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Original Research Article
Computational Algorithms for Syndrome Based
Single Error Correction in Residue Number Systems

ABSTRACT
Error control via residue number systems continues to attract researchers’
attention as evidenced by recent publications deali ng with their applications

in digital communications and computing. In this pa per, we present syndrome
based decoding algorithms and analyze their algebra ic structure for single
error correction in such systems. The mathematical framework is also
extended to single error correction and simultaneou s multiple error detection.
We also bring residue number system product codes u nder the same
framework. Specifically, all the algorithms are bas  ed on the computation of a
single syndrome value. Computational aspects are al  so studied along with
conditions for the validity of the syndrome based a Igorithmic approach being
described here. Numerous examples are given to illu  strate the structure,
properties, and decoding procedures associated with the algorithms.

Keywords: Computer Arithmetic, Chinese remainder theorem (CRT), Residue number
systems (RNS), Error control, Redundant residue number systems (RRNS), Single error
correction (SEC), Multiple error detection (MED).

1. INTRODUCTION

One of the most popular ways to perform error ainin a system, be it a
communication or a computing system, is to use pprapriate amount of
redundancy. Thus, ifj is the original information, it is encoded intccadewordx
such that certain most commonly occurring errorscican be corrected. Most
phenomenon that introduce errors are modelled disiaglin nature, that is

y=x+e (1)

Giveny, the first step in many syndrome-based error cb8BEC) algorithms is
to compute syndrome that depends only on the efror

s=3(y) =S(x +€) =3(x) + S(e) = (e). (2)

The second step, is to estimadrom the syndromes. This can be done via a
computational algorithm or a table look-up methddhus

& =T(). 3
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Finally, we assume,

y=x+é (4)
to decodey to

X =y-—e. (5)

Equivalence between a computational algorithm atdketlook-up method to carry
out the task in (3) is well known in classical aoglitheory. It is possible to use the
method described above to compute more than orgbp@sandidate foe in (3)
and hence fox in (5). Suchx candidates can then be tested for their validstpa
codeword. In our work, we restrict our attentioratsingle pass where the er@mas
computed in (3) is unique. Also other methods feecatling, such as ‘error trapping,’
will also not be studied here.

The above described methodology has also beenedpilierror control in
Chinese remainder theorel@RT) based residue number syste®RNE) [1]. With
redundancy built in for error control, such RNS a&eemed redundant RNS or
RRNS. RRNS continue to attract researchers’ attentisne@denced by recent
publications dealing with their applications to ithfjcommunication and computing
systems. The reader is referred to [2]-[5] for saphplications. In addition to RRNS,
RNS product codesRNS-PC) also present an attractive alternative to RRNIS fo
error control in RNS. Both RRNS and RNS-PC willfagsued in this work. When
applied to RRNS and RNS-PC, SBEC methods have ditiathl feature, termed
residual effect to be taken into consideration. The syndrosnm (2) may not
depend exclusively og, but also orx. As we will establish in this paper, the impact
of residual effect depends on algebraic structithedmethod used for error control.

In this work, we derive new computational algorithrfor single error
correction SEC) and its extensions to simultaneous multiple edetection MED)
in RRNS and RNS-PC. A rigorous analysis of thedwsi effect is also carried out.
Computational aspects are also studied along wvaitiditions for the validity of the
syndrome based algorithmic approach adopted. Numeexamples are given to
illustrate the structure of these algorithriisie key idea of the paper is to use a
single syndrome value to carry out the computationsequired for the task at
hand. The approach to use a single syndrome was fastribed in a recent paper
[6] that the current author finds very interesting.

The contributions of this work are two folds. Firstany of the existing algorithms
for error control in RRNS that utilize multiple synomes are now reformulated such
that they utilize a single syndrome value in a cotaponally equivalent manner.
Collectively, such algorithms for SEC and theiremdions for simultaneous MED
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are called SEC. Second, a new syndrome is defimadctin be computed using a
superfast algorithmSA) to further simplify the computations involved error
control in RRNS and RNS-PC. This second class off&ASEC using a single
syndrome value is terme®EC-SA The focus in this work is on SEC and SEC-SA
for RRNS and RNS-PC.

The organization of this paper is as follows. Ircte I, the basic
framework for RRNS and RNS-PC for error controlpiesented. Syndrome is
defined as a single integer value to be used fterohéning all single error events.
Section Il describes residual effect and decodilggrithms for SEC and SEC-MED
RRNS. A superfast approach for the computatiorynfisome and the corresponding
SEC-MED algorithm for RRNS is described in sectibn Conclusions are
presented in section V.

