Analytical model for childhood pneumonia, a case study of Kenya

Abstract
Pneumonia is an infection of the lungs that is edusy bacteria, viruses, fungi, or parasites. For
a long time to the best afur knowledge there have not been reliable mathentaticalel for
childhood pneumonia in Kenya. This research stusletbped a deterministic model based on
the Susceptible-Vaccinated-Infected-Treated-Re@m+&usceptible compartment classes. The
study used the partial differentiation of contreproduction numbéR) toinvestigate effects of;
environment, efficacy of vaccination drug and teant. Model analysis indicates the system lie
in feasible region, it is bounded, has no backwafdrcation and there exists unique endemic
equilibrium point when control reproduction numhbsrgreater than unity. Local and global
stability of the equilibrium points indicated thaintrol reproduction has to be maintained at less
than unity to eradicate the disease. Sensitivitglymms of the control reproduction number
indicates that improved vaccination drug’s efficaattaining herd immunity, higher treatment
rates and lower effects of environment are the iméstvention strategies to lower impact of the

pneumonia of the children under the age of fivey@aKenya.

Keywords. Control reproduction number, herd immunity, seusgiti analysis, disease free

equilibrium point (DFE), endemic equilibrium poifEEP), local and global stability

1. Introduction.
Pneumonia is an infection of the lungs that is edusy bacteria, viruses, fungi, or parasites

Pneumonia is characterized primarily by inflammated the alveoli in the lungs or by alveoli
that are filled with fluid. When a person breatipg®umonia-causing pathogens into his lungs
and body’s immune system cannot prevent entryotiganisms settle in small air sacs called

alveoli and continue multiplying. The host body denvhite blood cells to attack the infection
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causing the sacs to be filed with fluid and pus ausing pneumonia (World Health
Organization(WHO), 2006).

Pneumonia is most dangerous for older adults, bahra people with other diseases or impaired
immune systems. Pneumonia symptoms include coughtycor green mucus coughed up from
lungs, fever, fast breathing and shortness of bresthaking chills, chest pain that usually
worsens when taking a deep breath, fast hearttsggye and feeling very weak, nausea and
vomiting, diarrhea, sweating, headache, muscle, paamfusion or delirium and dusky or

purplish skin color (cyanosis) from poorly oxygeswblood (WHO, 2006).

Childhood pneumonia can be spread through inhalingses and bacteria that are commonly
found in a child's nose or throat; they may alseea@ via air-borne droplets from a cough or
sneeze, direct contact or through blood contapeaally during and shortly after birth (WHO,
2006).

Pneumonia can be prevented by immunization, adequmittrition and by addressing
environmental factors; it is also treatable. Thikofeing environmental factors also increase a
child's susceptibility to pneumonia: indoor air I|pdbn caused by cooking and heating with
biomass fuels (such as wood or dung), living inwaled homes and parental smoking.
Streptococcus pneumonia is the most common caus&ctdrial pneumonia and remains a
substantial source of morbidity and mortality irthbbdeveloping and developed countries,
despite a century of study and the developmentamibiotics and vaccination. Viral
pneumonias is caused by adenoviruses, rhinoving,jrgluenza virus and parainfluenza virus.
Viral pneumonia is treated with rest and plentyloids. Fungal pneumonia is not common, but
it may occur in individuals with weakened immunesteyns due to AIDS immunosuppressive
drugs or other medical problems. Fungal pneumomias usually treated with antifungal
medications. The most common parasites causing npo@a are toxoplasma gondii,
strongyloidesstercoralis and ascariasis .Thesespasaypically enter the body through the skin
or the mouth and travel to the lungs, usually tigiothe blood (WHO, 2006).



Bacteria and viruses are the primary causes ofrpoeia while fungi and parasitic pneumonia
can also occur to children under the age of fivaryewith weakened immune system due to
malnutrition, AIDS and other medical problems. Fuaigd parasitic pneumonia can infect those
children under the age of five years mildly or ahically and may lead to death (WHO, 2006).

In 2011, pneumonia was the leading killer of chaldrunder the age of five worldwide,
responsible for nearly one in every five globalldhdeaths annually. More than 99 percent of
deaths from pneumonia occurred in the developingdiyavhere access to healthcare facilities
and treatment is often out of reach for many ceitdfWHO, 2012).

Globally, reducing the mortality rate for the cinéd under the age of five years by two thirds
between 1990 and 2015 is one of the millennium ldgweent goals and requires a complex mix
of interventions in health and other sectors. UNFG&dicated that Kenya is lagging behind in
East Africa in attaining Millennium Development G®&MDGSs) on reducing child mortality

rates (Mosoku, 2013).Globally, the mortality rata fthildren under the age of five years
dropped by almost 50 per cent, from 90 deaths [¥01live births in 1990 to 48 in 2012, the

under-five years of age deaths was mainly causegrbyentable diseases; most of the 6.6
million deaths in children under the age of fiveagein 2012 were from leading infectious
diseases such as pneumonia, diarrhea and malabaS&aran Africa continues to confront a
tremendous challenge of having the highest moytedite in the world for children under the age

of five years which is more than 16 times the ager@r developed regions (Programme, 2014).

The Kenya Vision 2030, recognized research as drtbeopillars to accelerate development.
Ministry of Health (MoH) was tasked to formulatelipg which would focus on the preventive
care as opposed to curative care (Kenya, 2007)y&enone of the countries in Africa which is
not on target for the attainment of MDG becausedpuires to reduce the mortality rate under
five years to 33 deaths per 1,000 live births b¥2@Programme, 2014). According to UNICEF,
many children in Kenya continue to die unnecesgdlile to poor accessibility to recommended
treatments. This is particularly the case for diear and pneumonia, which still account for an
estimated 20% and 16% of annual child deaths réspbc The Government of Kenya (GoK)
has also initiated additional efforts to reducedcinnortality, including the introducing of new

vaccines to prevent diarrhea and pneumonia, but pomess to recommended treatments is still
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a challenge (Ministry of public health, 2011). B§O®, pneumococcal vaccines (PCV 7, PCV
10, PCV 13 and PCV 6A) were introduced in Kenya dune et al 2009). After introduction of
vaccine it was assumed effective treatment couddtdlie remainder of those deaths (Ministry of
public health, 2011)

Surveillance data on Childhood Pneumonia in Easicaf Region emphasized existence of
different strains but it does not involve matheratmodeling (Mudhune, et.al, 2009).Existence
of different types of pneumonia and vulnerabilitiytbe children under the age of five years
immune system makes pneumonia a complex diseadbeFuaore, many signs and symptoms of
fungal infections are similar to those caused bstdréa and/or viruses. Most bacteria pneumonia
would require culturing to isolate them which regua lot time (Ahmed, et al., 1998). In Kenya,

to the best obur knowledge isolation of pneumonia is not carrietlinuhe health facilities.

