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DYNAMIC BUCKLING LOAD OF AN IMPERFECT VISCOUSLY DAM PED
SPHERICAL CAP STRESSED BY A STEP LOAD

ABSTRACT

This paper determines the dynamic buckling load of a lightly and viscously damped
imperfect spherical cap with a step load. The spherical cap is discretized into a pre-buckling
symmetric mode and a buckling mode that consists of axisymmetric and non-axisymmetric
buckling modes. The imperfection is taken at the shape of the buckling mode. The inherent
problem contains a small parameter which necessitated the adoption of regular perturbation
procedures, using asymptotic technique. The general result is designed to display the
contributions of each of the terms in the governing differential equations. We deduce the

results for the respective special cases where the axisymmetric imperfection parameter,

namely &,, and the non-axisymmetric imperfection parameter &,, are zeros. We also

determine the effects of each of the non-linear terms as well as the effects of the coupling

term.

Keywords: Spherical cap, step load, dynamic buckling, imperfection parameter.

1. INTRODUCTION.

The subject of dynamic buckling of elastic structures has been a thriving area of
investigation ever since [1-3] developed the discipline of dynamic stability of elastic
structures from the original static consideration that was prevalent before this time. Over the
years, many investigations on dynamic stability of elastic structures have been added to the
original sketchy and scattered pieces that saw the genesis of dynamic buckling of elastic
structures as a research interest. Among the many scholarly investigations that have come
to light include [4], [5], [6], [7] and [8], who investigated the dynamic buckling, of two-degree
— of freedom systems with mode interaction under step loading. Mention must also be made
of relatively recent investigations which include [9], who investigated the dynamic buckling of
thin cylindrical shells under axial impact, [10-11], who studied the nonlinear dynamic

buckling of stiffened plates under in-plane impact load.

But by far, the investigation that concerns us in this study is that by [12], who investigated

the dynamic buckling loads of imperfection-sensitive structures from perturbation
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procedures. His analysis was predicated primarily on the studies earlier enunciated by [1-3].

Other Pertinent investigations include those by [13], [14] and [15, 16], among others.

However, a cursory appraisal of all the investigations to date reveals that the phenomenon of
damping has been given very little or no attention at all in the dynamic buckling process. We
are of the strong opinion that since dynamic buckling process is a time dependent process,
the effect of damping, no matter how slight, should not be overlooked. In this investigation,
the presence of a small viscous damping is therefore assumed and given some level of
prominence. Of course, the result obtained is far more representative of the actual physical
life situation. To this end, we remark that a few of the many existing investigations that have

tended to incorporate damping include the studies by [17-20], among others.

The layout of this investigation is as follows:

We shall first write down the mathematical equations satisfied by the structure investigated.

We shall next develop asymptotic techniques, using perturbation procedures to solve the
governing equations analytically. We note that dynamic bucking problems are always non
linear and therefore, closed-form exact solutions are not always possible. Therefore, regular
perturbation method provides a suitable alternative to the solution of such problems,
particularly when the problems contain small parameters in which asymptotic series

expansion can always be invoked.

We shall lastly make pertinent deductions.

E-mail address: ozoighogerald@yahoo.co.uk



50
51
52
53

54
55

56
57

58
59

60

61

62

63

64

65

66
67
68

69

70

71

72

73
74
75

There are five sections in this paper. Section two examines the dynamic buckling load of an
imperfect viscously damped spherical cap stressed by a step load. Section three introduces
the viscous damping to Danielson’s results. Section four considers the analysis of results

while section five ends this work with a conclusion.

