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Plane Symmetric Vacuum Cosmological M odel with a Special

Form of Deceleration Parameter in f(R) Theory of Gravity

Abstract: In this paper we have obtained vacuum solutionshefplane symmetric
space-time inf (R) gravity. The general solutions of the field equasioof plane

symmetric space-time have been obtained under seangtion of special form of
deceleration parameteifhe physical and geometrical aspect of the modebls®

discussed.

Keywords: f (R) gravity,plane symmetric space-time, special forrd@teleration
parameter.

1. INTRODUCTION:

Among the various modification of general relatjyithef(R) theory of gravity is treated
most seriously during the last decade. f{Retheory of gravity has also been helpful in
describing the evolution of the universe. It po®s a natural gravitational alternative to
dark energy. Carrollet al.(2004) explained the presence of a late time aosmi
acceleration of the universe R) gravity. Bertolamiet al.(2007) have proposed a
generalization of(R) modified theories of gravity by including in thieeory an explicit
coupling of an arbitrary function of the Ricci samaRwith the matter Lagrangian density
L,,- As a result of the coupling, the motion of thessiae particles is non-geodesic, and
an extra force, orthogonal to the four-velocityises. The connections with Modified

Newtonian Dynamics (MOND) and the Pioneer anomadyenalso explored. This model

was extended to the case of the arbitrary couplimgpoth geometry and matter by Harko
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(2008). The astrophysical and cosmological impiwe of the non-minimal coupling
matter-geometry coupling were extensively inveséidaby Harko (2010). The Palatini
formulation of the non-minimal geometry-coupling tiets was considered by Harlkb

al.(2010). Harko & Lobo (2010) proposed a maximakasgion of the Hilbert-Einstein
action, by assuming that the gravitational Lagrangs given by an arbitrary function of

the Ricci scalaRand of the matter Lagrangidn,. Thef (R) gravity provides a very

natural unification of the early-time inflation atete-time acceleration. It describes the
transition from deceleration to acceleration in dwlution of the universe (Nojiri and
Odintsov 2007, 2008). Over the past few years, Maoyks are available in literature
(Capozziello and Francaviglia 2008; Abda#aal. 2005; Nojiri and Odintsov 2007b;
Harko 2008) addressing the well-known issues diilya (Dolgov and Kawasaki 2003),
singularity problem (Frolov 2008), solar systemt tgShiba 2003b), etc. The general
schemes for modified gravity reconstruction frony amalistic FRW cosmology have
been discussed by Nojiri and Odintsov (2006). énse thaf (R) gravity models pass all
known observational local test currently (Elizaeal. 2010, 2011; Nojiri and Odintsov
2011). Shamir (2009, 2010a, 2010b), Sharif and Zul2®10a), Shamir (2010), Sharif
and Kausar (2011a, 2011b, 2011c), and Akgh al. (2012) have studied anisotropic
models inf (R) theory. Recently, Singé al (2013) have studied Functional formfdR)

with power-law expansion in anisotropic model.

These are the motivations to considéR) theory of gravity by large number of
researchers. In this paper we have consideredthre psymmetric space-timefin

(R)gravity. The general solutions of the field eqoas of plane symmetric space-time
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have been obtained under the assumption of specralof deceleration parametdrhe

physical and geometrical aspects of the modellacedascussed.

2. f(R) THEORY OF GRAVITY:

We know that thef (R) theory of gravity is the generalization of geneedtivity.

The action forf (R) theory of gravity is represented by

1
S=|4-g|——f(R)+L_ |d*x. 2.1
V6 jog TR @)
Here f(R) is a general function of the Ricci scaRand L, is the matter Lagrangian.
One should note that above action is obtained lpysteplacingR by f(R) in the
standard Einstein-Hilbert action expression.

Now, by varying the action given by equation (2t respect to the metricg(, ), we

get the corresponding field equationsf(fR) gravity as
1
F(RIR,, -5 f(Rg,, - 0,0,F(R)+9, OF(R)=«T,, (2.2)

where F(R) =df (R)/dR, LJ=0“0,,0,is the covariant derivativef, , is the standard

g

matter energy-momentum tensor derived from the amgjanL _and « (=87G/c* )is

the coupling constant in gravitational units.

Now contracting the field equations (2.2), we get

F(RIR-2f(R)+30F(R)=«T, (2.3
and in vacuum (i.e. fof =0), we have
F(RIR-2f(R)+30F(R)=0. (2.4)

From equation (2.4), we get
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£(R) = F(R)F%gu F(R).

(2.5)
The equation (2.5) gives an important relationdtepveenf (R) and F(R) which will
be used to simplify the field equations and to eatd f (R) also.