Laura L. Hammitt, et.al, 2012, conducted a casdrobstudy of pneumonia etiology among
children aged 1-59 months in rural Kenya and gélyeriassified pneumonia into two broad
categories that is severely infected and very styanfected. The Kenya Health information
system (DHIS2), which is available online recore atructured data of treated pneumonia in
Kenya into two categories that is outpatient anqmhirent classes. Vaccination of pneumococcal
and haemophilus type b is already in place whiddministered in three doses; 6 weeks, 10
weeks and 14 weeks after birth. The objective sftbsearch study is to develop a deterministic
model with Kenya attributes that is taking into @aat severely infected class (assumed to be
mild infected in this study), very severely infegttdass (chronically infected in this study),
inpatient class (assumed to be chronically tremtekdis study), outpatient (assumed to be mild

treated in this study) and vaccinated class amdngys.

This research study involved mathematical modeling @ggdr where the childramder five
years oldwill be subdivided into seven classes and thealaémge from one class to another was

formulated in nonlinear ordinary differential egoat and analytical model analysis was carried



out. The study also determined partial derivative ofdbetrol reproduction numbeR{) to
consider the effects of the environmental factorigical treatment threshold and efficacy of
vaccination drugs. The basic reproduction numBg) (vas determined from control
reproduction number and will be used to determivreehierd immunity. Model analysis was

evaluated to ascertain qualitative behavior ofsystem.

2. Model development.

Joseph, et.al, 2012 developed a general pneumardalrfor adults and children based on four
compartmental classes (Vaccinated, Susceptiblected and Treated)gari, et.al, 2014,
developed a general model based on three compaehutasses(Susceptible, Infected and
Treated classes). Joseph, et.al, 2012 and Ngaiti, 2014 determined control reproduction
number analyzed their model similarly like thisearch studyThis study uses population based
model where population was divideddrsevencompartmentslasses (Susceptible, Vaccinated,
Mildly Infected, Chronically Infected, Mildly Treatl, Chronically Treated and Recovered)
based on infection characteristics and statusfetiion. The summary of the definition of terms,

description of the variables and parameters amealailable in appendix section.

2.1 Model description.

Let N (t) be the total population of the under five yedrtdcen which is divided into seven sub-
classes: Susceptible to pneumonia c&gs vaccinated against pneumonia class V(t), mildly
infected pneumonia clagg(t),chronically infected pneumonia clakgt), chronically treated
with pneumonia (in patient) clags(t), mild treated with pneumonia (outpatient) classt)

and recovered from pneumonia R(t) after treatment.



The rates at whidhy, (t) and I.(t)seek treatmentis given byand r, respectively, the
recruitment rate (birth rate) is given bypneumonia induced death occur at a satandd, in
I-(t) and T (t)respectivelyyu is the constant natural death rate in all the seubclassess
infection rate gis the proportion of born children vaccinated vathailable pneumonia vaccines
(either streptococcus vaccines or haemophilus lyypeccine or both)js the rate of waning of
treatment drugs after recovery(t) is the force of infectioye is the drug efficacye= 1 when

the drug is 100% efficien¢ = 0 when the drug is uselesg),s the rate at which the under five
yearsl,, (t) with pneumoniaprogressed6t), 6, is the rate which under five yedis(t)are
discharged td’y (t) andthe recovery rates after treatmentygaady, for Ty, (t) and T (t)

respectively

2.2 Model assumptions.
The following assumptions were made when formugatire model;

* homogeneous mixing children population in Kenya,

* The recovery from natural immunity not significant

e Through the literature search, to the best of mmvkedge it is observed that no study
has been carried out in Kenya to establish the ¢yphildhood pneumonia in the
population.

» Itis not likely for less than five years of aged® infected with pneumonia
immediately after treatment.

* Reinfection with pneumonia of different types amdtvain during treatment is
assumed to be not significant in this study.

* The decreasing order of infectivity is; mildly icted, chronically infected, mildly

treated and chronically treated.



» Constant natural death rgiedgression rate to subsequent class

* Disease induced deathdssumed to bligher in chronically infected than chronically
treated class i.65; > §,). Treatment reduces likelihood of dying signifidgnt

* Modification parameter k is such that> 1, implying that the environmental factors
increases force of infection.

* Once vaccinated child contract pneumonia, the waticn drug is assumed to be
useless.

» The effects of vertical transmission to pneumorhithe under five years from age
brackets at least five years is assumed to beniifigignt in this study.

* The pneumonia is assumed to be transmitted afiectisfe contact between susceptible
child under five years and infectious classes (rafd chronic) and/or treated classes
(mild and chronic).

» The weak nature of child’'s immune system was asdumee vulnerable to different

types of pneumonia as long as they exist in pojuulat

2.3 Model equations.

We obtain the following systems of equations representing the dynamics;

% = ¢+ pR — (KA + WS (2.3.1),
av

- A-d)m- (1—ekAV —pVv (2.3.2),
dly

L = PIAS + (1 — KAV — ay ]y (2.3.3),
dl,

dTy

W = TllM + ezTC - (D3TM (235),



dT,

E = TZIC - (,04TC (236)
dR

T V. Tm +7v,Tc — osR (2.3.7).
where,

N(@)=S@)+ V() + Iy (t) +1:(t) + Ty (t) + Tc(t) + R(t),
w1 =01 +pu+r1y,
Wy = U+ 0 + 1y,
w3 =7; tH,
04 =7, T L+ 6 + 5,
os =(u+p)and 0 < P, k,e,p < 1.
The initial conditions of the systefi{2.3.1) — (2.3.7)] are represented by;
S(0) = So,V(0) = Vo, 1 (0) = (Im)o, Ic(0) = (U)o, T (0) = (Tar)o, Tc(0) =
(T¢)o and R(0) = R,.
The force of infection denoted hyt)is given by:
MO =PBUn+Elc+ETy +E5Tc)
Where,0 <¢, <§g, <¢g <1
Adding equations of systdi(2.3.1) — (2.3.7)], the rate of change of total population is given
o dN

E: TC_H.N_S:lIC _62Tc.

3. Model analysis.
The model is analyzed by proving various theorentsadgebraic computation dealing with

different attributes.



3.1. Positivity and boundedness of the solutions.

We prove positivity and boundedness by stating@oging the theorem below.

Theoreml1Theregion Q isgiven by
Q = {S@,V(®), 1, (0, 160), T (9, Te(e), RO@CRL N < 7}

is positively invariant and attracting with respect to model system[(2.3.1) — (2.3.7)],

Proof.

Let{ S(t),V(t), I,(t), 1o (t), Ty (t), Tc(t)and R(t)} be any solutions of the system with non-
negative initial conditions

{S(0) = 0,V(0) = 0,1,,(0) = 0,1, = 0,Ty; = 0,T = 0,R(0) > 0}

Since,Z—i = ¢m+ pR — (kKA + p)S it follows that% > —(kA + w)S.On integration, we obtain

t t
%[S(t)efo‘(k““)ds] > 0. Clearly,S(t)elo ~0MWdsig 3 non-negative function of t, thus S (t) stays

positive.

