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Abstract

We generalized our earlier result (Nahatkar and Pund (2012)) with regard to the motion of a simple
pendulum in a plane.

I. Introduction

In an attempt to explain the observed uniform velocities of galaxies, Professor Milgrom in 1983
propounded an equation of motion which resulted in the postulation of a theory known as MOND
(Modified Newtonian Dynamics). In the proposed theory Newton’s second law of motion

F=ma (1.2)
Is generalized as
F= mﬂ[ij a, (1.2)
E

where, « is an interpolation function given by,

a
a — a<<a,
o) ia -

0 1 a>>a,
For a>>aj,above equation (1.2) reduces to (1.1). The quantity a, is a constant having the
dimensions of an acceleration a and is evaluated as ao=l-2><10’80msec’2(Milgrom1983,
Bekenstein and Milgrom 1984).
Very recently adopting the form of kinetic energy proposed by Pankovic and Kapor (2010):
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2 a+a, 2 V+a,

T(v,a)= (1.3)

We (Nahatkar and Pund (2012)), have claimed that the Newtonian analogue can be restored in the
study of a simple pendulum.

In view of this finding we intend to generalize the result to a system consisting of multiple pendulums
i.e. a system of more than a single pendulum.

Sections-1l and 11 are devoted to the study of two-pendulums and three-pendulums respectively. In
Section-1V this work is generalized to a system of n-pendulums.

I1. System of two-pendulums in MOND

Consider a system of two-pendulums of masses m, (x,, y;)andm,(X,,y,) with the effective lengths
l,andl, .For simplicity let, x, =k, x,and y, =k,y,,where Kk, is positive constant. Then the Kinetic
energy of the system in Newtonian dynamics can be expressed as

T= 1 |12912[m1 + mZklz]
2 (2.1)

where 0, be the angular displacement of the system of two-pendulums from the equilibrium
position.Using equation (1.3), the MOND analogue of the above assumes the form



T= AN M k.l.smz . (2.2)
2 1,6, +a, k.6, +a,

Then the Lagrangian L of the system is

L:'féﬁf{ m ke,
2 16, +a, kl6,+a,

}_V (61) (2-3)

Since L = L(6, ,91 ,él) , it satisfies the generalized Euler-Lagrange equation

2
dio )| dja) v (2.4)
dtl 06, ) dt?\ab, ) oo,
o 330 2
Now i(gj = n.].lll % + mzk? 6, +0, (2.5)
dt\ 00, 16,+a, klb, +a,

and

d 2 [ oL ] _ mlllaaoélz " m2|13k13aoél2 02 ’ (26)

dt? (06, ) (L8, +a,)”  (kLb, +a,)?

The first two terms on the right sides of (2.5) and (2.6) constitute the leading terms, whileo,and 0,

represent non-leading terms which are not significant to our result.With these approximations, the
Euler-Lagrange equation (2.4) yields,

nt]}hgélz 1_ _ ao + m2|]:'3k13é12 1_ ”aO — _% (27)
(1.6, +a,) 16, +a, | (kl6,+a,) k1,6, +a, 00,

Especially for Ilé1 >> 4, i.e. for Newtonian regime (2.7) turns out approximately to

oV

m, +k,'m,) 128, ~ —— 2.8
( 1 1 2) 1 1 ael ( )
and forl,8, << ai.e. for MOND, we have
(m, +k’m,) 126, /a, M (2.9)
26,

Since the potential energy V is arbitrary, scaling it tO\IL and restoring the symbol V for the new scaled

quantity\li , equations (2.8) and (2.9) respectively become

.. oV
(m, +k,’m,) 1, 6, 2. (2.10)
and (m, +k’m,)126,°/a, z—%. (2.11)
1

The MOND inference (2.11) is obviously different from its Newtonian counterpart (2.10).
I11. Three-pendulums in MOND

Now consider pendulums of masses m, (X;, y;), m,(X,,Y,),m;(X,, Y,) with the effective lengths |, ,
[,andl,. Assuming x, =k, x,and 'y, =k;y,, X;=k,x, and y,=Kk,y,,where Kk, k,are positive
constants, the kinetic energy of the system in Newtonian dynamics is given by



T-1 1,260, [m, + m,k,* +m.k,’],
2 (3.1)

where 0, be the angular displacement of the total system of three-pendulums from the equilibrium
position. Using equation (1.3), we obtain

T — Ilaélél2 ml + k13m2 + k23m3 (32)
2 |1,6,+a, kl6,+a, klb +a,|
The MOND Lagrangian L of the system has the form,
L _ Il?’élél2 |: ml + k13m2 k23m3 :I_V(e ) (3 3)
- .o .o .. l .
2 1,6, +a, Kkl,6,+a, k,0,+a,
Solving Euler-Lagrange equation, we get
3Q 2 31, 3R 2
m,1,"0, 1- a, N m,l, "k, 6, 1- a,
1,6, +a 1,6, +a k1,0, +a k1,0, +a
11 0 1v1 0 171%1 0 1711 0
N m,l,°k,%6,? L _
(k,1,6, +a,) k1,0, +a, 00,
It’s Newtonian and MOND analogue are as follows:
(m, +k,°m, +k,’m,) 126, ~ —%, (3.4)
1
m, +k°m, +k.°m.) 16,2 Ja, ~— 2V (3.5)
1 1 2 2 3771V 0

1

. .V . .
Introducing a new potential T instead of V , and restoring the same symbolV for MOND potential,

above (3.4) and (3.5) assumes the forms

(m, +k,’m, +k,’m,) 1, 6, ~ _v (3.6)
0,
and (m, +k’m, +k,’m.) 126, /a, ~ —% . 3.7)

1

It seems that both Newtonian and MOND outcome have same sort of symmetry as is viewed from the
pair of equations [(2.10), (3.6)] and [(2.11), (3.7)].This enables us to rewrite the generalization to a
system of n-pendulums in MOND and the same is summarized in the next section.