2. THE DYNAMIC BUCKLING LOAD.

Danielson, had, for simplicity, assumed that the normal displacement w(x,y,T) of the

spherical cap was given as
W0 y.T) = &(T MG (% y) + &(T (%, y) + &, (T WG (x. ) M
where VVO(X, y) is the pre-buckling mode and V\(L(X, y),Wz(x, y) are the axisymmetric and

non-axisymmetiic modes respectively. fo(T),fl(T) and EZ(T) are the respective time

dependent amplitudes of the associated modes. Imperfection W was introduced as
W=5W +S,W, @

where W, W\, still have meanings as before and 4‘1,4‘2 are the imperfect amplitudes

assumed to be small relative to unity. On assuming suitable forms for W, \W,, W, and

substituting same into the compatibility and dynamic equilibrium equations and simplifying,

using his assumptions, Danielson obtained the following coupled differential equations for

step loading
%fﬂf +& =M (T) @
%%nﬁ(l—fo)—kmkzﬁ -&¢, @
L% o) s =, 5)

of dT?
§(0)=¢(0)=0i=12
Here, f (T) is the loading history which in our investigation, (as in Danielson’s case), is the

step load characterized by

f(r)={srs (6)
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and, A ,is the load parameter, considered to be non-dimensionalized and satisfies the
inequality 0< A <1.

In our guest for solution, we are to determine a particular value of A, called the dynamic
buckling load represented by /]D and which satisfies the inequality 0</]D <1. We define

the dynamic buckling load Ap as the largest load parameter such that the solution to the

damped version of problems (3)-(6) remains bounded for all time T>0. As in (3)-(5), we note

that a,;i = 0,1,2are the circular frequencies of the associated modes &,,¢; and &,

respectively while k, andk, are constants considered positive

3. THE USE OF VISCOUS DAMPING IN DANIELSON’'S RESULT S.

The present study is an extension of Danielson’s problem to the case where a small viscous
damping is present. We however avoid Danielson’s method (who used Mathieu — type of
instability), for, as noted by [3, page 100], Mathieu — type of instability is always associated
with many cycles of oscillations as opposed to just one shot of oscillation that triggers off
dynamic buckling.

For simplicity of analysis, we assume the existence of damping on the buckling modes.

dé,

Since this damping must be only proportional to the velocity, we add the terms Cld_T and

d
Czﬁ to (4) and (5) respectively and the formulation now becomes

dT

1 d%,

o are He=) ™
1 d?§ dfl 2 2_ ¢

af g Bl-g) kg k=66 @

Ld%, i i-g)rEa =6 ©

o ar? &
where C, i =1,2 are the damping constants and which satisfy the inequality 0 < c <l
Using f (T) =1 and substituting (6) into (7) we have

1 d?
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1d%, dfl
o ar?
1d%, dfz
ot ar? " @
Now using,

t=a,T,

+E1-&) K&+ =&,

+EL-E)+EE =66,

so that

d()_,d0) &*()_ ,d*()

ar g -

drz > dt®
Then (10)—(12) become

dfo .

dt? of

d%, [cwit|ds, (o, o lal., [a];
ot wg} {%}62(1 fo){%}flfz—{%} &4

Next, we let

d2{1+—cl%af}d_<i{ﬁ} 51(1_50){ﬂ} k1£12+{ﬂ} kgg{ﬁ} &E,
h h h h

2a.6 = % 20,€ = G

2
’Q:ﬂ,R:ﬁ’S:{ﬂ}
2 Wy 2

where,
2
£E=AQ% = A{ﬂ} ,
w,

and
0<a, <] 0<a,<] 0<Q<] O<R<landO<e<1
Substituting (16) into (14) and (15) yield

d?¢&,

dt?

d 2{1
dt?

+é,=4

#2068 Qg (1- £)-kQE +hQE =Q L,
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g2 d -
dtg +2me—2 d@ +RE(1-&)+REE =R & &, (20)

§0)=¢(0)=0i=12

Asin [1—3] , we neglect the pre-buckling inertia term, so that from (18) we get

& =4 (21)
Here, we assume zero pre-buckling inertia term since the load imparts zero initial

displacement and velocity to the pre-buckling mode

On simplification, using (21), equations (19) and (20) yield

Zfi + 200 S04 QG ~ a8 KQ'E +hQE =2 22

and

d? d
8o 20,0 % R, - et + ReEE, = 054, 3)

