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A Fuzzy approach for solving threelevel quadratic programming problem with
stochastic parametersin the objective function

Abstract

In this paper a fuzzy approach is presented dtwirgy a three-level decision maker’'s model. This
approach uses stochastic parameters in the olgefiivction to solve a three level quadratic
programming problem. The probabilistic nature oé tbbjective functions is converted to an
equivalence deterministic one and then a fuzzynarogiing technique will be used in each level to
optimize its problem separately; implementing tahee membership concept to develop
Tchebycheff problem and generate Pareto optimaltisol for these problems. Finally, the main
results developed will be clarified by a numerieghmple in this paper.

AMS2010: 90C15; 90C70;90C99.
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lintroduction

In the field of mathematical programming (MP), deicalized planning problems with multiple

decision makers DMs were solved in a hierarchicatigion making organization through

developing multilevel programming (MLP) techniquésa DM hierarchical organization, decision
power is excuted sequentialy from higher to lowewels, where each unit or department
independently optimizes its own benefit, througlcanflicting environment of the other units

actions. Government agencies, profit or nonprafifanizations, manufacturing plants, and logistic
companies are all hierarchical organizations incwtMLPP could be encountered [1,2,3,4,5,6].

Fuzzy programming approaches applys tolerance mmsmipeconcept to reach a fuzzy max-min
decision model eventually generating Pareto optiifsatisfactory) solution for a three level
programming problem. This implies that the lowereledecision makers LLDM has to optimize
their objective functions tolerating the preferent¢he upper level decision makers ULDM that was
described by membership functions of fuzzy-set mhedhe solution search is to be continued and
membership functions are to be redefined if it dideatisfy the ULDM preferences.
[2,6,7,8,9,10,11].

Decision problems of chance-constrained or stochagtimization is applied when variables of an
optimization model are defined in probabilistic gatties instead of deterministic ones. Recently,
there has been increasing importance for multidgiestochastic optimization in solving real-life
practical decision problems such as economics gemwatsource management , healthcare |,
transportation , agriculture , energy systems.[3,24,15]

In [5] Pramanik et al dealt with a chance consaa linear plus linear fractional bi-level
programming problem through a fuzzy goal prograngrépproach. The chance constraints with
probability distribution functions were transformeithto equivalence deterministic system
constraints, based on which they constructed neatimembership functions, then they converted
the later into linear membership functions usimgtforder Taylor’s series approximation.
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In this paper some simple and easy techniquessae to solve the problem like the technique used
in [5,14,16], converting the constraints probahtismature to equivalence deterministic constraints
using simplex method to give each decision makprisblem the best and the worst individual
solution, the fuzzy set theory to formulate thevpras results to membership function, and the
tolerance concept to develop Tchebycheff problemegsing Pareto optimal solution for our
problem.

The paper is organized as follows: section 2 cotrergproblem formulation and solution concept of
the model of three level quadratic programming f@wbwith stochastic parameters in the objective
function. converting the probabilistic nature oethtochastic nature in the objective functions to
equivalence deterministic objective functions vii# provided in section 3.The following section

presents Fuzzy approach to solve the three lavadirqtic programming problem with stochastic

parameters in the objective function. A numericamaple to clarify the results will be discussed in

section 5. The conclusion of this research is etfeiogether with suggestions for future research
directions in the final section.

2 Problem Formulation and Solution Concept

Let x;0R",(j =123) be a vector variable indicating the first decisienel choice, the second

3
decision level choice, and the third decision lerice,n=>" n,.

j=1
Let F:R" - RY (i = 123)be the first level objective function, the secondevel objective
function, and the third level objective functiorspectively. Let the FLDM (First Level Decision
Maker), SLDM (Second Level Decision Maker), and TWPThird Level Decision Maker) havg,

, N, and N, objective function, respectively.

Therefore, the three—level quadratic programmingbl@m with stochastic parameters in the
objective (TLQPSP) problem may be formulated alova:

[First Level]
max,, f1(x) = sx + %bex, ) (1

Wherex,, X;solves
[Second Level]

max,, fo(x) = sx + %bex, (2)
Wherex,solves

[Third Level]
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max,, f3(x) = sx + %bex, (3)
Subject to
(X, %,, %, )OG. (4)
Where
G={xOR":g,(x) =) c;x; <d;, (i =12,....n) , X, X,, X, 20}. (5)
=1

Wheref;, f,and f;are the objective functions with stochastic paramseof the first level decision
maker (FLDM), second level decision maker (SLDM)d dhird level decision maker (TLDM), is
n X nare real matrices contain random stochastic caeffis ands is (1 x n) matrix, the vector of
decision variables is n-vector partitioned between the three planners

Definition 1.