2.METRIC AND THE FIELD EQUATIONS:

In view of the importance of the plane symmetry, soasider the line element in plane

symmetric form [Zhang & Noh 2009, Setare & Mome@iQ, Shen & Zhao 2012] as
ds? = dt? — A?(dx?® + dy?) — Bzdzz’ (3.1)
where A and Bare functions of the cosmic timenly.
The Ricci scalar for the line element (3.1) hasigal
R=-2 25+E+5+2E , (3.2)
A B A AB
where overhead do) fepresents derivative with respect to tiime

Using equation (2.5) in the vacuum field equati¢h®) (i.e. forT =0), we have

F(RIR,, —DﬂDVF(R)l
9,

%[F(R)R—El F(R)] = (3.3)

Since the metric (3.1) depends only on t, one @ew (3.3) as a set of differential

equations forA(t), B (t) and F(t).
It follows from equation (3.3) that the combination

_F(RR, -0,0,F(R) (3.4)
gl-lll

u

is independent of the indexand henceK , — K, = 0for all x andv.

Here K , is just a notation for the traced quantity.

The field equations inf (R) gravity for the metric (3.1) with the help of etjoa (3.4)
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[for K,-K,; =0,K,-K, =0, and K, —K, = Orespectively] are given by

A+E_%_E_E+E: , (3.5)
A B A2 AB AF F

pA_,AB_BF F_og | (3.6)
A “AB BF F

where overhead do) @denotes derivative with respect to time
4. SOLUTIONSOF THE FIELD EQUATIONS:

The field equations (3.5) and (3.6) are two noedindifferential equations with three
unknowns A, B andF . In order to solve this system completely, we aispecial form

of deceleration parameter defined by Singha anda#i2009) as

q——ﬁ——1+ a
a’ 1+a”’

(4.2)
wherea >0is a constant and is scale factor of the universe.

After solving equation (4.1) one can obtain the midabble parameteH as

H=2=k@+a™), (4.2)
a
wherek >0 is a constant of integration.
On integrating equation (4.2), we obtain the mezatesfactor as

a=(e"“" -1, (4.3)

In view of space time (3.1), the spatial volumand average scale factawill be

V=A?B and a=(A?B)"®. (4.4)

The mean Hubble parametelr will be

H=2=2(H, +H, +H,), (4.5)

L | o
Wk
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. H,=

z

> >
w|

whereH, =H, =

y are the directional Hubble parameters in the tioes

of x,y and z axes respectively.

Now, subtracting equation (3.6) from equation (3vig get

A_BLAIAB| FIA_BI_o. (4.6)
A B AlA B) F(A B

After solving equation (4.6), one can write the meefunctions A and B explicitly as

— A~1/3 Cl dt
A=c;”a exr{gj T

_ 2cC dt
B=c,?®?aexg -—* , 4.8
2 F{ 3 ast (4.8)

j , 4.7)

wherec,and c, are constants of integration.

Now, we use the power-law to solve the integrat pathe above equations. The power-
law relation between scale factor and scalar fledd already been used by Johri and

Desikan (1994). Kotub Uddiet al.(2007) , Sharif & Shamir (2009) have established
result in the context of (R) gravity which shows that~ (] a™.

Thus, using power-law relation betwdemnd a, we have

F=Ila", .

where | is the constant of proportionality amd is any integer.
Using equations (4.3) and (4.9) fer=1,a =2 and m=-2 in the equations (4.7) and

(.4.8), we obtain the scale factors as

1 1
A=c)?(e* -1)2 exr{% tan‘l(e2t —1)2} , (4.10)



: 2c L
124 B=c,”*(e" -1)?2 ex;{—?lltan‘l(e2t —1)2} . (4.11)

125 wherec,and c, are constants of integration ahds the constant of proportionality.

126 Some Physical Properties:

127  Using equations (4.10) and (4.11), the directidthatbble parameters in the directions of

128 x,yandz-axis are found to be

2t

e C
129 HX:Hy:(eZt_1)+ — (8)1
3I(e2t —1)2
130
2t
131 H,=—° - %6 (4.13)
(e” -1 5
3 (e2t —1)2
132

133  The mean Hubble parametet is found to be

e2t

134 = .
(e* -1)

(4.14)

135  Using equations (4.10) and (4.11) in equation (4B volumeV of the universe is

136  given by

3

137 V= (eZt —1)5. (4.15)
138

139  The expansion scald@ = 3H is given by

2t
140 9:%. (4.16)
e —
141
142

143



144  The mean anisotropy parameterof the expansion is define as

1&(H -HY
145 A== ! :
)

i=1

146 whereH, (i = 1,2,3)represent the directional Hubble parameters.