£(0)=£(0)=0i=12
where,
s{g}f

We assume a small time scale T such that,

r=& (24a)
and

& =&, e, (24b)
fi” =§ia T 286, + ‘924( =12 (24c)
We denote our perturbation parameter by £ so that

&(t)=> ¢,z (25)

i=1
&)=Y n"(t7)e (26)

i=1
Substituting (25) and (26) into (22) and (23), using (24b) and (24c), equating terms of the

orders of & we get,
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+Qcl=¢

¢+ Q¢ = 2,64 + ¢ + QP ~ QP -

and

79+ Rep® = S¢,

0+ R =200 + 8 - 2] - et
¢"(00)=1"(00)=0,i =1,2
(00)=7(00)= 0 = 12
¢i"9(00)+¢¥(00)=n{"(00)+7(00)=0,i =12

The solution of (27) using (31) and (32) is

¢O(t,7) = a (r)cosQt +by(r)sinQt +§

& (o)
0)=-51:h(0)=0

a(0)=-580

Similarly, the solution of (28) is

n9(t,7) = a,(r)cosRt +b,(r)sinRt + %
<

(0)=->%2:b,(0)= 0

Substituting using (34a) and (35a) into (28), we have

¢? +Q@¢? =-20,[-Qa, sinQt+Qb,coLt] +!a1 coNt+ blsith+i}

2 C,(l)

tr

Q’

—kZQZB[as +b5] + 3, sin2Rt+ 2 2] —b§]cos2Rt}
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-k, Q| + _2a§§2 COSRt —ZbZRSf"Z sinRt

Q| Jlaf 1] +absinaQr+ el oo

vk, Q? +221§1005Qt+%3mm +2Q[a'15ith—b;cothJ (36)

2

To maintain a uniformly valid asymptotic solution in time scalet, we equate the coefficients
of cosQt and SinQt to zero to get (on the rhs of 36). This ensures a finite at infinite time,

i.e. as t tends to infinity, such terms tends to zero. The terms are called secular terms, we

therefore device a way of eliminating the terms, hence making the solution bounded for all t

cosQt:- —2a,bQ + & +—2a1k(3<2‘1 Q_ 25iQ=0
On simplification, we get
o vah =12k

bl +ahb =ag (37a)

and similarly,

sinQt - 2a1a1Q+bl+%‘:1QZ+2a{Q:O

Simplifying gives

a:{ taa = _%[1+ 2k1<;1}
o +aa =—he (37b)
where,
40
(V="
and
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Simplification of (37a, b) yield

o vatf =4 bl g+ 0

o +2ap+ g g+ |-

n(0)=0nl(0)=- %2 @0
and

I / 2 a{

ta@ =-¢gla| g+t —l} }
a ta3 [a{ P P

aZ
o 28] +4a 9+ |0
a(0)= -%: a/(0)= Cgfl (37d)
The remaining part of the equation in the substitution into (28) as obtained from (36) is
¢ + Q%6 = ¢ +kQ[po(r)sin2Qt + py(r) cos2x]
- k,Q?[p,(r)sin2Rt + p,(r)cos2Rt + p,(r)cosRt + p,(r)sinRt] (38a)
¢?(00)=0,¢{(00)+¢?(00)=0 (38)
where,
= o +kQ(r)~kQ(r) pylr) =aby pilr)= 5lal -] @00
_2a5S 2b,S¢&
p.(r) = ab,; py(r ——[ag 02} p,(r a’;{fz, 5(7)=% (38d)
r)= E[aé +12]n(r)= E[af +1?] (38¢)
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5,(0) =0 py(0) = =2, p,(0) = 0; py(0) = 252 (38)

2Q° 2R
258 oy & o\ SE.