It is worthwhile to mention here that we are driveg computational
complexity considerations all throughout this wotdowever we refrain from
making statements implying that the computatiomahglexity is the only measure
of the overall performance of an algorithm. Furttibe need to process large valued
integers is avoided in the design of error contgorithms. Instances of such
methods that use large valued integers include taedwrojection method among
many others. Readers may find the research resgtsted in [11]-[14] interesting
and relevant.

2. ERROR CONTROL IN RRNS & RNS-PC

RNS. A RNS is a finite integer ring(Mk) defined byk relatively co-prime moduli
my, my, ..., My, arrangedin ascending order without any loss of generality. The
range of the RNS is given by [Blk) where

MK=|jm- (6)

An integerX O [0, M) in the given RNS is represented as a lefkgthctorx via the
modulo computations,

X o X=X X2 ... Xi), (7)

where
X =X modulom,i=1, 2, ..k (8)

We assume that all residues are positive. Thesg& m;, i =1, 2, ...k Modulo will
be written as ‘mod’ from here on. Negative integars converted to equivalent
positive values. ThusX = -amodm =m —a, 0 <a < m. Two observations
associated with RNS that play a key role in theodew algorithms are as follows.
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Observation 1. If all residues are equal, Xay x=(aa...a), 0<a <my, thenX =
a

Observation 2. If all residues are equal, Xay x = (-a-a... a), 0 <a <my, thenX
=-a.

Chinese remainder theorem (CRT)Givenx, computation oK, 0< X < M, is
done via the CRT reconstruction, stated as

Lo )
X=) x [ modM 9
= m

wheret; is computed a-priori by solving the congruence

titﬁl\r/ln'(jzlmodm,izl, 2, ...k (10)

It is clear from (10) that

gedg, m)=1,i=1,2, ...k (11
The CRT computation in (9) can be performed in siaps:
Step 1: Compute the permuted residues

X =x 0 modm,i=1,2, ..k (12)

Step 2: ComputX as

stk:xi’[EMKj modM . . (13)

Computation ofX from x involves large integers when the dynamic rangBNS is
large. Another way to express CRT reconstructioX if (9) is as follows:

K M
X = i 1 -6,M,. 14
;XI Il:ﬁm] X ( )

The ‘modMy’ computation in (9) is performed in (14) as a sattion by a multiple
of Mk such that &< X < Mg. We note that} is unknown and needs to be determined
from the residues.
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159 RRNS. RRNS is obtained by appending ¢ k) additional relatively co-prime
160  moduli, Mg, ...,M,, to the RNS defined by moduhln{ m, ... my). We further assume
161  that the modulify M, ... m¢ My ... my) are arranged in an ascending order. The
162 RRNS is atf, k) code. The redundancy of the RRNS is given by

163

164 Mg = m . (15)
i=k+1

165

166  An integerX [J [0, M) in the given RNS is represented as a lemgtbdewordx via
167  the modulo computations,

168

169 X o X = (X1 X2 oo Xk Xkt 1 - Xn), (16)
170

171 where

172

173 Xi = X modulom,i=1, 2, ...n. a7
174

175  ThekresiduesX; x; ... Xi) constitute the information part anal-{ k) residuesx1 ...
176  Xp) the parity/redundant part. Let

177

178 Mn = Mk (MRg. (18)
179

180 The RRNS as defined here is a maximum distanceraglea(VIDS) code having
181  minimum distance

182

183 d=n-k+1. (29)
184

185  Minimum distance is the smallest Hamming distanatwben two distinct
186  codewords. It also turns out to be the Hamming ttead a non-zero codeword with
187  the smallest Hamming weight [1]. In general, a RRti&t can simultaneously
188  correcta and deteci (8 > a) residue errors has = a + f+ 1. A SEC RRNS is

189  obtained by setting = 3, o = 1. For SEC-MED (multiple error detecting) RRNS,

190 =1,B=d- 2. For example, a minimum distance 4 RRNS calsaneously correct
191 1 and detect 2 residues in error. .
192

193 Example 1.Consider a (4, 2) RRNS defined by (m, mg my) = (11 13 14 15). The
194 legitimate range is [0, 143)r = 210. This is a SEC. Given the integer 250 [0,
195 143), we havex = (3 12 11 10). If we extend this RRNS with a dhredundant
196  moduli, sayms = 17, we get a (5, 2) SEC-DED (double error datgitRRNS.

197  An errore (g # 0) in thei-th residue leads to the received residue vegtor

198

199 y=X+e (20)
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where,

yi=(%+e)modm,i=1,2, ..n (21)

For an error, both its locationsuch thag # 0, and valueg # 0, are unknown.

