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Abstract: Global finite time synchronization of a class ofmmnation-combination
chaotic systems via master-slave coupling is ingattd. A nonlinear feedback
controller and a continuous generalized linearestator feedback controller with
simple structure are introduced into the synch@tion scheme. They are applied to a
practical master-slave synchronization scheme dankination-combination systems,
which consists of the Chen chaotic system, hypathaChen system and
hyperchaotic Lorenz system. Numerical simulations provided to illustrate the
effectiveness of the new synchronization criterBased on the proposed
synchronization, a scheme of secure communicatothén established and the
continuous or digital signals are transmitted by tihaotic mask method. Finally,
simulation examples show that the transmitted nggssan be recovered successfully
in the receiver end.
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1 Introduction

Chaos is really an interesting phenomenon inineat science. It is especially high
sensitive to the initial conditions and attractsngneesearchers’ attentions. In the past
two decades, many methods of chaos asymptoticathsynization have been
investigated, such as active control[1], adaptiortioI[2] state feedback control[3],

backstepping control[4], and sliding mode contrpl[5The asymptotical
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synchronization mentioned here means that two (@nynchaotic systems actually
evolve and consentaneously reach the defined conslit e.g., equality of the
systems’ state variables, as the time goes toityfin

In real-world applications, however, it is oftensted that synchronization of
chaotic systems should be achieved in finite-timeraall as possible. Recently, some
finite-time control techniques have been appliedsymchronize the master-slave
chaotic systems in finite-time, e.g., Yang and Wuestigates the global finite time
synchronization of a class of the second-order umimmomous chaotic systems via a
master-slave coupling and a continuous generalimeehr state-error feedback
controller with simple structure is introduced ik synchronization scheme|[6], the
terminal sliding-mode control technique[7], theiaetcontrol technique[8], and the
observer-based control technique[9], and so forth.

This paper introduces a nonlinear feedback ctietrand a so-called generalized
linear state-error feedback controller into a mask&ve synchronization scheme for
the high-order (third and forth) chaotic systemsriake the scheme synchronize in
finite-time. Much different from the other synchimation of chaotic systems, we
propose three chaotic systems as the master systamdsslave systems are also
combined by three chaotic systems. They will conepleombination-combination
synchronization in finite time by the designed colhérs. As an effective approach,
combination-combination synchronization of the hayder chaotic systems has
potential applications to many scientific and temlbgical fields such as secure digital
communication. Hence, a secure communication schmmproposed based on
combination-combination synchronization of hypeatia systems. Continuous
signals and digital signals are taken as the tréatensignals, and numerical
simulations show that the original information che recovered correctly in the
receiver end.

Due to the high sensitiveness on initial valuespynaroposed synchronization of
chaos are one master chaotic system with one slelaotic system, such as
references[2,3,10]. The advantages of the proposstiod are as follow. Firstly, the

master systems consist of three higher order ahaytems, which can generate



much more complicated pseudo-random sequencedyantdigher security in secure
communication. Secondly, the combination-combimasipnchronization is controlled
by the generalized linear controllers and nonlineamntrollers, which is a general
method and can be applied to other chaotic systerRmally, the
combination-combination synchronization can be e in finite time, which is

very important in real-world applications.

2 The combination-combination synchronization scheme
We consider three chaotic systems as the mastwnsyslet A, B,COR™ be a
constant matrix, M (t) =(m(t)),., JR™ a bounded time-varying matrix and
f:R" - R" a continuous nonlinear function such that
f(X)= 1Y) =M{O)(X-Y),
and 0 :R" - R" is defined as:
O (X,Y)=|X =Y|" sign(X -Y),a0(0,1),
where X,YOR" are the state vectors of master and slave sysespsctively.