p4(0)_ R4 p5(0)—0, r‘O(O) 2Q4 i O) 2R4’ (389)
The solution of (38a), using (38b) is
(,7) = a(r)cosQt +b(r)sinQt + 0 =2 [py(r)sin2at + p (r)eos2a]
~ k,Q?[py(r)sin2Rt + py(7)cos2Rt + p,o(r)cosRt + py,(7)sinRt] (39a)
a3(0):<?1|0+k1312.|1+ kz_gz[%} Iz;bs(o):_% (39b)
where
VR S S B 2 90
TN e 2 -] Rlg-aR]

. ) p(7)
pi(r)=ab; p,(r) = ak,; () = TR m(r)= F i (39d)

_opr) oy m(r)
plo(r) Q R’ p11() Q R’ pll() (39%)

51

2 2
S*¢; E
20" ps(0 2R4|Q 24R2| Pro(0 R4|Q 2R2| (390

ps(0)=0:p,(0)=
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Substituting using (34a) and (35a) into (30) we get,

2 +Ryf? =20 -Ra sirRt+Ry cos —Zﬂ—a'zsirRHQ' coRl] +S

R

azcoRt+bzsirRt+Sﬂ >

R

[QR* & Q

Now, to ensure a uniformly valid asymptotic solution in tine scale t, we equate the

28§, +% COSR{%SinR‘I—% COQI+%S”Q1:

+[aa, —bb,JcosR-Rt+[ab, +ha,]sinR+ Rt

+[aa, +hb,]cosR-Rt+[ha, —ab,]sinR-Rt

(40)

coefficients of COSRt and SINRt to zero. This will ensure a finite at infinite time, i.e. as t

tends to infinity, such terms tends to zero thereby making the solution not to be bounded,

hence non-uniform. Such terms are called secular terms and our aim is to get rid of them.

r o2
CosRt - —20,b,R- 2R+ Sa, _EaR g

Q2
Implies that,
- =
/+a' :& S— 51
b2 2b2 2R Qz
b, +ajb, =a,®
and similarly,

r P2
sinRt:- 2a,a,R+ 2a;R+SbZ—bZé—12R:o
Simplifying gives

- =
Lrap, =5t R
a+ a8, oR Q2
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a, +a,3, = -b,® (41b)

where,

r o2
0= 1|5 5%
2R Q

Simplification of (41a, b) yield

bg + azbé = —CD[(DbZ + azaz]

o +apl =) 0, + %[t ]
b +2a,b) + bZ[qu + 0'22] =0

_®S¢,
R? (41c)

b,(0) = 0;b}(0) =

ag + azaé =~ CD[(Da2 - azbz]

o +apl =0 0a,+ 2l van)]

o + 20,8 +a,|0* +a|=0

8,(0) = - SR‘} 1a5(0)=- affz (41d)
The remaining part of the equation in the substitution into (30) as obtained from (40) is
(2) 2,.(2) — R? plz(r)coth + pl3(T)Sith + p14(T)COEItQ + R]t
,7,tt +R " =q,-—— . .
2 | + pys(r)sinfQ + Rlt + py(r)codQ - Rlt + p,(7)sin[Q - R]
n?(00)=0.77(00)+1%(00)=0 (42b)

where,

_S'6, _S&&.  (1_28S&. (N 2DSE v
2 — R2 Qz ) plz(r) RZ ' p13(T) RZ ' p14(r) a3, —bb, (42c)
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pis(7) =bb, +bay; p(r) = aa, +bb,; p,(r) =ba, -ab (42d)

2851 f 2. — SE:I. 52 . =05

plz(o) Q 22 p13( ) p14(0) = QZR_Z ,p15(0) G; (42e)
S&E,

P(0)= R  p-(0)=0 (42f)

The solution of (42a) using (42b) is

p,(7)coQt + pyy(r)sinQt +
72(t,7) = a,(r)cosRt + b, (r)sinRe +% > pzo(r)cosﬁEQ+ Rlt + p,,(7)sifQ+ Rt + | (43a
p.o(r)codQ - Rlt + pyy(r)siQ- Rt