The positivity ofV (t), I ,(t), I, (t), Ty (t), T (t) and R(t) is proved along the same lines as

follows:

dv
- Q- d)mS- [(1 = ekA +ulV

av

I > —[(1 —€e)kRA+ ]V

av
v > —[(1 — e)kA + pldt

V() = Cle—[(l—E)kHu]t
Where(; is a constant of integration, applying initial daron att = 0,

¢, =V (0),



V(t) > V(0)e [A-Kkr+ult
V(t) > V(0)e [A-Okult > ¢
Similarly,
Iy () > Iy (0)e~@1t > 0,
Ic(t) > 1c(0)e~ 2t > 0,
Ty (t) > Ty (0)e @3t > 0,
Tc(t) > Tc(0)e @4t > 0,
R(t) > R(0)e st > 0.
Taking the time derivative of our total populati@ong its solution path gives:

dN_dS v dly  dlc dTy dTc dR
dt dt dt dt dt dt = dt = dt

dN
Ez T — uN_511C_52TC

Therefore,
— 4+ uN <7,

This implies that
T
N(t) < E{l + c e MY,

Wherec, is the constant of integration.

Hence,

t->o0

lim N(t) < ~
m
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This proves the bounded of the solutions insid&lgs implies that all the solutions of our
systeni(2.3.1) — (2.3.7)], starting in Q and remains in Q for at 0. Thus Q is positively
invariant and attracting, and hence it is suffiti@nconsider the dynamics of our system in Q.

This completes the proof.

3.2. Disease-free equilibrium point (DFE)
The disease-free equilibrium point (DFE) of theteg$(2.3.1) — (2.3.7)], is obtained by setting

all the infectious classes, recovered class amdnrent classes to zero. We get

dm—pS®=0; (1 —P)m—puv® =0,

which yields,
SO — ﬂ VO — (1—(1))1'[
it il
The DFE point for our system is given by,
m (1—¢)m
E® = (S%, VO, I¢, Iy, Ty, TC, R%) = (%,%, o,o,o,o,o>.

The DFE poingE?) is the infection free equilibrium point of the sy$[(2.3.1) —
(2.3.7)],which indicates that in absence of pneumonia ystem will consist of two

compartment classes (susceptible and vaccinated).

3.3. The basic reproduction number (R,) and control reproduction number (Rc¢)
We use the next-generation matrix method to detezrthie control reproduction numbejoR
the model Carlos Castillo-Chavez, 2001) Using the notation f for a matrix of new infeciso

terms and for the matrix of the remaining transfer of infectterms in our system, we get,
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PKAS + (1 — e)kAV ®11y

f= (1 — P)kAS o = — O 1y + 01¢
0 ’ —nly — BT + 03Ty
0 — Tl + 04T¢

Let
F,=PkAS+(1—€k\V, F,=(1—-P)AS, F;=0,F =0,
Fs =m0y, Fg=—0Iy+m,le, F;=—10y—0,Tc+ o3Ty, Fs = —11c + 0,T¢
We obtain the matrices F and V by finding the Ja&minatrices off and wevaluated at DFE
respectively to obtain,
Ri &R &Ry &Ry
Fopk| Re &R &R &R,

0 0 0 0
0 0 0 0

)

where,R; = PS° + (1 — €)V%, R, = (1 — P)S%and,

1 0 0 O

v -6, o, 0 0
- 0 o —6
0 —n 0 o

We now compute the inverse of V to obt#in' as below,

1
— 0
4 0 0
o, 1 0 0
y-1 = 0102 O
01 (%) 02 + 0)2 0)4, 7 02 (%) 1 92
01020304 W03My O3 0403
91 TZ Tz O i
010204 (107 04

Multiplying the matrices” andV ~! to obtain,

Where,
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Ry 4 R10:E; N R1E,(010212 + 110,04) N R10:E;12  RiE) N R16028,7; 4 R1&;12

T, = Bk ®q ®1 0 01 0203Wy 01 W04 ®7 020304 Wy
! {& + R;20:¢; 4 R3E,(01027; + 110,04) 4 R20:8;,12 Ry 4 R26028,72 N Rzigszl
®q ®1 0 01 0203Wy 01 W04 () 020304 [ 1O
RiS, R16:¢, N RS,
(,03 (,03(,04 0)4
T, = Bk I
2= Blpe Ry0.¢, R
3 0304 g
0 O
T, =T, = [ .
3 4 0 0

Using Mathematica software to obtain the eigen\&{yéi),i = 1(1)4}of the matrix(FV~1) we
get,
q(1) =q(2) =q() =0,

Bk
q(4) = W{R1®2®3®4 + & (R16,0304 + R0, 0304)

+ §Z(R16192T2 + R292T2(1)1 + R1T1(1)2(D4) + 53 (R191’C2(x)3 + R2T20)1(D3)}.
The control reproduction numi{&;) is given by the spectral radiggthe dominant eigenvalue)
of the matrix FV'%, denoted by(FV 1) is;

Bk
Re=——m
0107 03My

{R1032033034 + 51(R191033604 + Ry01030,)

+ §Z(R16192T2 + R292T2(1)1 + R1T1(1)2(D4) + 53 (R191’l32(x)3 + R2T2(1)1(1)3)}.
The control reproduction numi@r) is the average numbexf susceptible children under the
age of five years, one infectious child (mildlyecfed or chronically infected or mildly treated or

chronically treated) can infect when combined we@tions of vaccination and treatment are

already in place.
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The reproduction numbgR.-,) when the vaccination drug efficacy is 100%, that+ 1 is
given by;

R BkS0
=1 =
€ 0100304

{Po,0;0, + &, (PO10304 + (1 — P)oy0304)

+ ‘):2 (P9192T2 + (1 - P)esz(Dl + PT10)20)4) + 153 (Pel'cz(,o:; + (1 - P)T2w1w3)}.
The reproduction numbgR.-,) is average number susceptible children underdbeafive
years, one infectious child (mildly infected or chically infected or mildly treated or

chronically treated) can infect when interventidreatment are already in place and it is not

possible for vaccinated children to contract pnemuiano

The reproduction numb@Rt) when the rate at which mildly and chronically ictkd children

(tiand t,) are zero is given by;

Bk

Rr = (01 — 1) (0

{Rl((ﬂz —11) + £ (R101 + Ry (0 — Tl))}-
- Tl) 1

The reproduction numbgRt) is average number susceptible children underdbefive
years, one infectious child (mildly infected or chically infected or mildly treated or

chronically treated) can infect in absence of weation of treatment.

The basic reproduction numl§By) in absence of interventions is given by;

_ BKSO(P(u+8,) + (u(1 — P) +0,)&)
o (L+8)(n+6,) .

The basic reproduction numl§By) is average number susceptible children underdbeoéfive

years, one infectious child (mildly infected or ehically infected or mildly treated or
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chronically treated) can infect in absence of weations of treatment and vaccination.Thebasic

reproduction numbé€R,) will be used to determine herd immurgigy) as below,

qC - RO'

3.4. Existence of Endemic Equilibrium point for the model (EEP).

We state and prove the following theorem

Theorem 2

A positive endemic equilibrium exist whenever R > 1.

