in order to evaluate the behavior of the equation solution with respect to the parameters variation.  

This analysis produces a data collection which is useful both for further developing a 
fuzzy logic controller for the active control of this access structure and for further refinements 
of the mathematical model associated to this structure type.  
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1. INTRODUCTION  12 
 13 

Memory Alloys (SMAs) are a class of smart materials that possess the ability to undergo shape 14 
change at low temperature and retain this deformation until they are heated, at which point they return to 15 
their original shape. SMAs present typical thermo-mechanical behaviors, like pseudo-elasticity and shape 16 
memory effects (one-way and two way). The cause is a martensitic phase transformation between a high 17 
temperature parent phase, austenite (A), and a low temperature phase, martensite (M). In the absence of 18 
stress, the start and finish transformation temperatures are denoted Ms, Mf (martensite start and 19 
martensite finish) and As, Af (austenite start and austenite finish). Due to their “smart properties”, these 20 
materials are widely used in practice. The structures using them have mechanical and impact tests, and 21 
also static and dynamic analysis [1]. 22 

SMA related design is not easy. Several aspects must be considered before the final prototype 23 
takes place. One of the major obstacles to overcome are the intertwined properties of shape memory 24 
alloys.  Most of the physical, electrical and mechanical aspects of shape memory depend on each other 25 
and at some point design decisions must be made to reduce the number of variables. Some of these 26 
correlations are: Force vs. Cycle Times vs. Power; Stroke vs. Durability vs. Envelope Volume; Control 27 
Aspects and viability [2,3].  28 

The SMA springs work as linear actuators by contracting with great strength and speed when 29 
heated. These springs actuators can be attached to barrier structures, and can be activated to switch 30 
positions of the barrier. The active shape-change control of SMA spring can effectively increase the 31 
efficiency of such a barrier at several different regimes. SMAs exhibit a large temperature dependence on 32 
the material shear modulus, which increases from low to high temperature. Therefore, as the temperature 33 
is increased the force exerted by a shape memory element increases dramatically. Consequently, the 34 



 

 

determination of the transformation temperatures is necessary to establish the real shear modulus values 35 
at these functional temperatures for a high-quality design of SMA elements [4,5].  36 

In order to determine the required transformation temperatures of SMA spring, the Differential 37 
Thermal Analysis (DTA) and Differential Scanning Calorimetry (DSC) methods were used [6]. Also, 38 
Thermogravimetric Analysis (TG) was used to prove the stability of the alloys.  39 

 40 
Starting from the dynamic calculus of the access control structure, in what follows there is 41 

realized an analytical evaluation and computational testing for the mathematical model associated to this 42 
structure, using MAPLE11 software. It is presented a particular type solution of the differential equation 43 
associated to the model, and the behavior of its trajectory, too. This would help understanding the 44 
experimental standpoint: taking into account that the SMA spring must develop, at high temperature, the 45 
necessary force to lift the barrier arm by S=12 mm, the question is: how large the intensity in spring can 46 
be, in order to rise the access arm in an imposed time?  The data obtained will be used for refining the 47 
experiments in new conditions, on one hand, and, on the other hand, will allow new qualitative 48 
approaches for the associated mathematical model.  49 
 50 
 51 
2. METHODOLOGY 52 
 53 
2.1 Dynamic calculus for the access control structu re with SMA actuator  54 

In Fig.1 is exhibited the mechanical model of the experimental arrangement simulating the 55 
barrier. The force is ensured by the SMA spring. At least for the beginning of a certain motion of the 56 
barrier starting from an resting position, the direction of this force can be considered as being vertical. 57 

The nickel titanium alloys, used in the present research, generally refereed to as Nitinol, have 58 
compositions of approximately 50 atomic %Ni/ 50 atomic % Ti. 59 
The features of the model are the following:  60 

•We consider as known the ratio k=AO0/AB 61 
•The length of the barrier arm AB is L. The center of mass of this arm is noted C. We have AC = CB  62 
•The barrier arm is considered as being kind of homogenous and rigid. Its mass is noted m1  63 
•The external concentrated mass attached on the arm at its bound B is m2  64 
•We consider the case that k > 0 and k < 0.5  65 
•The current position of the arm is described by the generalized coordinate q 66 