GZSQCZ

a4(0) =g 52'3 + stéléz I4;b4(0) == R

(43b)

where,

B T S Bt S 1 + . e
I“{lRZQF i[RQ]leZ—QZI Q[RQ[[2R+Q] Q[RQ]Z[ZR-Q]H e

1, =-%: P(7) = REIZ(Q)Z Po(r) = RE)“(Q)Z Paol7 )_5[%] (43d)

le( )—p15—() ( )—pl—(r) ( )_ pl7(T)

Q[2rR+Q] P2\ Q[2r-q|’ Pasl? Q[2R-Q| (43e)

L 2S&& o n (0= S&&
P(0) = m Po(0) = 0; p,(0) = OR[2R+ Q] (43)
5S¢4,

W[ﬂ p23(0) =0 (439)

P,1(0)=0; p,,(0) =

Next, using (34a), (39a) and (35a), (43a) we deduce the displacements as

&)=V, r)e +cD(t,r)e? + ... (44a)
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and

&) =nY(t,r)e +n?(t,r)e? +... (44b)
We seek the maximum displacement for both El(t) and &, (t) To achieve this, we shall first
determine the critical values of tand 7 for each of El(t) and Ez(t) at their maximum values.

The condition for the maximum displacements of El(t) and Ez(t) is obtain from (24b).hence

5l,t + Egl,r ' (45a)
$or T &5, (45b)
We know from (44a, b) that

&)=V (t,r)e +cO(t,r)e? +... (46a)
&) =nV(t,r)e +n?(t,r)e? +... (46b)

On applying (45a, b) to (46a, b), we get
¢ &6, =Pt )e+ Ptz )e” +

ve Wit 7, )e+cP,7,)e? +..]=0

(47a)
and
,7+€,7r |_,7 c'c£+,7 (C’C€+ ]
+E€ |_,7,(3)(TC’TC)£+/7( (T, 1.)e? +...]:O (47b)

where, (ta,Ta) and (TC,TC) are the values of t and 7 at the maximum displacement of

C(t,T) and I7(t,T) respectively.

We now expand (47a, b) in a Taylor series about t, =t,,7, =0 and T, =T,,7, =0 ,and

a

thereafter equate to zero the terms of the same orders of £ g get

W, 0=0 (48a)
6% (t,0) + 1665 (t,.0) + ¢17(t,.0) + ¢ (t,.0) = 0 (48b)

and

n{(1,0)=0 (492)
T79(15.0)+ Ty7 (T, .0) + 72 (T,.0) + (T, 0) = 0 (49D)

E-mail address: ozoighogerald@yahoo.co.uk



290

201
292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308
309

310
311

Substituting for C’(tl) from (34a) in (48a) and simplifying we get

sinQt, =0

A further simplification of (50a) gives
7l

tp=—
Q

A similar solution for (49a) is
7

TO = E

Next, we deduce from (48b) that

t,= T[toctr ty ,O) + C( )(tO ’O) + C( )(to ’O)]

Simplification of the following terms are however necessary in this analysis,

C,?)(to'o) a El 5+k1£1 s~k 8252 7€ (to’o) <El|8
Plt.0)= &151¢01.0) = €:¢7(1.0) =2 g

_ 2 2 S 2
C(Z) (tO 'O) = 251 Ill + kl El |12 + k2 £2|:¥} |13; C,gl) (tO ’O) = O’

where

| :i'l Sn20t | Q*Sn2RY,

5 QZ’ 6 3Q2 ’7 RS[Q 4R2]

| :£| = i :i] :i] :i_ 1
8 Q'g Q Q2’11 Q4’12 Qz 3Q4

2

=| =] — r 1 - r 1 a2 — 2 1
|13 _{ 1 2|_Q2 —4R2J + Rlez _4R2J Q {Qz —4R? +

On substituting (51, b-d) on (51a), we have

t=als +k &l —k,SE, 1, +lg +g
Similarly, deducing from (49b) yields
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(50a)

(50D)

(50c¢)

(51a)

(51b)

(51c)

(51d)

(51e)

(51f)

(51g)