Syndrome. Given the residuey, = (y1 Y2 ... Yk Yk+1 ... Yn), let Y 0O [0, Mx) andYgr O
[0, MR) represent two integers for the information resgl{; y- ... yi) and the parity
residues Yi+1 ... Yn), respectively. They may be computed using CRBmstruction
or using some other method such as mixed radixasion MRC). For RRNS the
syndrome is an intege@rwith value in the range [0/g). It is defined as,

0= (Y —Yg) modMg = (Y modMg—Yg) modMg. (22)

Given the residue vectoy, the first step in decoding algorithms for RRNS is
syndrome computation in (22).

RNS-PC. For notational consistency, RNS-PC is definechlsgoduli (m m; ... my,)
such that all codewords when converted to equitvateeger form are divisible by a
code-generator integé&; where A, m)=1,j=1, 2, ..n.

My =[]m (23)

Thus, all integer¥X in the legitimate range [0My/ Al) are first multiplied byA and
then converted to a codeworduch that

AX o X=X X2 ... Xn), (24)

where
Xi = X modulom,i=1, 2, ...n. (25)

Here,|My/ Al is the well-known floor function.
Syndrome. Given the received residugss (y1 Y2 ... Vo), let Y [0, My) represent

the integer for the residue vectarFor RNS-PC the syndrome is an integewith
value in the range [@). It is defined as,

0= Y modA. (26)
Given the residues, the first step in decoding rélgms for RNS-PC is syndrome
computation in (26).
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It is clear from the above description that if #hn@re no errors, then=y for
either of RRNS or RNS-PC andl= 0 in (22) for RRNS and in (26) for RNS-PC.
Further, though the use of a single syndrome fimrewontrol is rather new in RRNS
[6], the error control techniques for RNS-PC halwags used a single syndrome.
Single syndrome based approach to error control RbIS provides a unified
framework for algorithm design for seemingly difat methodologies. We assume

existence of a computational technique to compﬁtandYR as defined and henee
in (22) and (26). There exists a significant bodyiterature on this topic. We refer
the readers to [10] for a base extensiBB)(method using MRC.

3. SEC ALGORITHMS IN RRNS

In this section, we deal with SEC RRNS. We begin analysis with the effect of
information residues on the syndrome manifestecg\ypaenomenon termed ‘residual
effect’.

Residual effect. We observe that the information and parity ressdaee treated
differently in RRNS while all residues are treatedn identical manner in RNS-PC.
Based on (21), if there are one or more errorkenriformation residues, we have

Y = (X +E)modM = X + E, —a [Mk. (27)

E; has residues( ... ). Here eithema = 0 if X + E; <Mk ora =1 if X + E; > M.
Similarly, if there are one or more errors in tlaity residues, we have

YR E (X+Ep) modMg = X modMg + Ep —b [(MR. (28)

Ep has residuesef; ... &,). Here eitheb = 0 if X modMg + Ep < Mg orb = 1 if X
modMg + Ep > Mg. SubstitutingY in (27) andYg in (28) into (22) we get

s=[(X+E -aM, )modM , - (X modM + E, —b[M)|modM
=(E, -E, —alM, )modM . (29)

It is seen from (29) that for the syndrome as dated in (22) for RRNSresidual
effect of X is present in the syndrome via the unknown vafleThis value gives
rise to its own constraints. We note that RNS-P€ tha residual effect only due to
(27). Thus,

o=(AX +E-alM )modA = (E —a [My) modA (30)
for RNS-PC. Againresidual effectof X is present via the unknown value af.‘ In
the remainder of this section, we describe SECralgos for RRNS.
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3.1 MINIMUM DISTANCE 3 RRNS. In this sub-section, we deal with minimum
distance 3 RRNS with =k + 2. The two known SEC algorithms that we compare

this work are available in [8] and [6]. We show rthéo be computationally

equivalent. Hence it is reasoned that the conditifor their validity are also

identical. Further a computational algorithm isatdsed for SEC based on a single
syndrome.

Algorithm 1 [8]

Given the residues, = (y1 Y2 ... Yk Y1 Yis2), let Y O [0, M) represent the integer for
the information residues/i(y- ... Yx). For the SEC decoding algorithm of [8], step 1
is syndrome computation. It computes two values (€§.1 [1]),

A= (Y —Yir1) Modms = (Y mModMies —Yie1) Mod My (31)

&= (Y —Yir2) ModMz = (Y mod Mz —Yiez) ModMz. (32)

In step 2, error correction is performed as a cdatmnal procedure. 18 = & = 0,

y is error-free. If only one ofd &) is 0, the corresponding parity digit is assuned t
be in error and corrected. If both the syndromes rawn-zero, then an error is
assumed in-th information residue and value of error residsiecomputed if the
assumption is found to be valids 1, 2, ...k

Algorithm 2 [6]

The step 1 of this algorithm computes the syndramdefined in (22). It is clear that
(29) also holds. Thus, for the syndrome in (22)(28), residual effect of X is
present via the unknown value af in (29). In step 2, error correction is performed
via a table look-up.