 67 
 68 
Fig.1 Mechanical model of the experimental arrangement 69 

 70 
Both the dynamic calculus and the mathematical model are based on the Hamiltonian mechanics 71 
principles.  There are taken into account: 72 

• the arm gravity force; 73 
• the gravity force of the external weight (due to the mass m2); 74 
• the SMA spring force, applied in A 75 



 

 

The equilibrium condition for the arm is obtained in its vertical position, by applying the “δ-Hamilton” 76 
variational principle. The case � = �

� describes a stable equilibrium status when: 77 
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Also, the case � = ��
�  describes a stable equilibrium position if 78 
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The system will develop some motion, but this motion will not be kind of uniform. We can study this 79 
motion using, briefly, the Lagrange method. The kinetic energy of the system, elementarily calculated, is: 80 
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Of course we have 
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�� = 0  which implies 81 
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Taking into account the generalized force Q [7], the mathematical model of the motion will result from 82 
applying the well-known Lagrange equality  83 
 84 
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Thus, the following differential equation is obtained: 85 
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Let us denote:   86 
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 87 
We have obviously λ=const. and, in the announced conditions, λ > 0 [7]. Then the mathematical model 88 
becomes: 89 
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 90 
 91 
2.2 Mathematical approach. Methodology  92 
 93 

The basic aim is to realize a computational testing of the differential equation (8) associated to 94 
the access control structure, in order to get an analytical standpoint for the model and to use it in further 95 
analysis. The study is in fact on an automated system studied in discrete time, which is based on the 96 
variation of the arm angle in time, with respect to the parameters. 97 
The methods are designed in two categories: analytical and computational. It is used the MAPLE11 soft 98 
to analyze the solution of the equation (8), with initial conditions imposed by experiment. This soft has a 99 
lot of fast appliances both for solving and graphical analyzing differential equations [8]. 100 



 

 

 101 
2.2.1 Computational approach  102 

It was used the “dsolve” procedure for getting the solution of the Cauchy problem associated to 103 
the model. The solution was asked in series form, taking into account a future aim of getting some 104 
approximate evaluations.  105 

As a general ordinary differential equation (ODE) solver, “dsolve” handles different types of ODE 106 
problems. These include the following:  107 

- Computing closed form solutions for a single ODE (“dsolve/ODE”, or a system of ODEs 108 
(“dsolve/system”). 109 

- Solving ODEs or a system of them with given initial conditions - boundary value problems 110 
(“dsolve/ICs”). 111 

- Computing formal power series solutions for a linear ODE with polynomial coefficients 112 
(“dsolve/formal_series”). 113 

- Computing formal solution for a linear ODE with polynomial coefficients. 114 
(“dsolve/formal_solution”). 115 

- Computing solutions using integral transforms - Laplace and Fourier 116 
(“dsolve/integral_transform”). 117 

- Computing numerical or series solutions (“dsolve/series”) for ODEs or systems of ODEs. 118 
A special appliance is the ODE Analyzer Assistant, a point-and-click interface to the ODE solver 119 

routines. With a lot of choices for interactive solving and plotting differential equations, it can compute 120 
numeric and exact solutions and plot the solutions. The basic calling procedures are dsolve[interactive] 121 
and worksheet/interactive/dsolve, and allow changing the simulation parameters in an interactive way 122 
[9,10]. 123 
 124 
2.2.2 Graphical approach  125 
 126 
DETools[DePlot] – is an appliance which plots solutions to a system of differential equations. The basic 127 
calling sequence is as follows: 128 
DEplot(deqns, vars, trange, options) 129 
Parameters: 130 
 deqns - list or set of first order ordinary differential equations, or a single differential equation of 131 
any order; 132 
  dproc - a Maple procedure representation for first order ordinary differential equations, or a single 133 
differential equation of any order; 134 
  vars  - dependent variable, or list or set of dependent variables; 135 
  trange  - range of the independent variable; 136 
  number - equation of the form 'number'=integer indicating the number of differential equations 137 
when deqns is given as a function (dproc) instead of expressions; 138 