(52)
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313

314

315

316

317

318

319

320

321

322

323

324

325

326

327
328
329
330
331

1
=~ o000+ 2(1 0+ 0] o3

We however note the following simplifications

’7,(t2)(To ’0) = 0'2852 l,+ S éz |5+ Sél ;rz |16;,7,(tlr)(T0 ’O) = Séz ;- (53b)
”,(rl)(To ’O) =g’ 52 |18;/7,£t1)(T0 ’O) _sz’ (To 'O) 284;2 lzo (53c)
,7(2) (TO ’0) = 82 5_2 |21 + RzSé;l 52 |19;,7,$1) (TO 'O) = O' (53d)
where
|, = - COZTTO l,c = —Rl,sinRT, (53¢)
2sinQT, cosQT,
RZ oR[R-Q7| [RQPl2r+q]
l,, = —R’9,sinRT, - 53f
[o+Rlsifo+Rl, [0-Rsifo-RIT, (530
QRQF[2R+Q]  Q[RQ[[2rR-Q]
() 1 1 1
|17:E;|18 ggilzo RQ;IZIZF”Zl:F (539)
_ 1] 2cosQT, codQ + R]T, codQ - R[T,
|19_ —|4+ > (53h)
2| R[R -] " Qlraff2R Q] " QlRQf2R-0)
On substituting (53, b-d) on (53a), we have
Tl = a2|l4 + élllS +T0|l7 + |18 (54)

We, now, determine the maximum values ofC(t)and /7(t) say ¢, and /). respectively by

evaluating (46 a, b) at the critical values namely t =t_,7 =7, and T =T_,7 =7_.

¢, =¢9,,r,)e+cA(t,,7,)e + ... (55a)
0, =nY(T.,1,)e +n9(T,,1,)e +... (55b)
Expanding (55 a) in Taylor series using,

b=t +e, +&t,+.1, =&, = glto +a +EN, + J (56a)
we have

CG=¢ |_C “ (to 'O) + C,(tl) (to ’O)l_ét1 te th + J + C,(rl) (to ’0)‘9 [to the + ]]
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333
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335

336

337
338
339
340

341
342
343

344

345

346

347
348
349
350

351

352

353

354

355

+¢(t,,0)e +...
Regrouping the terms in orders of & vyields
¢ =" (t.0)+ £2|t.cP 6.0+ o t5.0)+ ¢t 0)] + ..

On substituting the terms in (56¢) from (51, b-d), we have
_ _ _ 2 2 S 2
¢, =28 e+t &l +28 1, +K &, +K, EZ[E} s |62 +...

Similarly, expanding (55 b) in Taylor series using,
T =Ty + €T, + €T, +...7, = €T, = &[T, + £T, + £7T, +..|
we have

—£[/7 T,.0)+1¢ TO,O[£T +E7T, +.. J+/7 (T, O)e[T, + £T, +.. ]J

+n @) (To ’0)5 ?+
Regrouping the terms in orders of £ yields
1, = en® (1, 0)+ £ (1,.0)+ T (T, 0) + 721, 0)] +

On substituting the terms in (58c) from (53, b-d), we have
12258108 4| TS &l +S €l RSEL L [ 5.

The net maximum displacement ¢, is

E _C Hc_c(a’ a) ,7(0’ c)
Substituting for terms in (60) from (57) and (59) we get
& =Ce+Ce’+...

where

_2

- - -2 S 2 - -
C=1iC, =l Stk Gl o & | o R E 6
22 = 251'10 +28£2 |20;|23 = 2Ill+t0|9’| |21+T0|18

As noted by [1—3] and [2]] .the condition for dynamic buckling is

g

dé,

As in [23— 24], applying the method of reversal of series of (61a), we get

E-mail address: ozoighogerald@yahoo.co.uk

(56b)

(56¢)

(57)

(58a)

(58Db)
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(62)
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358

359
360

361

362
363
364
365
366

367

368

369

370

371

372
373
374
375

376
377
378

379

e=dé, +d,E +... (63)