Algorithm 1 avoids processing large valued integbys using BE and MRC

techniques for computing and & in (31) and (32), while Algorithm 2 uses CRT to
first Compute\—(~ and Yr before carrying out modVr operation in (22). We

emphasize that the above described algorithms ctampasentially the same
guantities though they follow different computatbrapproaches. In that regard,
they are equivalent. We observe that the phrassmpaotational equivalence’ or
‘algorithm equivalence’ are known in Computer Sceefi7].

Theorem 1. The first steps of algorithms 1 and 2 are equivalen

Proof. WithMg as defined in (15), CRT establishes equivalentedsn residues,
and &, expressed modulmy.; andm., in (31) and (32), respectively, and the residue
omoduloMg in (22). It is seen thathy = dmodmy.; andd = omod Mmy.».
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Example 2. For the example in [6], the (5, 3) RRNS is givsnmoduli (7 9 11 13
17),Mr=221. Lety = (559 8 8). As per the computation in [8~1,= 383,Yr =8
andd= (Y —Yg) modMg = (383 — 8) mod 221 = 154. As per Algorithmd.= (Y
MOd M1 —Yie1) ModMe1 = (6 — 8) mod 13 = 11 = (Y mod Mz — Yirz) MOdMyr2
=(9-8) mod 17 = 1. The equivalence is see asl1l1l= dmod 13 = 154 mod 13 =
11 andd =1=J0mod 17 =154 mod 17 = 1.

Given the equivalence of step 1 of two algorithms&e now examine
conditions for the validity of their step 2. StepoR both algorithms provides the
same output, realized via computations in [8] aaolet look-up in [6]. Since the
inputs to the step 2 of both algorithms are eqenglit is imperative that the
conditions for effectively countering residual effen one algorithm must apply to
the other. Therefore in addition to the redundacaystraintMg = M1 Mo, the
necessary and sufficient conditiondor algorithms 1 and 2 to provide a correct
solution can be stated as follows.

Theorem 2. If the information modulim and m; are such that there do not exist
integersn; andn;, 0 <n; <m;, 0 <n; <m that satisfy

nilj.n+nj|j.n:rrk+lm+2’i!j:1! 211k1 (33)

then solutions in step 2 of algorithms 1 and 2careect under the assumption that at
most one error has occurred.

Note that this is same as Theorem 8.1 in [1, p K¥afed for Algorithm 1. The
condition

Mee1 M2 > 2 0y Dy —my—my (34)

is a sufficient condition to (33) obtained from }38/ replacing integers; andn; by
their maximum valuesn, — 1 andm — 1, respectively. It may also be used to
eliminate those pairs of information moduoiiandm, that need not be tested for (33).
In our work, we have found many cases of RRNS sh#isfy (33) as well as those
that don’t. Some of them will be mentioned in tb#dwing. We note that the RRNS
in example 2 (taken from [6]) satisfies the su#fiti condition in (34). Further,
contrary to what is stated in [6], we reassert thathe step 2 of Algorithm 2 to be
valid, conditions in (33) or (34) must be satisfiedhere is an oversight in the
analysis of case 1 of theorem 2 in [6]. The cdrexpression that must have been

used isg, =a M, /m instead ofE, =a, M M /m .

Example 3. Consider the (4, 2) RRNS in example 1. Herelhy, = 143 <myg [y
=210 < 20 Omp —my —mp = 262. Further, 12 + 6 0y = 132 + 78 =g [hy =
210. Thus the condition for a unique associatiamwbeen the syndrome and the error
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(location and value) is violated. For the codewXrd 136 -~ x = (4 6 10 1), let a
single error be (0 11 0 0). Thysz= (4 4 10 1). The corresponding syndrome is

0= (Y modMg—Yr) modMg = (4 mod 210 — 136) mod 210 = 78.

Similarly, for the codewor&X = 16 -~ x = (5 3 2 1), let a single error be (1 0 0 0).
Thus,y = (6 3 2 1). The corresponding syndrome is

0= (Y modMg—Yr) modMg = (94 mod 210 — 16) mod 210 = 78.