Consider a master-slave synchronization schemetvior autonomous chaotic
systems coupled by a generalized linear feedbackalter as follows:
>‘(1 = Axl + fl(xl)

Master systems X, =BX,+ f,(X,), (1)
X, =CX,+ f,(X))

Y, = A, + £,(Y) +U (1)
Slave systems Y, =BY, + f,(Y,) +U (), (2)
Y, =CY, + f5(Y) +U (t)

Controllers U,(t) =F(X,,Y)+u(t),i =12,
where u(t) = K(X =Y) + S5 (X -Y), 3
and X, X,,X,,Y,.Y,.Y, are the subsystems of,Y respectively, andK,SOR™

are constant feedback gain matrices to be detednine

Letting the error state vectorg = X, + X, + X, - @Y, - BY,— yY,, we can get the

error systems



E

(G(A®),B(1),C(t))+M (t)-K)E-S5"(E). 4)
where G(A(t), B(t),C(t))OR** is a matrix connected with subsystems linear
matrix A, B,C . If we can design suitable feedback gain matriges S that the error

systems with different initial valuex(0),y(0),z(0) satisfies
lim [ EO =lm [ X,() + X)) + XL =#¥() = BYL) =¥ ()] - 0,0t >T,

where denotes the Euclidean norm of the vectors.

Lemma 1 ([11]) (Gerschgorin disc theorem) Let = (h;),,, OR™ and

nxn

n
r= Z ‘hj‘,i =1,2,--n. Then all eigenvalues oH are located in the union o
j=Li#]

discs asG(H) = J{zOC: |z-h|<r} , where C is the set of complex numbers.
i=1

Lemma 2 ([12]) Assume D(t) =(G+M(t))" +(G+M(t)) = (d;; (1)) xn is bounded.

That is, we have (t) =d; (t),|d;,|<dj.d; ©)<d;,0t= 0, fori,j=1,2;--n, and

ij ij? i
i # j. Then synchronization among master-slave systdmg3] can be achieved in
finite time, if the feedback gain matri®=diag(s,s,,:*S,) Is positive definite and

the feedback gain matrixX =diag(k;,k,,---k,) satisfies

all_Zkl _ diz d*n
pk=| % G=THe o da g 5)
dr:l d;z o arm - 2kn
Furthermore, the corresponding settling time Sassf
2 A _
T(e(0)) € —————— In|1-"mxV/ (g(0)f "2, 6
(B0 g It 52V () (6)

where  &(0)=x(0)-y(0)V €(0))=e(0Je (0)a (0,15= mifis s,-- 5} and

A« <O is the maximal eigenvalue of the matr@k defined above.

3 Implementation of combination-combination synchronization
Based on the definitions and Lemmas in sectiocoBtrollers (3) are designed to

synchronize the combination-combination chaotid¢esys.



The master systems consist of the chaotic Chetersy13], hyperchaotic Chen
system and hyperchaotic Lorenz system[14,15].
X = a1(X2 - X1)
subsystem 1 X, =—7X —XX;+CX,
X3 = XX, _blxs

X4 = aZ(XS - X4) +X,
Xs = d2X4 T C X5~ X Xg

subsystem 2 < .
Xs = Xy X5~ bzxe (7)
X, = X Xg T X,
Xs = a3(x9 - Xs) X1
X, = C.Xo — X — X
SUbWStem 3 X9 378 9 8X10

Xip = XgXg = b Xy,
X = =XgXo +d Xy,

Vvherefa ::35J%_: 3&%_: 2{%12:::35b2:2 3;2: 12i2:3 7,CLCKJSETZS 0.7@”%;

b,=8/3,c;= 28-1.5%d,< - 0.0. Under these parameters the master systems all

are chaotic. The hyperchaotic Chen attractors hosved in Fig. 1, and the other

attractors can be found in the references correspgly.
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Fig. 1 The attractors of hyperchaotic Chen system