options - (optional) equations of the form keyword=value; 139 
 140 
 Given a set or list of initial conditions, and a system of first order differential equations or a single 141 
higher order differential equation, DEplot plots solution curves, by numerical methods. This means that 142 
the initial conditions of the problem must be given in standard form, that is, the function values and all 143 
derivatives up to one less than the differential order of the differential equation at the same point.  144 
 145 
 146 
3. RESULTS AND DISCUSSION 147 
 148 
The analysis was made in the following experimental context: 149 

• The SMA spring must develop, at high temperature, the necessary force to lift the barrier arm by 150 
S=12 mm  151 

In this context, some reference experimental values were considered [6,7]; 152 
• m1= 0,00642kg,  m2=0,028688kg , k=0,1573373; 153 
• a force F=1.65N in order to get the motion started. 154 
 155 
This context produced a value of λ= 0.32. 156 



 

 

 157 
3.1. The solution of the differential equation  158 

The barrier arm is rising in a very short time, so the dynamical system associated to this phenomenon 159 
needs an approach in discrete time, for few units. It was used the “dsolve” procedure for getting the 160 
solution of the Cauchy problem associated to the model. The solution was asked in series form, taking 161 
into account a future aim of getting some approximate evaluations.  162 

In order to simplify the relations, the notation q=x is used. Also, taking into account that at t=0, the 163 
controller is at resting, there were considered the following two sets of initial conditions:  164 

(i) 2�0.02� = 0.866803, 7�2��0.02� = 0.897666 165 
(ii) 2�0.03� = 1.733863, 7�2��0.03� = 1.166965 166 

Here D(x) denotes the first derivative for x(t). 167 
The solution form for the cases i and ii, is depicted as follows in figures 2 and 3. 168 
 169 

 170 
Fig.2. The solution of the Cauchy problem (8), in series form. Case i of initial conditions 171 
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 175 
Fig.3. The solution of the Cauchy problem (8), in series form. Case ii of initial conditions 176 
 177 
It can be seen that in both simulation cases, the solution has an asymptotic form with the same order 6, 178 
and a quite complex expression. In the meantime, it must be noticed the form ! − �

;<   and ! − �
�<< 179 

respectively, which appear in the series expressions above.  180 
in order to collect more data about the solution behavior, a computational testing was realized, too.  181 
 182 
3.2. Graphical comparative analysis of the solution  behavior  183 

 There were used two computational tools for comparing the results: the interactive tool 184 
“ODEAnalyzer” and the “DEPlot” appliance for the differential equations. 185 

 186 
3.2.1 “ODEAnalyzer” results  187 

“ODEAnalyzer” has a lot of choices for interactive solving and plotting differential equations. For the 188 
present aim we choose the classic Runge-Kutta-Fehlberg 4-5th order method, which has a good 189 
accuracy [9]. The interactive assistant shows the value of x(t) and the derivative D(x)(t) at a certain time, 190 
together with the plot of the solution. 191 

For a better comparison of the results, there were considered the same two sets i and ii of initial 192 
conditions. This matches with taking into account for the controller arm, a displacement of 2mm and 4 193 
mm, corresponding to the action times of 0.02 and 0.03 sec respectively.  194 

Figures 4 and 5 exhibit the interactive analysis for the study cases i and ii. There are exhibited in the 195 
same frame both the plot and a value of x and D(x) at a certain moment. The interest is for the moment 196 
t=25. 197 

 198 

 199 
 200 

Fig4. The case i of analysis for the solution 201 
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 203 