It is not surprising that syndrom&= 78 is obtained for multiple codewords when
they are corrupted by single error events (1 0 Or@P 11 0 0). Similarly, syndrome
0 = 132 is obtained for multiple codewords when tlaeg corrupted by either the
single error event (10 0 0 0) or (0 2 0 0). Inkalth cases, there exists no unique
relationship between the syndrom@ and single error events. Hence neither
algorithm 1 nor algorithm 2 can be used for ermamrection with these moduli. As
per [6], Algorithm 2 can be used for SEC in thisearhis is erroneous.

Example 4. Consider the (8, 6) RRNS defined by the resida&s26 27 29 31 32
37 43). Herem; Omg = 1591. We need to test the condition of Theoreforzhe
residue pairsns ms) = (32 31), (s my) = (32 29), s M) = (32 27), s My) = (31
29), and s mg) = (31 27) as for each of them2y Omy —m —m, > 1591. These
values are (1921 1795 1669 1738 1616). A quick uatedn of the linear
Diophantine equation in (33) leads to no solutio@mny of the 5 cases. The obtained
solutions are 10hg + 9 s = 599, 18 + 3 my = 663, 500mg + 21 [0mg = 727,

25 0ms + 26 Oy = 1529, and 13Ims + 13 Omg = 754. Hence this RRNS can be
decoded using either of the two algorithms.

Example 5. Consider the (8, 6) RRNS defined by the resida&s26 27 29 31 32
41 43). Herepm; [mg = 1763. We need to test the condition (33) of Taeo2 for the
residue pairsnis ms) = (32 31) andrfs mu) = (32 29) as for each pairl2n [ —m
—m > 1763. These values are 1921 and 1795. A quickuation of thelinear
Diophantine equation in (33) leads to a solutiobath cases given by 2 + 2901
ms = 864 + 899 = 1763 and ZIng + 310y = 864 + 899 = 1763. Hence, neither of
the two algorithms can be used for decoding thiNBRThere will be several single
error events each with syndrome values of 864 &3d 8

Algorithm 1 uses two syndromes in step 1 and a caatipnal procedure for
determining error location/value in step 2. We noescribe a computational
procedure for step 2 of Algorithm 1 that uses glsisyndrome as in (29).

Step 2 of Algorithm 1 (single syndrome basedError computation

Input: Syndrome integed.
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Output: Corrected residue once erroafde such thag # 0) is known.

A. No Error. If =0, no error is declare(5TOP.
B. Error in parity residue. Compute

O = 0mod My,
O = Omod Myso.

If only one ofd, and &, = 0, then parity residue with non-zedpor ¢, is in error.
If & #0then g.=-3. If &#0thenes,=-%. Go toD.

C. Error in information residue. Compute
A = (My) " O modMr.
Forj =1, 2, ...k, compute

erj = m [A modMg,
& =Mr—6€y;.

If either one ok orey; U (0, m) thenj-th residue is declared to be in error,
where

§ = () Cey; modm = (M« / m) modm] C&;; modm,
if 0 <ey; <m, and
§ =m — ()~ [ep; modmy = my — [(M«/ m) modm] Ce,; modny,
if 0 <ey; <m. Next, go taD.

D. Single residue correction.Fori-th residue in erron, 0 (1 2 ...k + 2), error
correction is carried out as

X = (yi —e) modm.
E. End

Scalarg;, used in CRT reconstruction df, are obtained by solving the congruence,
ti O(Mx/m) =1 modm,i=1, 2, ...k Thus, (i)‘ls (Mk/m) modm.

We illustrate this computational step with an exbmp
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Example 6. This is a continuation of example 2. The (5, NS is given by
moduli (7 9 11 13 17)Mk = 693,Mr = 221. We need the following one-time pre-

computations for steps 1 and B:tot3) = (1 2 7) to computéf from residuesy; y»
ys) and €4 ts) = (10 4) to comput¥k from residuesy ys). Also, ¢ t; 1 ts) = (1 5
8) and Mx) *modMg = 140. Lety = (5 4 1 8 8). In this cas¥, = 166,Yg = 8, andd
= (\7 —Ygr) modMg = (166 — 8) mod 221 = 158. A%~ 0, we proceed as follows:

Step B.

O = omodmy; = 158 mod 13 = 2,
%= omodmy2 =158 mod 17 = 5.

As bothd, andd, are non-zero, we assume single error in an infoomaesidue.
Step C.The various computations are

A = (M) o modMg = 14001158 mod 221 = 20.