Similarly, the slave systems are in the form of



Vi =a(y,~y)+U,
Subsystem 1 <V,=-7y,—yy;+Cy,+U,
Vs = V1Y, —bys;+U

V.= az(ys_ y4) + y7+U 4
v. =d.y,+C.V.— +U

subsystem 2 ¥5 2YaT EYsT V6T s (8)
Ye = y4y5_b2y6+U 6
V7 = YsYst oy, U,
ys = as(yg - ys) + y11+U 8

subsystem 3 ):/9 = sys_xg_ysylo"'Ug
Yio = VYo~ Dy 10tV 4
Yii = " YoYiot dyll-'-u 11

U,

whereU (t) = U: =F(x,y)+u(t),utt)=KE+SJd” (E),a0(0,1) are designed to

10
Ull
synchronize the combination-combination chaotitesys respectively.
In the first, the errors are defined as
E =X+ Xt X= 0y 1= BY. VY
E, =X +X+X=@Y,~BYs VYo
Es =X+ X+ X0 @Y= BY s VY i
E,=X+X+X, =0y~ BY V¥
In order to prove the error equation (9) is asyripadly stable, we just need to
synchronize the combination master systems (7sbnw systems (8). We have

(9)

__31 a 0 - .0
_7 Cl 0 .
0 0 -b
: -a, a, 0 1
d c, 0 O
G(A(t),B(t),C(t)) = 0 0 -b, O
0O 0 O 0
-3, 8 0 1
¢, -1 0 O
0 0 -b O
0 - .. 0 0 O d3_11x11




0 0 O 0]
0 0 —-x
0 0
: 0O 0 0 O
0 0 -x, O
M(t) = 0 x, 0 O
0 0 x O
0O 0 0 O
0 0 -x O
0 xx 0 O
RUN 0 0 =% 0,

If we choose controllers as

=((p,—play, K (x,~p.y )+ (X~d y )/9 .
U, = (7@, = )Y, + Vs(XP =P Y I+K (X P y )+5 " (X 70 y V¥ ,
Uy = (8% =85y )Yt KX~ Py )+ (X 50 y )/9 &
U, = (B = Bayy,+ YAB= BY+K X =By )+ & (X =4 ¥ V/B,
=((B= By +Y(BX~BxI+k{xs By +sd (xs¢ y )/B
Ug = (Vs(BX, =By ) +K{Xs= By 9+Séa(x Py 2)/15 3
U :<y6<ﬂ3 s BYITKAX~BY )+ (X9 Yy VB,
= (@Yo (Vo= V) + (V= VY it K {X sy Yy )+ (X 58 ¥ )/ Wi
Ug —(ca(yl—yz)yg—y10(y3><8—yy9+k&X TV Y s (X y Ny,
0= (VoY Xe= VY 9 +KudXo VY Yy D +S &7 (X 50 ¥ NV -
Uy = ViV aYom Y X9 +K Xy y s (X 56 X WY .

Based on the Lemma 2, we have

[a-% a-7 0
a-7 q-% 0
0 0 -x-3
28-%, atd, 0 1
a+td, X% 0 0
Dx= 00 bk x%
10 % %X
2-% atc, 0 1
atc 2-% 0 0
00 bx X
1 0 )% _2<L’l+2j3_]_1x;|_1

And the value feedback gain d need to satisfy

3 1 1 3
k1> d11+_ Z pjd'—_( a, - 7)k >2d22+$ Z p] 3 (C ta- 7)

j=2,j#1 2 j=1,j#2



_ 3 4
>0t o 3y =5k T Y pd, = easd ),
2 2p, j55es e >
1 & 1 &
ks > = d22+_z p] 21— (2C +a,+d,)k;>— d33+_z pJ (2b+X9
2 > j=1,j#2 2‘)31_11¢3

_ 4 4 .
K, >1g, +2 > p]dal-—(1+x +2r,),Kg>— d11+ Z p]dlz—;— sFc ),

44
2 2p, X744 j2,)#1

1- 1 4 . 1 1- 1 & « 1
k9>5d22+_ z pjdzj :_2(a3+03_2)-k10>_2d33+$ z pjd$:_2(_2b3_xs>’