 204 
 205 

Fig.5 The case ii of solution analysis 206 
 207 

 208 
 209 

3.2.2 “DEPlot” results  210 
 211 
For this analysis we need the variables domain. Therefore, the variables calculated domain is the 212 

following: 213 
! = 0. .25, 2 = 0. .5.207963 

 214 
the last value for x corresponding to a displacement of 12 mm for the controller arm. The simulations were 215 
realized for the above cases i and ii, too. Further, the influence of increasing and decreasing time was 216 
taken into account. In the following, the cases are labeled on figures.   217 
 218 



 

 

 219 
 220 

Fig.6. The case i of initial conditions, t=0..25 221 
 222 
 223 

 224 
 225 

Fig.7. The case i , t=0..55 226 
 227 
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 230 

Fig.8. The case i, t=0..15 231 
 232 
 233 
 234 
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 237 

Fig.9. The case ii of simulation, t=0..25 238 
 239 
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Fig.10. The case ii, t=0..55 242 
 243 
 244 
 245 
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 248 

Fig.11. The case ii, t=0..15 249 
 250 

 251 



 

 

Looking at the above analysis, there issue special remarks. 252 
1. In the first part of analysis, the interactive assistant produced quite different values for the time 253 
derivative in the cases i and ii. The negative values for the time derivative indicates that the barrier arm is 254 
rising up and then coming down, in the time t=25 units asked in the interactive frame. This is feasible from 255 
the experimental design standpoint.  256 

For all that, a next aim is rising up: to realize a consistent analysis of the solution of the equation (8), 257 
taking into account the complicated asymptotic form of it, as presented in figures 2 and 3. A closer and 258 
refined analysis of this nonlinear differential equation would produce useful data for the model.    259 

2. The solution trajectory changes its allure in both analysis types, in the second case ii, comparing 260 
to the first case i. This allows us to consider this model a model sensitive to initial conditions, and the fact 261 
is matched from experimental standpoint, since the phenomena in the spring acts in a very short time, 262 
and therefore is not obvious to control it. From the plots it seems that the maximum displacement could 263 
be reached until 10 sec, and this is reliable from the experimental design standpoint. 264 

3.  The trajectory trend for larger time units provide that after a small time the arm restarts its activity. 265 
Is the case of fig.7, corresponding to the first parameter case – when the trajectory prepares to start again 266 
a cycle, and fig. 10, corresponding to the second parameter case – when the trend is relaxed. This fact 267 
confirms the periodicity of the barrier activity and allows the further study of initial value problem [10].   268 

4. The DEplot appliance is good in giving information about the influence of time units on the 269 
trajectory behavior, and this is helping the experimental design standpoint. In Maple we can realize 270 
simulations with the time units as large as needed [11]. On the other hand, ODEAnalyser allows refining 271 
the parameters as needed. Therefore, another next aim is to test the dynamic system for another λ, from 272 
computational standpoint [12], and to take into account the results in future experiment designs. The 273 
further data would provide information about future analytical issues, one of which is the following: could 274 
be λ an invariant for the equation (8)?  275 

5. The action time is very important in the experiment [13]. This fact is exhibited also in the above 276 
computational analysis, referring to the modification of the trajectory trend – “steep” and “relaxed” 277 
respectively, in the plots. Our model is validated in a particular case given by λ= 0.32 and the time 278 
t=0..25, matched from experimentally design standpoint. From the pictures it can be seen that in the 279 
proposed conditions the barrier arm realizes a complete moving, rising up and back down. In the same 280 
conditions, the solution of the model can be analytically deduced, as presented in above section 3.1, and 281 
that completes the validation.  282 
 283 
 284 
 285 
4. CONCLUSION 286 
 287 
In this paper it is realized an analytical evaluation and computational testing for the mathematical model 288 
associated to the access control structure with SMA spring. The conclusion has two parts: on one hand, 289 
the solution of the model is hard to approach by hand. Therefore it is necessary to refine the analytical 290 
methods for approach. On the other hand, the computational approach exhibited a model sensitive to 291 
initial conditions. Therefore, further tests of the model are necessary, taking into account the influence of 292 
all SMA spring parameters. A next aim is to consider the relationship between the temperature and the 293 
electric intensity in the spring, and their influence on the analytical solution of the model.  294 
 295 
 296 
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