Proof

The dynamic systems of the equations[(2.3.1) — (2.3.7)], is seven dimensional and analyzing it
may not be tractable mathematically. After obtagnieproduction numbers of the full system,
the goal of the model analysis is to understanditqtise behavior as opposed to exact solution
of the system. The syst¢(@.3.1) — (2.3.7)], is highly nonlinear and may be difficult to solve
mathematically. The study proposed to reduce teesyto four dimensions by combining all
the infectious classes (mildly infected or chrofticenfected or mildly treated or chronically

treated) into one compartment class (A). t) = Iy (t) + I(t) + Ty (t) + Tc(t),the time

. . . . dA _ dIy dic dTm dTc _ d_N _ E _ d_V
derivative of A is given bya =% TR o ral it

The system of equatiof(.3.1) — (2.3.7)], reduces to,

% =¢n+ pR — (KA + p+ pm)S (3.4.1),
dv
- = A= m— k(1 — W — v (3.4.2),

dA
= = (L QA= 81lc = 8,Tc +1S + k(1 — OAV = 1, Ty = 1T (3.4.3),
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dR
T 7 Tm + 7,Tc — ©sR (3.4.4).

Since the following paramete{ly@,yz, 01,82, 1 &, €, and 5,3} are less or equal to one or greater

or equal to zero, it follows by closure propertg thembers below can be expressed as subsets of

A or A*

o {08,186 €, T, £, TE A",

* {1, Tm7,Te, 811, 8, Tc, WA, €, Ic, &, T, £, Te A,
o (T + & IE+E, T + &, T A,

© (840c + 8, Tc + v, T +7,Tc)cA,

© (1,Tm +7,Tc + HA)CA,

o (Im+&Ic+ETy+E,Tc)cA
Let us introduce these subsets as parameters pAAas indicated below,

* Yle + YZTC + IJ'A = QZAI
° 811(: + 82TC + 'Yle + 'YZTC = QlA,
° IM + allc + aZTM + é3TC = Q3A,

o Iy +E I8+ E T +E,TE = QA

Where(2;, 2, and (is less or equal to onk.is clear from the systeft8.4.1) — (3.4.4)], 2, >

0, = Q,. After the change of variables the system of eéqoatf(3.4.1) — (3.4.4)] becomes,

S = pm+ pR — (KA + WS (3.4.5),

S =(1-¢)m—k(1— W — v (3.4.6),
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dA

= KAS+k(1- AV —2A (3.4.7),
dR
- = 2,A — osR (3.4.8).

The control reproduction numbéRy) of the systenj(3.4.5) — (3.4.8)] using the second
generation matrix is given by,

_ Bk&%H,
c — Ql ’

*

where,H, = S° + (1 — e)VO.

After the change of variables, the force of infextat endemic equilibrium poinE{* =

(§*,V ™, A*, R*™) of the systenj(3.4.5) — (3.4.8)]will be given by."" = p£2;4**.The endemic
equilibrium pointg™ = (§**,V **, A**, R**of the systenj(3.4.5) — (3.4.8)]], is obtained by

equating the system to zero to obtain;

¢+ pR™ — (KA +p)S™ =0 (1),
1-¢)n—A—-eRA*V™ —puV/ > =0 (i),
KA”S™ + k(1 — €A™V ™ — QA" =0  (iii),
QA" — 0sR™ =0 (iv).

Solving the system of equation abdy® - (iv)] in terms ofA™* using Mathematica software we
obtain;

_ ¢+ pR™

S** :

b (=)
kA *(1—¢€) +
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kA (=1 4+ e (KA + p) — end)os

A** — :
(k(=1+¢€) — W (kKA + pos 2 — kA p2,)
Q A**
R*=—%
(3

Substitutingd™ using Mathematica software to solve the equatelov we obtain two cases

A — BOAT™ =0,

Case 10" = 0, which correspond to the disease free equilibqummt(E°°) of the system
[(3.4.5) — (3.4.8)] given by ;

on 1-¢)m |

EOO — (SOO VOO AOO ROO) — (
W W

,0)
Case 2; the value(s) af”* obtained by the quadratic equations below cornedpo endemic
equilibrium point.
a(M™ )%+ b\" + ¢ =0,
Using Mathematica software a, b and c are obtaasdidllows,
a=k*(—1+¢€)(w52 — p2,) <0,

m(—1+ €e)R;

b =k((-2 +e)u—< 7

)035-(21 + upL,

. u{—u N n(1+ 6(;11 + ¢))R;} "y

For real positivé™, b% > 4ac .Since a < 0,A"" > 0 if and only if ¢ > 0,i.e

. (1 +e(—1+ ¢))R; .
H,

0,
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After algebraic manipulation it follows that thenthitions necessary and sufficient£6r > 0

areR; > 1 which completes the proof.

3.5 Bifurcation analysis.

Mathematical models with vaccination often unddodarcation which makes the control of the
infectious diseases difficult (Braurer, 2004). Thifurcation will be explored, using the Centre
Manifold theory (Junli et,al, 2011). The change afiables are made first for simplicity. Let
S=y,V=y,A=ysandR =y,,SothaN =y, + y, + y3 + y,.Further, by using vector

notatiory = (y1,¥2 V3, y4)", the pneumonia mod§(3.4.5) — (3.4.8)]can be written in the

form% = F(y), with F = (p1,p2,P3,P4)", as follows:

y1 =p1 = ¢t — (kBLAy; + Wys + py7, (3.5.1),

Y2 =P2 = (1 = )m— (1 - eKkBLAByzy, — ny; (3.5.2),

V3 = p3 = kKBLysy, + k(1 — €)Bysy, — Qy; (3.5.3),

Y4 = Ds = £By3 — 05y, (3.5.4),

with, 2*** = Bys.

The method entails evaluating the Jacobian of yetem[(3.5.1) — (3.5.4)] at the disease free

(1-P)m
vl

equilibrium point,E? = (2,2, A% R?) = (¢—f, ,0,0), denoted by (E?). This gives:
—u 0 —kp*2,S° Yol
JEY.=| O T k(- 3ve 0
i 0 0 kpH, —2, 0 [
0 O 2, —®s

Wheref, =5S°+ (1 —¢e)V°.

Consider the case, wheR@ = 1. Suppose, further, thg&t= £*is chosen as a bifurcation

0

—Using Mathematica software the

parameter. Solving f¢" from R = 1 givegs™ =
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Jacobian o% = F(y) at the disease free equilibrium point, with= 5*, denoted by (E?), has

eigenvalueg—u, —u, —os and 0). We obtain one zero eigenvalue and three negative
eigenvalues hence, the Centre Manifold theory eanded to analyze the dynamics of the
modelQunli Liu, et.al 2011). The theorem stated below will be used to anallygedynamics of
the model Qkaka. et.al, 2013).

Theorem 3.

Castillo-Chavez and Song .Consider the followingegal system of ordinary differential

equations with a parametgr

dy_

o = f@.F).f: R*x R > R"andf € C*(R" X R),

where 0 is an equilibrium point of the system (ikaf(y, 5*) = 0 for all 8*) and
1A = D,f(0,0) = <% (0,0)>,is the linearization matrix of the system aroumel ¢quilibrium
J

0 with 8* evaluated at 0O;

2. Zero is a simple eigenvalue of A and all othgervalues of A have negative real parts;
3. Matrix A has a right eigenvector u and a leffegivector v corresponding to the zero
eigenvalue.