Substituting for fm from (61a) in (63) and equating powers of orders of £, we get

1 C
d=—.4d,= -2 64
s (64

The maximization in (62) is better done from (63), thus implementing (62) using (63) we
have

() =2

A )=—= 65
$m\o 2, (65)

where, Em(/]D) is the value of the net displacement at buckling. In determining the dynamic

buckling load, we evaluate (63) at

A=A
to yield
€= sz(/‘D )[dl + dzfm](A:AD) (66)
On substituting for terms dland dzfrom (64) and Em(/lD) from (65) in (66) and simplify to get
C
Ay =—2 67
°4C, ©D
The expansion of (67) gives [using (61b, c)]
2 2 2 -1
aTlor ey ]| Elot S Eltkdlrkd) 2l
Ay = Z{E} [zgilm +2S¢, IZO} R (68)

+R? $16,S,
Here, (68) gives the formula for evaluating the dynamic buckling load /]D , and is valid for

R# (120.201-Q1+0Q) and Q # (R2R1- R1+R,02R-1)

4. ANALYSIS OF RESULT.

We note that the results display all the imperfection parameters stated in problems (3)-
(5).This is unlike Danielson’s problem in which the axisymmetric imperfection was neglected

for easy solution. In fact, the method is such that we can adequately account for all modal

imperfections allowed in the formulation .The contributions of the quadratic terms k&7, K,&7
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380 and the coupling term flfz are respectively given in the denominator of (68) by
_2 2 S e
381 kdihiky 4, = l;; and R%4, 4, S,

382  Thus if we assume that the axysymmetric imperfections are zero then & = 0, and the

383 dynamic buckling load /1D responsible for the buckling in this case is obtained from (68) as

2 _
384 A :%{%} ‘{25@20}

385  We note from (69), that, the effects of the coupling terms 5152 , flfo and the quadratic term

-1
) _ 2 S 2
S £2|24+k2§(2 ? |13 (69)

386 k& are zeros. The effect of the quadratic term K,&. is non-zero and it is this term that

387 dominates the buckling process. Neglecting fl is sufficient to completely nullify the effect of

388 512 where the converse is not necessarily the case.

389 However, if the non-axymmetric imperfections are neglected then 4‘2 = (0, and the dynamic

390 buckling load /]D following (68) become

391 Ay :E{ﬁ} {Zélllo}
4l a

392  We deduce from (70), that, the effects of the coupling terms flfz , fzfo and the quadratic

Fllzs + kli‘illz} (70)

393 term K,&. are again zeros. The effect of the quadratic term K,& is non-zero and this

394  singular term is the only non-linear term that influences the buckling process. Neglecting &,

395 is sufficient to completely nullify the effect of 522 where the converse is not necessarily the

396 case.

397  The results also confirm that the only condition under which the effects of the coupling term

398 fl fz would be felt is if none of the imperfection parameters in the shape of the mode

399 coupling is neglected. In other word, is that nether the imperfection parameter fl nor fz

400  should vanish for post dynamic buckling behavior of the structures. Once an imperfection is
401 neglected the coupling effect of the mode that is in the shape of the neglected imperfection,

402  with any other mode is neglected.
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407

408
409

410

411

The graphical view of this phenomenon, we assume the following values. k; = 0.2, k,=0.3,

g, =002 &,= 003, a; =0.01 and a, = 0.03. By varying &,and o, while keeping &,

constant at 0.02 and a; = 0, the corresponding values of Ap were computed from (68). The
plots of dynamic buckling load against the imperfection parameter and light viscous damping

of the discretized spherical cap are shown in figures 1 and 2 below.

012 T T T

TR NS
=00z

oner
L0iEE

A

amzt Tl

Ell:'I oo ooz 0 11 ] o onoF oE e ] 01

Figure 1: Dynamic buckling load of a spherical cap against the imperfection parameter &2(

¢, =0.02)
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Figure 2: Dynamic buckling load of a spherical cap against the light viscous damping o,(a; =
0)

From fig.2 above we observe that dynamic buckling load increases with increased damping.
Also in fig.1 dynamic buckling load increases if the structure is less imperfect, in other word,

dynamic buckling load decreases with increased imperfection.