=1
e11=m CA modMg = 7[R0 mod 221 = 140,
1= MR—e]_’]_: 221 — 140 = 81.
=2
e12=m CA modMg = 920 mod 221 = 180,
&2=Mg—€1,=221 - 180 =41.
=3

e13=mg LA modMg = 1120 mod 221 = 220,
&3=Mr—€13=221-220=1.

Since 0 <e, 3 < mg, an error is declared if%3esidue, the error value being

3= Mg — (ta) " [n.3 Modmg = mg — [(Mi/mg) modmy] [k 3 modmg
=11 — 81 mod 11 = 3.

Step D.The error correction inBresidue is carried out as

X3 = (Y3 —€3) modmg= (1 —3) mod 11 = 9.
This completes our analysis of syndrome based numirdistance 3 SEC algorithms
in RRNS.

3.2 ALGORITHMS FOR SEC-MED IN RRNS. For SEC-MED algorithms, we need
to determine the location and value of single arrand simultaneously carry out
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MED. In the following, we describe a SEC-MED algbm for RRNS. If no errors
are present, thed= 0.

If only a single error occurs in theh parity residue, =k + 1, ...,n, then
Ep = E = [(& [5) modm] OMr/ m), (35)
Ei=0,a=0,0 =-E, modM,,. (36)

Integerss are CRT reconstruction integers used in computaifan integer from its
residues defined by moduhng,; ... my) over [0,Mg). It is clear from (35) that

e =-dmodm;,
g=omodm =0,j=k+1,..,i-1i+1,..n (37)

An alternative way to express write (37) is
Ei = dmod Mg/ m) = 0. (38)

If only a single error occurs in theh information residud,= 1, 2, ...k, then

E =E = (6 (1)) modm Mk /m) = € [EI\VAT\K ] (39)
Epr =0, (40)
5E(Ei—aEMK)mod|v|R:{q'tﬁ'\:;j—amK]modMR. (41)

Based on (39)-(41), an algorithm for computing the errgation and value in
information residues is derived as follows. Compute:

A= M. [ modM = (ei’m‘l—a)modMR. (42)
Forj =1, 2, ...k, assume error ijtth residue and compute
A =m DﬁmodMRE(e{mi‘l [n, —amnj)modMR. (43)

Whenj =i,
A= (Q’ —alin )mOdM 5 - (44)

Two cases arise due to residual effact,0 resulting in
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€, =Ai modMgr = € (45)
ora=1, resulting in € —m) =A modMg. Rearranging,
€,=m—¢€ =-A modMg=Mr—-A =Mr— €, (46)

fora=1. In all other cases wheg i, (43) holds.

It is clear that one of the two values in (45) or (46)phbgs to the range (O,
m). We further note that if 8 Af modMg <m; or -m; <A; modMg < 0 thend; mod
M = A mod Mg, | = 1, 2, ...,n — k. This is seen via observations 1 and 2.
Expressions in (44)-(46) become our test for identifyinigcation of the error, and
e, value of the error. We claim that the solutions t8) (br a = 0 ora = 1 do not
satisfy the conditions 0 €;, <m or 0 <e;, <m forj #i. This claim can be proven

in a straightforward manner. The framework for SEC-MED inNBRs complete.
The algorithm can be described as follows.

Algorithm for SEC-MED in RRNS (single syndrome basd)

Input: Received residues= (y; ... Yn).

Output: Corrected residues if up to 1 error occurs; Errors detettep tod — 2
errors occur.

Step 1. Compute syndrome valu®n (22).

Step 2. Error Computation
A. No Error. If 5= 0, then declare “no error occurredSTOP.
B1. Error in parity residue: Approach 1. Forj =k + 1, ...,n, compute
g = omodm.

If exactly one ofg # O, then declare “1 error in parity residue.” Say,jfer,
q # 0 theni-th parity residue is in errog, = -4 modm. Next, go tcE.

B2. Error in parity residue: Approach 2. Forj =k + 1, ...,n, compute
g=omod Mg/ m).

If =0, then declare “1 error in parity residue.” Say,jfei, 4 = 0 theni-th
parity residue is in errog = -dmodm. Next, go tcE.
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C. Errorin information residue. Compute
A= M B modM,.
Forj =1, 2, ...k, compute

§,0 = m [A modMg,
g1=Mr—8gp.

If either one ofg o or g1 O (0, m) then declare theth residue to be in error,
where

§ = ()" gomodm,
if0<go<m,and

§=m— )" (g1 modm,
if 0 <g,1 <m. Next, go tcE.

D. Multiple error detection. Declare “more than 1 error detecte8TOP.

E. Single residue correctionFori-th residue in erroi,[J (1 2 ...n), error
correction is carried out as

X = (i —€) modm,.
F. End

Two equivalent approaches to carry out the computatostep B ‘Error in parity
residue’ are given. Either one may be used.