Let p,be the kth component of p and

92,
a= Z VUil 5 .(0,0),
- i0)j
k,ij=1
n
2
Pk
b= Z vkuia laﬁ* (O)O);
k,ij=1

then the local dynamics of the system around thidibgum point (0,0) is totally determined by

the signs of a and b.
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Particularly when:

i. a>0andb > 0,wheng* < 0with|8*| « 1,(0,0), is locally asymptotically stable

and there exists a positive unstable equilibriumemd < g* « 1, (0,0) is unstable and

there exists a negative and locally asymptoticsiiiyple equilibrium.

ii. a<0andb <0,wheng* < 0with [8*| < 1,(0,0) is unstable; whefl < * <

1, (0,0) is asymptotically stable and there exists a pasiiinstable equilibrium.

iii. a<0andb > 0,whenp* < 0 with |[B*] « 1, (0,0)is unstable, and there exists a

negative and locally asymptotically stable equilibr; when0 < 8* « 1, (0,0) is stable

and there exists a positive unstable equilibrium.

iv. a>0andb < 0,whenf*changes from negative to positi®,0) changes its stability

from stable to unstable. Correspondingly a negaglibrium becomes positive and

locally asymptotically stable.

If a> 0 and b > 0, then a backward bifurcatioows atf* = 0 (Okaka. et.al, 2013).

Eigenvectors gf:: For the case wheRy: = 1, it can be shown that the Jacoljjd#?)]at

B = p*(denoted byg-) has a right eigenvector given by= [uy, u,,uz, us]” , where,

u =
! u
—k(1 —€)B2;V°u
", = ( )2 3<0’
7
U3ZU3>O,
u
U4= 23>0.
(O

_ —kﬁQ3SOU3 + IOU4 _ _k())sﬁ.Q3SOU3 + pQZU3 <

Further,/g- has a left eigenvectqis = [v1,Va,v3,v4]T), where,

V1=0,
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Sincgv, = v, =v, = 0), we only need to compute the partial derivativieg;d(at the disease
free equilibrium point). For the systéf4.5.1) — (4.5.4)]the associated non-zero partial

derivative off; (at the disease free equilibrium) is given by

0°p; _ 0°p; 0°p; _ 0°ps

= = kB* (2, =
dy,10y; 9dp3dy, Ba 0y,0y; 0y30Y,

= (1 —e)kf* 2.

It implies,

a=2v; {u1u3 & + uyuz &}

0y,0y3 0y20y3
Sinceu, and u, are less than zero, it follows that,
a = 2vi{uuskf 25 + uyus (1 — e)kB* 25} < 0.
Also,

62P3
dy;dp*

= kﬁ.Q3SO + k(l - E)ﬁQ3VO,

76 7

b:v Zuﬁ_'_U Zuﬁ
‘L ay0pT T L ayi0p”

i=1 i=1

Sincev; and us are greater than zero it follows that,

b = v3u3{kﬁQ3SO + k(l - E)ﬁQ3VO} > O.
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Hence, it follows (from Theorem 3 above) that wher 0 with [B*| « 1, (0,0)is unstable, and
there exists a negative and locally asymptoticstifple equilibrium; whefl < $* « 1,(0,0) is

stable and there exists a positive unstable equilib

3.6. Local Stability of the disease free equilibrium point (DFE).
To determine the local stability of the disease fquilibrium point we state and prove the

following theorem.

Theorem 4.

The DFE of the system [(3.4.5) — (3.4.8)]is locally asymptotically stable R < 1 and unstable
otherwise.

Pr oof

To establish the local stability of the sys{€m4.5) — (3.4.8)], we use the Jacobian of the
model evaluated Bf. Stability of this steady state is then determibaded on the eigenvalues
of the corresponding Jacobianwhich are functionth@imodel parameters. We let

P, =¢m— (KA + S + pR,

P,=(1—-¢)m— (1 —e)kAV —pV,

P4 = .QzA _(,OSR.

The Jacobian matrix evaluated at disease freeilduih pointE? is obtained as

—u 0 —kp€2,S° e,

0 —p —k(1-e)B2V° 0 |,

KBH, — 2, 0
£, — O3
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Where,
H, =S+ (1 —-¢)V°
Solving the equation
J(E®) —q(®H| =0,
where H is the identity matrix and = 1(1)4 are eigenvalues Using the Mathematica software
we obtain the following eigenvalues
q(1) = q(2) = —n,
q(3) = —os,
q(4) = -2 + kKB H,.
Clearly three eigenvalues are negative but theitiond necessary and sufficient f@4) is
—, + kB%LH, < 0,
kBRH, < (2,

kB (%L H,
—= 2y,
o)}

R: < 1.

This completes the proof.

3.7. Global stability of the disease free point.
To prove the global stability we state and proweftilowing theorem.
Theorem 5
The DFE is globally stable whenever R < 1 unstable otherwise.
Pr oof
We propose the following Lyapunov function for testem[(3.4.5) — (3.4.8)]
S \Y
L(S,V,A,R) =5 — §° — SOLnE + X, (V — V- VOLnW> + X,A+ X3R
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L(S,V, A, R)is positive definite satisfies the conditions;

L(S°,V° A% R®) = 0 and L(S,V, A, R) > 0.

For w to be negative definite, it must satisfies

dL(S°,V?, 4% RY) dL(S,V,A,R)
=0and — "2 <0.
dt dt

whereX,, X,andX; are positive constants to be determined.At DFBtRi=

(89,19, A% R%the systerf(3.4.5) — (3.4.8)] satisfies,

dm = ps®,
(1—¢)m = puvo.

The time derivative of the lyapunov function isabed as,

dL(S,V,A,R)_ 1 S0 dS+X A dv+X dA+X dR
dt - S /dt 1t v /dt  “%de “3dr
Substitutingil—i,i—\t/, 3—1: and 3—f to obtain;
dL(S,V,A R) S0
T: 1—? {dbn— (kKA + WS + pR}

+ X, (1 — V70> {(1—-P)m— k(A — €AV — v}

Substitutingpm and (1 — ¢)m to obtain;
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dL(S,V,A R SO
% = <1 —?> {uS® — (kB2A + WS + pR}

0
+ X, <1 - V7> {uV0 — k(1 — €)B2AV — pv}

+ X,{k2AS + k(1 — €) %AV — Q,A} + X3{2,A — 05R},

dL(S,V,AR)  (S—S%%  (V-—VO)?
dt - TH Ty Wy

+ {—X,0 + X302, + kKBS + X, kB(1 — )L VOIA + {X, — 1}kB%LAS
SO
SettingAS, AV and Ato zero we obtain the following equation,
XZ - 1 == 0,
XZ - Xl = 0,

_XZ‘QI + X3.Qz + kﬂQgSO + Xlkﬂ(l - E).ngo = 0.

Solving the above equation to obtain;

_ S kBOH,

X, =
T, 0 2,

Where,
Hy, =S5+ (1 -¢eV°.

The derivative of lyapunov reduces to;

dL(S,V, A, R) (S—S%2  (V—V0)2 S0 Q
——=—qu —u +pl1 S R —

1
(1 - RY)wsR
dt S v o, 1 ~RoJes
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0
Since(l — S?) < 0, the conditions necessary and sufficient%%i’tvi <0is(1—-Rg) > 0.

This implies that disease free equilibrium poinglisbally stable if and only R < 1 and

unstable otherwise. This completes the proof.