5. CONCLUSION.

From the above discussions, we note that while neglecting the imperfection parameters &

and fz automatically implies, among other things, neglecting the effects of the non-linear

terms K& and K,& respectively. Also, we observe that the only condition under which the
effect of the coupling term Elfz would be felt, is when the imperfection parameters & and

52 are not equal to zero. Moreover, our results confirm those obtained by [21] . Finally, we
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notice that we can determine the value of the dynamic buckling load /1D for whatever

number of modal imperfections.
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APPENDIX

k1=0. 2;

k2=0. 3;

zi 2bar =0. 03;

zi 1bar =0. 02;

al phal=0. 01;

al pha2=0. 03;

R=0. 1;

Q0. 3;

S=(R Q"2;

LO=- 1/ Q"\4;

L1=-1/(2*Q*2) + 1/ (6*Q*2);

L2=0.5 + 1/ (2*(Q'2-4*R"2)) -2/ (R*2*(Q'2-4*R"2));

L3=-1/ R"4;

L4=1/ (R*2*Q "2 + 0.5*(-2/ ((RRQ"2*(R*2-Q'2)) -1/ (P (R Q"2*(2*R+tQ)) +
1/ (Q(RQNM2*(2*R-Q));

L5=1/ Q*2;

t0=pi / Q

Bt O=pi / R;

phi =1/ (2*Q *(1+2*k1*zi 1bar);

L6=si n(2*Qt0)/ (3*Q2);

omega=1/ (2*R) *(S- R*2*zi 1bar/ Q\2);

L7=Q"2*si n(2*R*t0) / (R*"3*(Q*2-4*R*2));

L8=phi / Q

L9=- al phal/ Q*2;

L10=1/ Q"\2;

L11=1/ Q" \4;

L12=1/ Q*2-1/ (3*Q*4);

L13=-1 -1/(2*(Q*2-4*R"2)) + 1/ (R*'2*(Q‘'2-4*R"2))-Q'2*(1/ (Q'2-4*R"2)) +
2/ (Q'2-R2);

L14=-cos(R*Bt0)/ R*2;

L15=-R*L3*si n(R*Bt 0) ;

L16=-R"3*S*L4*si n(R*Bt0) - (R*2/ 2)*(2*si n(Q@Bt0)/ (FR2*(R*2-Q\2) ) -
cos(@Bt0)/((RQM2*(2*R+Q) ) - (Q*tR) *si n(Q*R) *Bt 0/ (Q (R*Q "2* (2*R+Q) ) -
(QR*sin(QR*BtO/(Q(RQ"2*(2*R-Q));

L17=onega/ R,

L18=- al pha2/ R*2;

L19=-1L4 + 0.5*(2*cos(@Bt0)/ (Q'2*R2*(R*2-Q*2)) +

cos(Q+tR) *Bt0/ (Q*(RFQ "2*(2*R+Q) + cos(Q R *Bt0/ (Q(RQ"2*(2*R-
Q));

L20=1/ R"2;

L21=1/ RN 4;

L22=2*zi 1bar*L10 + 2*S*zi 2bar *L20;

L23=2*L11 + tO*LY;

L24=L21+Bt 0*L18;
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538
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541
542

cl=L22;
c2=zi lbar *L23+S"2*zi 2bar *L24+k1*zi 1bar*"2*L12 +
k2*zi 2bar 22* (S/ R*2) A2* L13+R"2* zi 1bar *zi 2bar *S*L19;

LanbdaD=c1/ (4*c2*Q*2);
z=LanbdaD;

INTERPRETATION OF VARIBLES

zilbar = ¢, zi2bar =¢, , alphal =@, alpha2 =a,, t0 =t,, Bt0O =T, phi=¢ ,
Omega =®, pi=, LambdaD = A,
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