For any (x 0 G, ={x|(x, %, %)0G})given by FLDM andx, 0 G, ={x, |(x,%.%,)0G}) given by
SLDM, if the decision-making variabléan G, :{x3 | (xl,xz,xg)DG}) is the optimal solution of
the TLDM, then(x,,%,,,) is the feasible solution of TLQP problem with stastic parameters.

Definition 2.

If (xl*,x;, x;) is a feasible solution of the TLQP problem withc$tastic parameters; no other feasible
solution (x,,%,, X, )G exists ; so(x;,x;,x;)is the optimal solution of the TLQP problem with
stochastic parameters .

3 Converting Probabilistic Nature of the objective functions to Equivalence Deterministic
objective functions

The basic idea in this section is to convert thebpbilistic nature of the objective function to
equivalence deterministic objective function. Using

fo(x) =D s, +ki D xTE(b]) +k; \/Z%xfaz(b})x,r =12119k. [14]. (6)
=1 =1 = 120

WhereE(bj) = mean ofb; and az(b}): variance of, ank, , k; are non-negative constants whose

r
values indicate the relative importance of the maaah the standard deviation of the variakﬂbléor
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maximization. Ik, = k, =1, it is an indication that equal importance igegi to the maximization of
the mean as well as the standard deviatids) .of

So the TLQP problem can be written as:
[First Level]

max,, f1(x) = sx + %be‘x, (7)

Wherex,, X;solves
[Second Level]

max,, fo(x) = sx + %be‘x, (8)
Wherex,solves

[Third Level]

max,, f3(x) = sx + %be‘x, 9)
Subject to
(%, , %5, %5 )JOG. (10)
Where
G={xOR":g;(x) =) ¢;x; <d, (i =12,...n),%,X,, X; = 0}. (11)
j=1

4-Fuzzy Approach of the three level quadratic programming problem with stochastic
parametersin the objective function

To solve the three—level quadratic programming f@mbwith stochastic parameters in the objective
function,one first convert the probabilistic natuoé the objective functions to equivalence
deterministic objective functions, after that gets satisfactory solution that is acceptable to M,.D
and then every leader gives his decision variahkk goal with some leeway to the his follower for
him/her to seek the optimal solution.

4.1 FLDM Problem

First, the FLDM solves (7) subject @, by applying the simplex method. The individualsbe
solution (Fl*) and individual worst solutio(Fl‘) of (7) subject tdG are:



160 F :MD%XFl(x) , F(x) = I\X/Iulgn F.(X) (12)

161 Goals and tolerances can then be reasonably satdimidual solution and the differences of the
162  best and worst solutions, respectively. This datatben be formulated as the following membership
163  function of fuzzy set theory [8]:

1 if F(x)>F,
164 u[ﬁ&»=%§%g; if F <F(X)<F, 31
1 1
0 if F=F(x)

165 4.2 SLDM Problem

166 In the same way, the SLDM independently solves(®)ject tas, by applying the simplex method.
167  The individual best squtio(Fz*) and individual worst sqution(Fl‘) of (8) subject tdG are:

168 F, = l\fID%sz(x) , B ()= I\X/ID%n F,(X) (14)

169  This information can then be formulated as theofwihg membership function:

170
1 if F,(x)>F,,

171 u [F,(x)]= FZ(*X) I F,<F,(X)<F,, (15)
F, -F,
0 if  F, 2Fy(x)

172

173 4.3 TLDM Problem

174  In the same way, the TLDM independently solvess(®)ject td&S , by applying the simplex method.
175 The individual best solutioff; ) and individual worst solutiofF, ) of (9) subject tG are:

176 F, = |\>/|<D%X F.(x) , F(X) = '\x/lulan F;(x) (16)

177  This information can then be formulated as theofwsihg membership function:

178



1 if F,(x)>F,,
Fs (X) —-F
F, —F,
0 if  F; >F,(x)

179 u [Fy(x)]= if F<F,(x)<F;, (17)

180  Now the solution of the three decision makers aselased. However, three solutions are usually
181  different because of nature between three levgbctie functions. The two level leaders know that

182  using the optimal decisions] ,x5as a control factor for the TLDM are not practicalis more

183 reasonable to have some tolerance that gives th@MThn extent feasible region to search for
184  his/her optimal solution, and reduce searching bmiateractions.