3.8. Local Stability and global stability of the Endemic Equilibrium point (EEP).
At endemic equilibrium point (EEP), the global sti&épimplies the local stability. To determine

local and global stability we state and prove tifving theorem.

Theorem 6

HZ (V***_V)Z

S (vTv2) unstable otherwise.

The DFE is globally whenever R¢" <

Pr oof

For the systeni(3.4.5) — (3.4.8)]to be tractable mathematically consider a specis¢ avhere

the wanning due to drugs is zerog.e= 0 to obtain (Junli Liu andTailei Zhang, 2011),

% = ¢m— (KA + WS (3.8.1),
dv
— =0 —®m—k(1 - N -V (3.8.2),
dA
T =S HkI - —2A (3.8.3),
R 24— R (3.8.4)

k%%

The controlled reproduction numl§B("), the force of infectiofh.™ "), disease free equilibrium
poINtE?0 = (§00,17 00, 400 RO0Y — (%“,@, 0,0)and endemic equilibrium poift™* =

(S, V=, A7, R )of the systeni(3.8.1) — (3.8.4)] is given by
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Bk(%H,

R = AT = BOAT and
C o) B
U
S*** — q) :
kA (1—¢€) +
M1+ (=1+¢)  kmA"™¢
. k(—1+e)A*"**—p KA +p
A = )
_‘Ql
Q A***
R EX 33 — 2 .
m

where,H,, = S% + (1 — )V°°,

We propose the following Lyapunov function,

\Y% A
Jin,(4-a - ain )

S
K(S,V,ALR) =S —S*"* —S** In—+Y, <V — V=V L T

S*

R
+Y, (R — R — R*LnR***),

wherd;, Y, and Y5 are positive constants to be determined. The lyapfunctionK(S,V, A, R)

satisfies the condition& (S***, V***, A**, R***) = 0 and K(S,V,A,R) > 0, henceit is positive

definite. Forw to be negative definite, it must satisfies,

dK(S*, V*, A", R*) dK(S,V, A R)
=0 and —2"2<0.
dt dt

The endemic equilibrium poiit;, = (§***,V*, A*,R*) for the system satisfies,
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A1—-0d)m=k(1—e)BRA™V" + ul,

Determining the time derivative of the lyapunov atipn we obtain,

dK(S,V,A,R) (1 S***) ds Ly ( V***) dv Ly (1 A***) dA
dt B S Jdt ! vV /)dt 72 A Jdt
v da g dR

I ds
Substituting foE, 3 and -

dK(S,V,AR) _ (1 g

- <) (o - (kB4 + 05 )

kkk

+X3<1—

R***
R

)

e (1 - ){(1 — ) — k(1 — ©)BLAV — uV}
+ X, (1 - A) (KBAS + k(1 — ©)B2AV — A}
+ X, (1 - R) (A — R},
w - (1 _ %) ((KBQA™ + W)S™ — (KBQSA + WS )
+ X, (1 - v) k(1 = ©BA™ V™ + W™ — k(1 — BLAV — uV}
+ X, (1 - A) (KBAS + k(1 — ©)B2AV — QA
+ X, (1 - R;:*) (A — R},
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dK(S,V,AR)  (S—5")% (V-V*)?
dt - K S W V

* %k

+ (X, — X JKB(1 — €)2AV + —X3uR + (— ){kﬁQ3A***S***}

S

*kk

+ X, (— = ){k(l — OBQATVY
4 X, (— - ) (A — X3uR) + KB A'S®  + X, {k(1 — ©BQA™ V™),

SettingAS, AV and Ato zero we obtain the following equation,
X,—1=0,
X,—X, =0,
X302, — X109 + X, k(1 — € BV + KB2KS™ = 0.

Solving the above equations to obtain,

WhereH, = S°° + (1 — )V 0,

dK(S,V,AR)  (S—S")2  (V—V™*)?
dt - K S H \%

S*** S

S S***
+ KBO A™* 5™ (2 - )

Kk 1%
+ k(1 — Qz AV (2 — — ),
( E)B 3 \Y \VARS
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dK(S,V,AR)  (S—S")2  (V—V™)?
dt N S H \%

S*** S

S S***
+ KBO A™* 5™ (2 - )

+ QA" <2 — v ) KB, A S (2 — v )
1 ﬁ 3 V V*** ’

dK(S,V,ALR)  (S—=S")?  (V-V™)? T KBOLATS ( S s v v )
ad " s Ty P2; S s Ty Ty
+ QA (2 V- v )
1 V V*** ’
dK(S,V,A, R S —S§**)2 V — V)2 R¢/ S S**
dt S % H, \S*** ' S
ot LU Py CR A
1 HZ V V*** V V*** *
Since all the other terms %&% are less than zero, the condition necessary dfidient
fordlGYAR) g s given by,

dt

I_I2 V V*** V V*** ’

*%

R
S***H_C(V***Z + VZ) < V***Z + VZ _ ZVV***,
2

Hy (V" = V)?
S***(V***Z + VZ)

R <
Theni—\tlz 0 holds only whefs = S*™,V =V**, A = A" and R = R™"): So the maximal

compact invariant set §(S; E; 1) € I'I:‘Z—‘t’ = 0} is the singleton §;*} using Lasalle's

. . .. dL(SLAR
invariance prlnC|pIe(T) < 0,Iff

H2 (V*** _ V)Z
S***(V***Z + VZ)

Ry <
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4. Analytical results of the model.
We shall determine epidemiological thresholds aadyout sensitivity analysis of the control

reproduction numbé€R) using partial derivatives.

4.1 Epidemiological thresholds.
We shall determine treatment thresholds, herd imityamd impact of treatment using control

reproduction number and basic reproduction number.

4.1.1. Treatment thresholds.
We shall determine treatments for mildly infectigg) and chronically infectgd;) using the

control reproduction number.

4.1.1.1 Mildly treatment threshold(z, ).
According to (Ngari, et.al, 2014), the mildly trewnt threshold is determined wherz R

equated to one and solving fgf (critical treatment for mildly infected childrék,) to obtain,

c_ _®193
Pk, Ry

31 - {R1032033034 + 4):1 (R10;0304 + Ry 030,4) + 982 (R1010,7; + R20,7,0,)

+ 53(R161T20)3 + R2T20)1(03)}.

4.1.1.2 Chronically treatment threshold(t,©).
The chronically treatment threshold is determindtenv R is equated to one and solving for

1, ¢ (critical treatment for chronically infected chith(/;) to obtain,

0100304

¢ = {52(R19192 + R,0,0) + 53(R191033 + R2031033)}( Bk

- {R1032033034 + ‘fl (R1010304 + Ry 03004) + 982 (R1T1032034)}>-
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4.1.1.3 Measure of treatment impact(U).
(A. M. Clean and S. Blower, 1993), defined measafetreatment impact based on the

reproduction numbers can be defined as,

—1-Re
(U)_l RO,

U) =14 ((u+6)(n+0y) <(1 —P)S°(n+6; + 1) (9165272 +o3(&T + 651(04))

+(PSO + (1— V) ((u 8, + 1) (&1 + 03) o

+ 6, (92 &t + 0)3(653T2 + §1®4))>>)
/(S°(—=P(p+8) + ((-1+ P)u— 91)651)@1 +0; + 1)U+ 81 + 12)w304.