147  The anisotropy parametér of the expansion is found to be

2c1 e -1

e

148 A=1+ (4.17)

149

3
150 The shear scalar is define as = %(z H?-3H zj and found to be

i=1

2 At
151 0% = 3 Z(C; ) + 2 :ie 7 (4.18)
e’ - e” -

152

153  The deceleration parameter is defineqas%(ﬁj -1 and found to be

154 q=-=-1. (4.19)
€

155
156  Using equations (4.10) and (4.11) in equation (323 Ricci scalar for Bianchi type-I

157  model is given by

(4.20)

2t 2.2t
- R:Z{ c (e +1)  (2c +48% )}_

3| (eZt _1)3/2 9| 2 (1 eZt)
159

160  Using equation (2.5), we obtain the function ofcdscalar i.e.f (R) as

161 f(R) = [GI (2-e*)+1(e R] (4.21)

2(e 1)

162
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5. DISCUSSION AND CONCLUSION:
(i) From figure 1, one can observe that the spat@lume V vanishes at =0. It

expands exponentially as tineincrease and becomes infinitely large tas, oo .

Figure (1): The variation of V vs.t fork =1, a = 2.

Figure (2): The variation ofvs.t fork =1, a = 2.

From figure (2), it is observed that the expansioalar@ starts with infinite value at
t = 0and then rapidly becomes constant after some fiinite.
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Figure (3): The variation ofAvs. tfor k=1, a =2.

From figure (3), it is observed that anisotrdpyncreases as time increases and then
quickly decreases to zero after some time and resrmaro after some finite time. Hence,
the model reaches to isotropy after some finiteetiwhich matches with the recent

observation as the universe is isotropic at laogdes
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Figure (4): The variation ofg vs. tfora = 2.

The deceleration parametgrvaries from+1 to -1 as shown in above figure (4). It
shows that the universe accelerates after an epbateceleration. The deceleration
parameter qis in the range-1< q< 05 (shaded region in the fig.4) which matches with

the observations made by Riessl. (1998) and Perimuttest al. (1999) and the present

day universe is undergoing accelerated expansion.

ACKNOWLEDGEMENT: The authors are thankful to UGC, New Delhi farafncial

assistance through M.R.P.



223 References:

224  Abdalla, MCB ,Nojiri,S., SD Odintsov,S.D.: ClasQuant. Gravit.22, 5,(2005).
225  Aktas, C., Aygun,S.,Yilmaz,l.: Phys. Letters®)7, 2, pp. 237-242 (2012).

226  Bertolami, O., Pedro, F.G., Delliou, M.L.: Phystiegs B654, 6, pp.165—-169 (2007).
227 Dolgov, A.D., Kawasaki, M.: Phys. Le®.573, 1, (2003).

228 Elizaldeet al.: Phys. RevD 83, 086006 (2011).

229 Elizaldeet al.: Class. Quant.Gravig?, 9, (2010).

230 Frolov,A.V.: Phys. Rev. Lettl01, 061103 (2008).

231 Harko, T., Lobo, F.S.N.: Eur. Phys.@,70,:10.1140/epjc/s10052-010-1467-3 (2010).
232 Harko, T.: Phys. Re\D 81, 044021 , (2010).

233 Harko,T.: Physics Letters &9, 5, pp.376—-379 (2008).

234 Johri,V.B.,Desikan,K.: Gen.Relativ.Gra®6, 1217 (1994).

235 KotubUddinet al. : Class. Quantum Gra24 , 3951 (2007).

236 Nojiri S and Odintsov S D : J. PhySonf.Ser66, 012005 (2007).

237  Nojiri S and Odintsov S D : Phys. RdY.78, 046006 (2008).

238  Perlmutteret al. : Astrophys. J517 , 565 (1999).

239 Riessetal.: Astron. J116,1009 (1998).

240  Setare,M.R., Momeni, D.: Int. J. Mod. Phiz19, 2079 (2010).

241 Shamir, M.F. : Int. J. Theor. Phys. 50, pp. 637,62811).

242 Sharif, M. and Kausar, H.R.: arXiv:1101.3372v1 {g}; (2011).

243  Sharif, M. and Kausar, H.R.:JPSJ, 80(4), pp. 0440RQ011).

244  Sharif, M., Kausar, H.R.: Phys. Lett. B, 697, pp,12011).

245  Sharif,M. and Shamir,M.F.: Class.Quantum Grav. gp.235020-235035, (2009).
246 Shen,M., Zhao,L.: Astrophys. Space337, pp.753 (2012).

247  Singhet al. : Int. J. Theor. Phyg7, 3162 (2008).

248  Singh,V . and Singh, C.P., : Astrophys Space S8, p. 285-289, (2013).

249  Singha, A.K., Debnath,U.: Int J Theor Ph48,DOI 10.1007/s10773-008-9807-x (2009).
250 Zhang, H., Noh, H.: arXiv: 0904.0067v2 [gr-qc] (200

251