IV. The system of n-pendulums in MOND

Continuing the process detailed in the previous sections, we can generalize the equations to a system
of n-pendulums as follows:

Newtonian analogue:

(m, +k,’m, +k,’m, +k,’m, +...+k ,’m )1, 6, ~ —%’ . (4.1)
1
MOND analogue:
(m, +k’m, +k,°’m, +kS°m, +....+k °m ) 126, /a, ~ —% . (4.2)
1

The pattern of the above equations is worth noting.



Conclusion

The Newtonian analogue and the MOND analogue are contained in the equations (4.1) and (4.2)
respectively.

Note
We can get the same result by the method of mathematical induction which is obvious.
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Appendix

Derivation of (2.1)
Vi =XV V=X Y
As X, =k = =V, =k V!
S Xp =KX Y, =KY 2 111

\72 = klvl
v, =16, =V, =16,

v, = k1,8,
1 1
T= > my,” + > m,v,”

T :%mﬂféf +%m2kf|fef

T= % 1,%6,2 [m1 + m2k12]
Derivation of (2.2)

1 1
T=> myv,” + > m,v,”

T= lmllfél2 16,
2 1,6, +a,

R I
2 k1,0, +a,

T:'féﬁf[ mkm }
2 1,6, +a, kl0,+a,

Derivation of (3.1)
V=X VP VE =KV =5
As X, :klxl, Yo =KYy, and x; = kle, Y; = kzyl,
Vi =kAvE, Vi =kiv?
v, =16, =V, =1,6, and v, =k1,, =V, =k,1,0, alsov, =k,1.6, =V, =k,|,6,

1 1 1
T= > myv,’ +Em2v22 +> m,v,’

T :%mﬂfef +%m2k12|12912 +%m3k22I12912

T= %Ifél2 [m1 +m,k,” + m3k22]



Derivation of (3.2)

1 2 1 1 2
T:Emlv1 +§m2v2 +Em3v3

T = imllfél{ 16, }+1m2kflféf {%}imsk;lfef {ﬂ}
2 16,+a, | 2 k1,6, +a, | 2 k,1,6, +a,

T:'féléf[ o kmkm }
2 16, +a, kl06,+a, k0, +a,



For Reviewer
By Mathematical induction:

Let us consider the statements.

For Newtonian regime:

P(n)=(m1+k12m2 +k22m3+k32m4+ ..... K. 4 ’m DIA .9 N_%
1

and for MOND regime:
oV

P(n) = (m, +k,’m, +k,’m, +k,’m, +......+k, °m )17 67 /a, ~ 20

We have already proved the results for n =1in our communication (Nahatkar and Pund (2012)).

Now assume that the results (1) and (2) are true forn =z and prove itforn=z +1

Therefore
P(z)=(m, +k’m, +k,’m, +k’m, +....+k,_’m )16, z—%
1
3 3 3 8V
P(z)=(m +k 'm, +k, " m; +k;”’m, +........ +k,’m)I2 6% /a, ~ )
1
Consider the system of (z+1) pendulums.
Then the Lagrangian L of the system is
3552 3 3 3
U o kl.. My kz_l.. Mz 5 Mz41 | _y (&)
2 |161 + 4 k1|191 +4p kZ—lllHl + 4 klegl +3ag
Since L =L (6, ,61 ,él) , it satisfies the generalized Euler-Lagrange equation
d ( oL J _ m%lféf .\ mzkflféf e mzk3zj%3lfé12 LMk 126, e
dt\og, ) 16, +a, kl6 +a, k, 1.6, +a, k1.6 +a,
d’ ( oL J _ miad’  mklad’ L Mkalfady  m, ks Fa6:”
dt* (06, ) (L6, +a)"  (khé +3,)’ (K hd +3)* (kLG +a,)’

Solving Euler-Lagrange equation, we get
njillfél2 % |, mzlf’kf’éf T T P
(16, +4a,) 10, +a, | (k6 +a,) k1.6, + &,
+ mzllal.('z—lgél2 1_ _a"O + z+1|l kz e 1_ "aO — _ﬁ
(kz—lllel + a‘0 ) kz—lllel + aO ( kzllel + a0 ) kzllel + a0 ael

After applying the condition for Newtonian regime and using equation (3), we get

(m, +k’m, +k,’m, + ————+k,_,°m )12, + Mol 'k, 0, 1- % ~ —% :
1

Wik, + 2 1Bk + %)

1+1 Ill

)

)

3)

(4)

1



It gives

(M, 4 K2M, + K, M, + k,2m, + bk, 2m, K 2m, )12 6, ~ _%
1
After applying the condition for MOND and using equation (4), we get
3R 2
(m, +k’m, +k,’m, + ————+k,_’m.) L® | My :ZI% il— a(l)< 5| —%
(I+-23)  a(l+—7) '
which implies
3 3 3 3 3 312 oV
(m+k'm, +k, 'my +k'm, + ... +K, . m, +k,; ' m,, )7 0, /a, S
1

(5)

(6)

Introducing a new potential \Ilinstead ofV and restoring the same symbolV for MOND potential,

equations (5) and (6) takes the forms

(m, +km, +k,’m, +————+k_‘m +k ’m, ) 6 ~ oY ,
00,

(M, + kM, +K2m, kM, 4+ kM Y12 6278, 2= O
1 1 2 2 3 3 4 ot z z+17 "1 1 0 =~ 60

1

Thus P(z)=P(z+1) and P(n)is true forn=1.

Therefore P(n)is true for all positive integers.