4.1.2 Herd immunity.

The herd immunity threshold is determined by,
Qc=1-— Ri, where(q.) is the critical vaccination threshold (Mary Holkhand Chase E.
0
Zachary, 2014).
Substituting for basic reproduction numg@y), we obtain,

—1— (H+51)(H+91)
e BRSO(P(i + 6,) + (u(1 — P) + 0,)&,)

4.2 Sensitivity analysis of the effective control number(R,).
Impact of intervention strategies are vital in loing burden of pneumonia It is important to

investigate the sensitivity & to: the rate at which mild and chronic infectelildren seek

33



treatmenft, and t,), with respect to vaccination drug efficacpnd effects of environmental

factors (k). Determining partial derivatives Rf with respect to;

I.  effect of environment (k)

dRc B
dk 010,030,

{R10,0304 + & (R16,0304 + R0 03004)

+ §Z(R16192T2 + R292T2(1)1 + R1T1(1)2(D4) + 53 (R191’C2(x)3 + R2T20)10)3)} > 0,

ii.  rate at which mild infected children seek treatmgnt

dR¢ Bk
AT, 0,200,050, {R10;0304 + & (R10; 0304 + Ry 001 0305)

+ 52(R191921'2 + Ry0,7,01 + RiTi0,04) + 983 (R1017,003 + Ry 1,0103)}

Bk
+ 0)10\)20\)3(04 {§1R2(D30~)4- + §2(R262T2 + R1(02034) + §3R2‘[2(03} < 0,

iii.  rate at which mild infected children seek treatmgnt

dR¢ Bk
dr, T (01(022(1)3(04. {R1w2w3m4 + é:1(R161('03(D4 + RZCO10)30)4)

+ §Z(R191921'2 + Ry0,7,01 + RiT10,0,) + 983 (R1017,03 + Ry1,0103)}

Bk
+ m{R1®3®4 + §Z(R16192 + Rzez(,\)l + R1T1(X)4)

+ 53(R161(03 + R2(01(03)} < 0.

iv.  With respect to vaccinate#f Y drug efficacye).

dRc Bk
1e = — PP, {(02(030)4 + 5191(030\)4 + 62 (9162'[2 + T10)2034) + 5361'52(03} <0
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5. Biological interpretation of the analytical results
We shall interpret the stabilities of equilibriuraipt, determine thresholds and determine partial

derivate of control reproduction numpRg).

5.1 Local and global stability of equilibrium points.

An equilibrium point is said to be locally asymptally stable if all points in the neighborhood
of the equilibrium point move towards it over timén equilibrium point is globally
asymptotically stable if all points move towardsver time. Disease free point of pneumonia
model was locally and globally asymptotically seatblhen the control reproduction num@r)
is maintained less than one; this means intervesitshiould maintain control reproduction
number less than one in order to avoid pneumonsigtence. The system did not exhibit
backward bifurcation hence it is feasible to conpreeumonia in Kenya. Interpretation of local

and global stability of endemic equilibrium poiniivoe part of future research.

5.2 Epidemiological thresholds.

The number of children under five years who cambected with pneumonia by one infectious
child when interventions such as vaccination, pr@oatrol of environmental factors and
treatment are observed is referred to as contpobdriction numbé&R ) while the number of
children under five years who can be infected witkumonia by one infectious child without
interventions referred to as control reproductiombeKR¢).The control reproduction number

(R¢) and basic reproduction numi@,)of the systeni(3.3.1) — (3.3.7)]are given by;

Bk
Re = W{lezﬁ)ﬂ)é} t &1 (R1010304 + Ry0,03004)

+ &, (R1010272 + R20,7,01 + RiT10,04) + £,(R1017,03 + Ry1,0,03)},
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_ BkSO(P(n+8;) + (W(1 = P) +6,)&)
° (h+8)(n+6,) .

5.2.1. Treatment thresholds.

When actual treatmen(s, and t,) are greater than critical treatmeyitandt,¢ respectively it
can ensure total eradication of pneumonia. Alsgattnent with sufficient coverage can succeed
in eliminating infection wheR is below unity. Because:Rneasures the intensity of the
epidemic, treatment, by loweri}-, can have significant public health impact evenfdils to

eliminate infection in a specific population. When,

W) =1+ ((p+6)(n+6y) ((1 —P)S°(u+6; + 1) (91521'2 + 033(‘§3T2 + 51034))

+(PS°+(1—-e)V9 <(u + 68, + rz)(§211 + m3) oy

+ 6, (92 ‘szz + @3(§3T2 + ‘fﬁ”ﬁt)))))
/(SO(_P(H +8,) + ((—1 + P)p— 91)92)(“ +0; + 1)U+ 81 + T2)0300,)

> 0.

Thus, population-level impact of treatment is alsgypsitive provided. This condition is likely

to be satisfied for treatment with effective drugs.

5.2.2 Herd immunity.
Vaccination is a voluntary process and it is naguiole to vaccinate all individuals in the
population. When actual vaccinatiGh— Q) is greater than critical treatmefy,.) it can ensure

total eradication of pneumonia.

36



5.3 Sensitivity analysis of the effective control number(R.).

ClearlyR was directly proportional th but inversely proportional t@; t; and t,. Higher
vaccination efficacye) and higher rates rate of mildly and chronicallfggted children seeking
treatmen¢r, andt,) would decrease the control reproduction numberta@dntensity of the
pneumonia endemic. Lower effect environmental fac(k) would decrease the control

reproduction numberR()

6. Discussion and conclusion.

Most of the developed mathematical models concentoam bacterial pneumonia, antibiotic
resistance, and vaccinations. These models asdumemeumonia is isolated in population,

during treatment and in death. Further, viral, fuargd parasitic pneumonia are mostly ignored.

Lipsitch, et.al, 2009, considered an in host madelcentrating on bacteria pneumonia
(streptococcus pneumonia). They considered issaeaxistence of pneumonia serotypes in a
population. The study model assumes isolationngechout in hospitals. The findings stressed
correctly modeling the possibility of a host beadge to become simultaneously invaded with
more than one strain, taking into account diffi@dtin obtaining a second strain if already
colonized and considering acquired immunity of retsains. Our research study developed

general model pneumonia as is affect populatiah@tnder five years.

Huang et al, 2005, considered a pneumococcal tigegm in host model which takes into
account the risk of higher rates of transmissiarcfoldren who attend child-care centers or who
are often forced to spend time with children whterad these centers. The results stress the
importance of child-care centers in transmissiome $tudy model assumes isolation is carried
out in hospitals and closed community. Our reseatally developed a general model of open

community with births and deaths.
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Otieno, et.al, 2012, formulated four compartmenkasses in their model involving Susceptible,
Carriers, Infected and Recovered. They assumedpoaa is isolated in health facilities and
studied bacterial pneumonia. The findings stregsgartance of treatment and quarantine where
possible. Our research study developed a generd¢lnand assumed that under five years

cannot have carriers due to the weak nature of imenune systems.