We note that the above described single syndromelkagerithm for SEC-
MED in RRNS is computationally equivalent to the ltiple syndrome based
algorithm for SEC-MED in [1]. Hence the conditions foetvalidity of the above
algorithm are identical to those in [1]. Though thecessary and sufficient
conditions are quite cumbersome, the sufficient camdiis not. It is same as the
sufficient condition in (34).

Example 7. Consider a (10, 6) RRNS defined by (M, ... myg) = (23 25 27 29 31
3267 7173 79) withl =5,a = 1, and3 = 3. Clearlyn; Cimg= 4,757 > 2[mg [ms —
me — ms = 1,921, and therefore the sufficient condition in (34) satisfied.



6 10
617 M, = |'| m = 446,623,200 and/ ; = |_| m = 27,433,619. LeX = 400,000,000,

1=1 =7
618 thenx =(8022 1325017 58 4 11). Assume that one éakas place in the first
619 residue, and the received vectolyis (0 0 22 13 25 0 17 58 4 11). Based on the
620 information part (0 0 22 13 25 0) and parity part (17 38 %

621

622  Step 1.Syndrome is computed as

623

624 0= (\7 modMg — Yg) modMg

625 = (225,234,400 mod 27,433,611%;929,334) mod 27,433,619
626 =17,269,733.

627

628  Step 2.Error computation

629

630 A. 0#0. At least error has occurred.

631 B1. Error in parity residue: Approach 1. Computeg = smodm, j =7, ..., 10,
632

633 & =dmodmy = 17,269,733 mod 67 = 14

634 &=0modmg =17,269,733 mod 71 = 48

635 & =0 modmg = 17,269,733 mod 73 = 50

636 A= 0 modmyy = 17,269,733 mod 79 = 17

637

638 Since more than one @fj = 7, ..., 10, is non-zero, we go to next step.
639

640 B2. Error in parity residue: Approach 2. Computed = dmod Mg/ m),j =7,
641 ..., 10,

642

643 o, = 17,269,733 mod 409,457 = 72,539

644 & =17,269,733 mod 386,389 = 268,617

645 &= 17,269,733 mod 375,803 = 358,598

646 O0=17,269,733 mod 347,261 = 253,944.

647

648 Since none aj = 0, we go to next step.

649

650 C. Error in information residue. ComputeA = M ' 3 modM

651

652 A =5,014,62617,269,733 mod 27,433,619 = 10,734,894.

653

654 =1

655 e10=m A modMg = 23[110,734,894 mod 27,433,619 = 27,433,610.
656 €e1=Mr—€10= 0.

657  Since 0 <ey; <my, an error is declared irf'Information residue with
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e1=my — (t) [y modmy = 23 — [Mk/ my) modmy] [y 1 modmy
=23 - 6B mod 23 = 15.

Next, go toE.

E. Single residue correctionFor the ' residue in error, error correction is
performed as

X1 = (Y1 —€e1) modmy = (0 — 15) mod 23 = 8.

Now assume that two errors take place in the first third residue digit and the
received vector ig = (0 023 13250 17 58 4 11). Based on the infoonagtart (0
0 23 13 25 0) and the parity part (17 58 4 11) we caenghe syndrome as

o= (\7 modMg — Yg) modMg
= (209,443,200 mod 27,433,619 -929,334) mod 27,433,619
=11,213,0009.

Following the decoding algorithm, we check the cstesicy forj = 1, ..., 6, and find
that there is no consistent solution. Therefore, muaa bne error is detected.

4. SUPERFAST ALGORITHM FOR SEC-MED IN RRNS

In this section, we deal with SEC-SA, a superfaspritigm for SEC-MED RRNS.
This is a generalization of the minimum distance L&A described in [9]. SEC-
SA is based on the CRT reconstruction expression in [tlé restated again as it is
extensively utilized in this section.

k
X = x.[ﬂiEEMKJ -6, M, ,0< &<k (47)
= m

There is further uncertainty here due to unknogmnin (47). To counter it, we
introduce an additional redundant modu}i.; to create ann(+ 1,k) RRNS from the
original (n, k) RRNS such that

Mns1 > K. (48)

The ( + 1,k) RRNS will still be treated as a minimum distance n —k + 1 code,
where modulim,.; is used exclusively to manage the uncertainty in. (47
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Consider a residue vectgr= (y1 ... Yk Yk+1 ... Yn Yn+1) for a codewordx.
According toy, we may comput&’ as