> j=1,j22 3 j=1,j#3

1- 1 & . 1
k11>§d44+ Z pidsj:_z(l_xg+2d3)’

4 j=1,j#4

Then the master systems (7) and slave systemsi@@e& synchronized in finite time,

& X+ Xt X =Y, = BY,~VYs

e. lim E =lim X ¥ X+ X~ PN~ BY sV Yo
=Tl By toT, X3+X6+X10_¢3y3‘,53y6—y3\/10
E, X1+X7+X11—¢4y1—,6’4y7—yy1

and the synchronization time satisfies

2 A _
T(e(0) € ——=— In[1-maxv/ (g(0)f+ )2 .
(60)= =5 — s L= 22V €(0)
Case 1 If we choose
1 2
) 1 ) 2
p=dag(@. g, 0,00= | |B=dwB.ELL)= T |
1 2
1
H 2 H x11
y=diag(y,, Vo:VarVa) = 3 ,S=diag(1,1%-- ,10R** g =0.5.
4

and the variables of chaotic systems are bounded as
-23<x <31-3Xx,< 37,&X,< 60; 189x,< 22, X< 24K, <

~184<x, < 102 2X x, < 25; 24 X,< 280x,< 48, 166¢,< 1

Therefore, the feedback gains can be taken asxfollo

K =max (-a,- 7+6,)=-7k,= maxt ¢ +a- T Sk,= mag (12 3-



k4:max(% Ca,+d,+1)= - 13.5k, = ma% @+a,+d, 3

kG:max(% 2, +x, )= 9k, = max% @,+a,+d, ) 3
G =maxg; (a, +c,+ D)= 9k, = maxf d,+cy 2)F ¢

Kio =max(% - D,—Xg))= 10k, = ma)% Ex+ @, L

Based on the Lemma 2, the master systems (7) awve slystems (8) will be
synchronized in finite time. It's synchronized inife time as

2 _A ax 1-a)l2 ~
T(e(0)) < o) Ini1-=exv €(0)) 1.C

The simulation result of combination-combinatisgnchronization of chaotic

systems is showed in figure 1.
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Fig. 1 Errors of combination-combination synchrarian of chaotic systems

Remark 1 If we choosek (i =1,---,11) large enough, the synchronizations of chaotic
systems will be much quicker than the small onéd.tBese values of gain coefficients

k (i=1,--,11) can not get too large to keep the initial systetable, i.e. it may lead

the simulation results to overflow.

Remark 2 In the simulations, there are so many availableesbf gain coefficients



k(i=1,--,11)to be set, because the(i =1,--,11) all connect with the bounded
variables of master system that are changing byiriee So we just choose the proper
maximal values of gain coefficientk (i =1,---,11) that will keep the stability of

slave systems.

4 The application of secure communication
In this section, we apply the proposed combimatiombination synchronization to

secure communication, for example, the continuagisass of sine functions and the
digital signals. The secure communication schemseketched as figure 2. In the
transmitter side, the master systems are combinéd ttwee chaotic subsystems,
which will produce high random sequengé$. Then the messagen(t) is masked
by the random sequencds), and X(t) is transmitted through the public channels.
In the receiver side, the combination-combinatigncéironization chaotic systems

will recover the original messag8&,(t) from the random chaotic signa&ig) .

Tnput
TERaEage
Subsystem 1 ]— EZubsystem 1
s )
| Subayetem 2 I - o pabtic —-[ Subsyatem? ™
Channel i
L) -

Transmitter o —

Fig. 2 Secure communication scheme of combinat@mkgnation synchronization

Here the chaotic mask method is used for secoranmwnication, S(t)is the
original signal, and it's masked by the pseudoramdsequence produced by the
combination chaotic systems. Finally, the origiragnal is recovered by the
synchronization of combined chaotic systems inréoeiver side.