Ngari, et.al, 2014, formulated three compartmenkasses involving Susceptible, Infected and
treated in their model. The study did not considaccinated class. Their findings stressed
importance of natural immunity and treatment in éowvg burden of pneumonia. Our research
study included vaccinated class and subdividedciate and treated classes into mild and

chronic. Furthermore recovered class was alsodoted.

Joseph, et.al, 2012, formulated four compartmecitdses involving Vaccinated, Susceptible,
Infected and Treated in their model. They assumeatdd class to be non-infective and the
adults and children have same infection rates.réhelts stressed importance of drug efficacy in
lowering burden of pneumonia. Our research studurasd treated classes to be infectious and
also subdivided infected and treated classes infth and chronic. Furthermore recovered class

was also introduced.

G. O. Lawi, et.al , 2013, developed a deterministiénfection model of malaria and pneumonia
under five years of age. The study analyzed thedetion number by partial derivatives.The

result stressed the importance of increase innrexait rates to lower new disease incidences.

Laura L. Hammitt, et al, 2012, conducted a casdrobstudy of pneumonia etiology among
children aged 1-59 months in rural Kenya. Theysifeesi pneumonia in two categories (severe

and very severe pneumonia).The result obtainedantell that very severe pneumonia cases
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constituted twenty nine percent of the 810 casepiat Our research study used mathematic

model approach to describe dynamics of pneumona.

The research study emphasized on the importaniceaitment in lowering the burden of
pneumonia, this was in agreement with researchnigsdof (Joseph, et.al, 2012), (Ngari, et.al
2014), (Otieno, et.al, 2012) an@.(O. Lawi, et.al , 2013)To ensure eradication of pneumonia
this research study detemined the minimum critigatment thresholds which was not taken
into account in previous pneumonia studiesconcurrent wit{Laura L. Hammitt, et al, 2012)
this research study also classified pneumonia braad categories but used mathematical

approach.

Although (Joseph, et.al, 2012) also studied effactination, their paper did not determine the
herd immunity and also failed to considee effectsenviromental factorsand the contribution
of the treated classésthe dynamics of childhood pneumonia atttse have beetaken into

consideration in this paper.

The system of the full model was highly non lingavas very difficult to determine qualiatative
behaviour of the full system, that is the reasotoaghy the system had to be reduced to four
dimension system. Constructing an effective Lyapuinimction to determine the local and
global stability of the endemic equilibrium poirftthe reduced system was also a major
challenge. Future research will estimate numetxiahles of the reproduction numbers for the
pneumonia of the under five years in the Kenyaaardy out grapical numerical sensitivity of
the reproduction numbers. Predicting the dynamitefunder five years pneumonia in Kenya is
also part of future research once i get suffigiealid and reliable five years phenomenological

secondary data and/or parameters trend..
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7. Recommendations.
In order to reduce the burden of childhood pneumahis suggested that the Government of

Kenya should invest in;

e creating public awareness to parents on; symptdmpeeumonia,

* environmental factors which increase children epsbility to pneumonia( like indoor
air pollution, living in crowded homes and parersiaoking),

» Creating awareness on the need to visit hospibalsdatment,

» Improving vaccination drug’s efficacy,

* Achieving herd immunity.
The study analyzed a reduced system of equafi@%5) — (3.4.8)]and(3.8.1) —
(3.8.4)] instead of (2.4.1) — (2.4.7)]Model analysis of full systerf(2.4.1) — (2.4.7)]

can be part future research.
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Appendix

Tablel: The model variables and parameters.

Variable | Description
N(t) Total population of less or equal to five yeathildren in Kenya
S(t) Population of less or equal to five year'ddf@n susceptible to
pneumonia in Kenya.
V(t) Population of less or equal to five year’sldhren vaccinated in Kenya.
Im(t) Population of less or equal to five year’s dhein mildly infected with
pneumonia in Kenya.
lc(t) Population of less or equal to five year’s dhéin chronically infected witl
pneumonia in Kenya.
Tm(t) Population of less or equal to five year’s dhein mildly treated with
pneumonia in Kenya (outpatient).
Te(t) Population of less or equal to five year’s dhéin chronically treated with
pneumonia children in Kenya (inpatient).
R(t) Population of less or equal to five year’sidten recovered from
pneumonia in Kenya.
Parameters | Description
B Pneumonia infection rate of less or equal to figar’s children in Kenya
T Recruitment rate of less or equal to five year#dehn in Kenya (birth
rate).
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D

Vi Recovery rate of less or equal to five year’s miliéated children due to
treatment in Kenya.

Y2 Recovery rate of less or equal to five year’s choalty treated children
due to treatment in Kenya.

&, Pneumonia induced death due to less or equaldéoyBar’s chronically
infected children in Kenya.

o, Pneumonia induced death due to less or equal¢oyéar’s chronically
treated children in Kenya.

U Constant natural death rate in Kenya.

£ Percentage of pneumonia vaccination drug’s effiGypinistered to less
or equal to five year’s children in Kenya.

P Waning rate of treatment drug after recovery of leisequal to five year’s
children in Kenya.

& Rate at which less or equal to five year’s mildifected children
progresses to chronic infected class in Kenya.

6, Rate at which less or equal to five year’s chrdiydaeated children
(inpatient) are discharged as mildly treated clas$patient) in Kenya.

2 Rate at which less or equal to five year’s mildijected children seek
treatment in Kenya.

o Rate at which less or equal to five year’s chrdiydafected children
seek treatment in Kenya.

K Coefficient at which force of infection is accel@@ due to environmentg
factors.

Table 2: Definition of terms

‘Endemic It is long term infection which stays in the pogida at least 10 to 20 years.
Susceptible Proportion of the children population who are foéénfection but at risk of
population contracting the infection
Vaccinated Proportion of the children populations who are foéefection and
population vaccinated with pneumonia but are at a lower risbontracting the infection
Mild Infected Proportion of the children population with the dise causing pathogen and
population capable of transmitting the infection to other dreh on contact but are nont
severely infected.
Chronically Proportion of the children population with the dise causing pathogen and
Infected capable of transmitting the infection to other dreh on contact but are
population severely infected.
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Mild treated

population

Proportion of the children population with the dise causing pathogen und
treatment and capable of transmitting the infectaather children on
contact. Mostly treated as outpatient in our hefaltilities

Chronic treated

Proportion of the children population with the dise causing pathogen und

population treatment and capable of transmitting the infectaather children on
contact. Mostly treated as inpatient in our hetdttilities

Recovered Proportion of the children population who are foténfection after treatment.

population The effect of treatment drugs is still in their lgaahd they are highly unlikely
to contract the infection.

Infectious Diseases where individuals are infected by pathogiero-organisms, for

Disease instance viruses, bacteria, fungi or other micnapies.

Alveoli Microscopic sacs in the lungs that absoxggen.

Morbidity Impairments as a result of a disease

Mortality Susceptibility to death

Virulence The degree of pathogenicity of a micramigm as indicated by the severity
of disease produced and the ability to invadeidseiés of the host.

Efficacy A measure of how efficient is the drugtheé efficiency is 0% then it is
useless but if it is 100% then it is perfect.

MATLAB Mathematical software.

Etiology The investigation of attribution of theuse or reason for something
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