Vsiyimi[ETnKj -6,M,,0< 8 <k (49)

and proceed as before. The SEC-SA is based on theseiqrdorY defined as
follows,

\?siyi [ﬂi[EMK]. (50)

It is clear from (49) that
Y=Y +6,M,. (51)
The first step then in the SEC-SA is to compute antjtyeD:
D = (Y - Yr) modMg = (Y modMg — Yr) modMg. (52)
HereYg is the integer obtained by combining the paritydessy;, | =k + 1, ...,n +
1. It was usAed earlier in (22) also. It is possibla\toig large integer arithmetic by
computing Y mod Mg directly rather than computiny first and then taking mod
Mg. The modified syndrome to be used in SEC-SA is ttefimed as
d =MD modM,. 3f5
Substituting fory from (51),\7 from (27) and from (52) into (53), we get
3=MZ(E -E.)+(6, -a)JmodM,. (54)
As before, three cases follow.
Case 1. No error iy. In this casel; =Ep =a =0 and

o=6,modM, =6, ,0<¢6, <k (55)

Case 2. An error in information partyn Leti-th information residue be in error. In
this casek, is same as in (39p = 0, and
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0= [q' ™ + (Hy - a)JmodM ri—1< 6, —a<k (56)
Thus,
mi@:[e{ﬂn [QHy—a)]modMR,—ls g -a<k (57)

Finally, (57) leads tom <m [10 < k [In;. Since we process only positive integers in
modulo arithmetic, we may write,Om o<k On, orMg—m <m D < Mg

Case 3. An error in parity partyn In this caselr; =a =0 and

J=|-MZE, +6,|modM,, 0< 6, <k (58)

Another way to express (58) for an error in ttih parity residuei =k + 1, ...,n +
1,is

e =6, -M [dmodm, (59)
g=omodm=4,j=k+1, .. i-1i+1, ..n (60)

We may also write (58) as

g=omod Mg/ m) =4, (61)

Based on the above analysis of error events, a coenpEeC-SA for RRNS can now
be described as follows:

Algorithm for SEC-SA for SEC-MED in RRNS (single syndrome based)
Input: Received residues= (y1 ... Yn Yn+1)-

Output: Corrected residues if up to 1 error occurs; Errors detettep tod — 2
errors occur.

Step 1. Compute the quantity in (52) and syndrome valu®in (53).

Step 2. Error Computation
A. No Error. If 0<d<Kk, then declare “no error occurredSTOP.

B. Error in parity residue: Approach 1. Forl =k + 1, ...,n + 1, compute

as=omod M/ m).
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If exactly one of < g <k, then declare “1 error in parity residue.” Say,lfor
=i, 0 < 4 < k then i-th parity residue is in errorg, = g and
e =6, - M [dmodm . Next, go tcE.

C. Errorin information residue.
Forj =1, 2, ...k, compute

§,0 =M O modMg,
§1=Mr—6p.

If either 0 <g o <k [Om, or 0 <g 1 <m, then declare theth residue in error,
where

§ = ()™ B0 modm,
if 0 <g,o<klm, and
g =m — ()" (g1 modm,
if 0 <g,1 <m. Next, go toE.
D. Multiple error detection. Declare “more than 1 error detecte8TOP.

E. Single residue correctionkori-th residue in erroii,[J (1 2 ...n + 1), error
correction is carried out as

X = (Y —&) modm,
F. END.

The above SEC-SA has been described for RRNS. A sii@HL-SA can be also
described for RNS-PC. We end this section by stahagthe SEC-MED and SEC-
SA algorithms described here are computational in nattie straightforward to

describe an equivalent implementation that is based table look-up once the
syndrome value is computed in step 1 of the decoalggyithms.

5. CONCLUSION

In this work, we have described mathematical constmu@nd algorithms associated
with syndrome based single error correcting codes foN®RRAIl such algorithms
are described within the framework of a single syndrossel dor error correction as
well as simultaneous error detection. Examples are @igeided to illustrate the
various features and procedures associated with theusaalgorithms. Finally, a
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superfast algorithm is described that simplifies contpra at the expense of an
additional moduli.
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DEFINITIONS, ACRONYMS, ABBREVIATIONS

CRT:
RNS:
RRNS:
RNS-PC:
SBEC:
SEC:
MED:
BE:
MRC:
MDS:
SA.

Chinese remainder theorem,
Residue number systems,
Redundant residue number systems,
Residue Number System-Product Code
Syndrome based error control,
Single error correction,

Multiple error detection,

Base extension,

Mixed radix conversion,

Maximum Distance Separable,
Superfast Algorithm.