The original is given as follow

S(t) =§(asin(t)+ bcos{ ))where d=|a+|b|,



Here parametera=1,b=2,d = 3. The results are showed in Fig. 3.
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Then we choose the digital signal, such as scgignal
S) :%(square(t)),where d = max(quare ),

The results are showed in Fig. 4.
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4 Conclusions

This paper has developed a unified method for aiadythe global finite-time
synchronization of a large class of the high-or@eétonomous chaotic systems under
the master-slave scheme. Combination-combinationctepnization of chaotic
systems has been proposed by a nonlinear feedbatioler and a continuous linear
state error feedback controller. Then a secure aomgation scheme of chaotic mask
method is given based on the combination-combinatgynchronization of
hyperchaotic systems. The original information aigis masked into the random
sequences of the chaotic systems and the resudyistgm is still chaotic. In the
receiver end, the information signal can also beovered accurately. Theoretical

analysis and numerical simulations are shown ty#re results.

Acknowledgments
Research is supported by the Natural Science Foiondaf Fujian Province of China
under Grant No 2011J01025.

Reference
[1] Zzhang H, Ma X. Synchronization of uncertain otia systems with parameters

perturbation via active control. Chaos, SolitonE&ctals, 2004, 21(1): 39-47.

[2] Lin JS, Yan JJ. Adaptive synchronization forotwdentical generalized Lorenz
chaotic systems via a single controller. Nonlinaalysis: Real World Applications,
2009, 10(2): 1151-1159.

[3] Jiang GP, Chen G, Tang WKS. A new criterion éti@os synchronization using
linear state feedback control. International JouofaBifurcation and Chaos, 2003,
13(08): 2343-2351.

[4] Lin D, Wang X, Nian F, et al. Dynamic fuzzy mal networks modeling and
adaptive backstepping tracking control of uncertaihaotic systems. Neuro
computing, 2010, 73(16): 2873-2881.

[5] Pourmahmood M, Khanmohammadi S, Alizadeh G. cByonization of two
different uncertain chaotic systems with unknowrapgeters using a robust adaptive
sliding mode controller. Communications in Nonlinedcience and Numerical
Simulation, 2011, 16(7): 2853-2868.

[6] Yang Y, Wu X. Global finite-time synchronizatioof a class of the non-

autonomous chaotic systems. Nonlinear Dynamics2,200(1): 197-208.



[7] Wang H, Han ZZ, Xie QY, et al. Finite-time clsoontrol via nonsingular terminal
sliding mode control. Communications in Nonlineacieédce and Numerical
Simulation, 2009, 14(6): 2728-2733.

[8] Wang H, Han Z, Xie Q, et al. Finite-time syneohization of uncertain unified
chaotic systems based on CLF. Nonlinear Analyseal RVorld Applications, 2009,
10(5): 2842-2849.

[9] Shen Y, Huang Y, Gu J. Global finite-time obsms for Lipschitz nonlinear
systems. |IEEE Transactions on Automatic Control,1266(2): 418-424.

[10] Sheikhan M, Shahnazi R, Garoucy S. Synchrammzaf general chaotic systems
using neural controllers with application to secemenmunication. Neural Computing
& Applications. 2013, 22:361-73.

[11] Horn RA, Johnson CR. Matrix analysis. Cambeddniversity Press, 2012.

[12] Lin HN, Cai JP. Finite-time synchronization afclass of autonomous chaotic
systems. Pramana-Journal of physics, 2014, 823448

[13] Lu JH, Chen GR. A new chaotic attractor. Intional Journal of Bifurcation
and Chaos,2002,12(2): 659-661.

[14] Chen AM, Lu JA, Lu JH, Yu SM. Generating hygeaotic Lu attractor via state
feedback control. Physica A. 2006, 364:103-110.

[15] Wang XY, Wang MJ. A hyperchaos generated ftmrenz system. Physica A.
2008,387:3751-3758.