185  In this way, the range of decision variable of Bié®M, SLDM with maximum tolerance,t, and
186  the following membership function specify , x; as:

— F —
o
187 4, (%)= e 1) (18)
X +tt1 X XlF sxlsxf +t1.
1
188
— S—
X2 (;(2 tZ) X5 —t, <X, < X5,
2
189 U, (X,)= 19]
2( 2) XZS+t2 XZ S S
t X5 <X, < X5 +1,.
2

190 Finally, in order to generate the satisfactory 8oty which is also the optimal solution with oviéra
191  satisfaction for all decision - makers, the Tchdtsft problem can be solved as the following: [17]

192  MaxJd, (20)

193  Subject to

194 M25|,

195 w =20l



196 M>5|

197 be=be ~t) Sl

198 R (x)] =4,

ulF, (] 23,
200 u[F,(X)] = o

(X, X5, Xg )Zﬂ&;
202 t,t, >0,
203 o0[0]]
204  Wheredis the overall satisfaction, and | is the columuotee with all elements equal to 1s.
205
206 5 Numerical Example
207  To demonstrate the solution for TLQSPP , let usier the following example:

208  [First Level]

209 Max F,(x,,b)=Max  (2+b)x? +2x2 +x2,

X X1
210  Wherex, solves
211  [Second Level]

212 MaxF,(x,,b, )=Max  2x +(b, +1)x2 + X2,

213 Wherex;solves
214  [Third Level]

MaxF,(x,,by) = Max x> +x, +(b3+ 2%,

216

217  Subject to



{06% )% + %, + %, <13
X +2X, + X, <17,

X +X, +2%, <135,

X, Xy, X3 2 0. }

218

219  Suppose that;ib(i=1,2,3) is normally distributed random parametetth the following means and
220 variances, E(b1)=3, E(b2)=5,E(b3)=3,VAR(b1)=4,VhR)=16,VAR(b3)=4 .

221 1. In the first the probability nature of the objeetifunctions will be converted to equivalent
222 deterministic nature.
223 2. Secondly, reformulate the problem in to determiaifirm as following:

224  [First Level]

225  Max F(x,b)=Max  7x?+2x% +x2,
X

X,
226 Wherex, solves
227  [Second Level]

228 Max F(x,,b,)=Max  2x +10x%+x2,

229  Wherex;solves
230 [Third Level]
Max F,(x,.b;) = Max X2 +x, +2BE,
232 3
233 subjectto
234 X +X, +X; <13
235 X +2X, + X, <17,

236 X, tX, +2X; <135,

237
X, Xy, X3 2 0.

238  First, the FLDM solves his/her problem as follows:

239  Find individual best and worst solutions by solvithgg FLDM problem using simplex methodas
240 F] =1183,andF, (x)=0 .
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Second, the SLDM solves his/her problem as follos= 7225, andF, (x) =0 .

Third, the TLDM solves his/her problem as follov =18604,and™s (X =0 |
Finally

1. Assume the FLDM control decisiox" is around (0) with tolerancel .
2. Assume the SLDM control decisionf’ is around (8.97) with the tolerance 2 .

Maxé,

Subject to

5x +3% + X5 —84%0 2 0,
X, +5%2 + xZ —402.300 = 0,
X2 + X, +4x> —186040 2 0,
X +0<1403

x —021203

X, +20<1097Q

x, — 25 = 697,

s 0[oa]

Whose compromise soluti0|(i§,x2,x3 )= (1302 8263)andd = 0.67 (gverall satisfaction for all
decision maker's).and the objective function vateF1= 927.829, F2=90.247 , F3=213.78 .

6 Summary and Concluding Remarks

A fuzzy approach were presented for solving aethesel decision maker's model. This approach
used stochastic parameters in the objective functio solve a three level quadratic programming
problem. The probabilistic nature of the objectiumctions were converted to an equivalence
deterministic one and then a fuzzy programming rigghe used in each level to optimize its
problem separately; implementing tolerance mentiyersoncept to develop Tchebycheff problem
and generate Pareto optimal solution for theselenoh
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However, there are many other aspects, which dhbyl explored and studied in the area of
stochastic multi-level nonlinear optimization swsh

1- A three—level nonlinear integer programming peab with stochastic parameters in objective
function and constrains.

2- A three—level multi objective chance constraigqisdratic mixed integer programming problem
with stochastic parameters in objective function.
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